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rilHIS took is based on a course of lectures which I have 
delivered to graduate students at Princeton University 
during the last few years. My aim has been to exhibit the 
extent to which the fundamental facts of physical science may 
be coordinated by means of the conception of the electron and 
the laws of electrodynamics. In developing the subject I have 
started from the most elementary beginnings, and I have therefore 
found it necessary to include much matter which is to be found in 
any ordinarj?- text-book of the theory of electricity and magnetism. 
It is hoped that the lack of conciseness thereby involved may be 
more than atoned for by the wider circle to which the book may 
appeal. The course of lectures at Princeton on which the book is 
founded proved useful as an introduction to the methods of modern 
mathematical physics in addition to forming a presentation of the 
results of recent physical discovery. 

The broad scope of the subject makes it imperative that a good 
deal of selection should be exercised as to the nature and treatment 
of the topics considered. In determining these, consideration has 
been given to importance, interest, and instructiveness, roughly in 
the order named. The necessary incompleteness is remedied to 
some extent by references to scientific papers and to other works. 
These references are intended to supplement the discussion in the 
text rather than to exhibit the historical development of the 
subject. Thus many important papers are not referred to. I have 
tried, however, to be as accurate as possible in any statements 
which deal specifically with historical matters. 

For a variety of reasons the book has, unfortunately, suffered 
considerable delay in passing through the press. I have, however, 
found it possible to incorporate some account of the important 
recent results while con-ecting the proofs; so that, with some 
reservations, the book may be regarded as fairly representing the 
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state of the subject up to the time of printing. The most serious 
exception is in the part dealing with the electron theory of metallic 
conduction, where the important theoretical papers of Keesom 
(Gommimicationsfrom the Leiden Physical Laboratory y Supplement 
Nos. 30 and 32 (1913)) and Wien (Golmnbia University Lectures 
(1913) and Berlin Sitziingsher, p. 184 (1913)) as well as the full ac¬ 
count of Kamerlingh Onnes experimental work at low temperatures 
(^Gomm, Leiden, Supplement No. 34 (1913) and No. 139 (1914)) 
did not reach me in time to he dealt with. These papers lead one 
to hope that the difficulties which beset the electron theory of 
metallic conduction in its usual form noay be overcome by the 
application of the ideas underlying Planck’s theory of radiation. 
In any event the theories of Chapters xvii and xviil should be 
valid at sufficiently high temperatures when the results of the 
quantum theory coalesce with those of the continuous theory. 
Many other branches of the subject are in a similar, though 
possibly less aggravated, situation; amongst these the questions 
of atomic structure, spectroscopic emission, N-rays and the 
magnetic properties of bodies are conspicuous examples. At the 
present time this field is unquestionably a very fruitful one both 
for the experimental and for the theoretical physicist. 

I am indebted to the kindness of the publishers of the 
following journals and works for permission to reproduce various 
diagrams, viz. Annalen der Physik, Figs. 25, 30 a, 32 and 42; 
Journal de Physique, Figs. 35,48 and 49; Philosojyhical Magazine, 
Figs. 52 and 56; Lorentz’ Theory of Electrons, Fig. 55; Stark’s 
FHndfien der Atonidynamik, Figs. 53 and 54. 

I wish to express my thanks to Dr C. J. Davisson of the 
Carnegie Institute, Pittsburg, and to Dr K. T. Compton of the 
Reed College, Oregon, for the assistance I have received from the 
notes they took of my lectures, as well as to Mr T. G. Bedford, the 
Editor of the Cambridge Physical Series, for his valuable help and 
suggestions in reading the proofs. 

O. W. RICHARDSON. 

Kino’s College, London. 

May, 1914. 



PEEFACE TO THE SECOND EDITION 

I N this Edition I have made a considerable number of additions 
and alterations, although the changes in the later chapters are 
not so extensive as I should have desired were time and leisure 
available. For example, I have contented myself with merely 
giving references to the papers which have recently appeared 
dealing with new -and interesting theories of metallic conduction. 
To have done more than this would have involved rewriting and 
considerably extending Chapters xvii and xviii, which hardly 
seems desirable at present. It seems not unreasonable to antici¬ 
pate that the theory of this subject will be placed on a more 
satisfactory basis in the near future. At the end of Chapter xx 
I have added a very brief account of the interesting phenomena 
which attend the absorption of light by gases. This field of 
enquiry promises to clear up many important points affecting* 
the motion of molecules which are at present doubtful. I have 
rewritten and greatly extended the account of Bohr’s theory at 
the end of Chapter xxi. The remarkable successes of this theory, 
together with the continued development of the quantum ideas 
generally, furnish the most striking features in the recent progress 
of Physical Science. Where new experimental discoveries of 
importance have appeared I have added descriptions or references 
so as to bring the subject matter of the book up to date. In this 
connection it is interesting to note that the gyroscopic rotational 
effect due to magnetization which was described in the former 
edition has been detected experimentally by Einstein and Haas 
and found to agree to within a few per cent, of the value which I 
calculated. Finally I have corrected a few errors, mainly algebraic, 
which had crept into the first Edition. For pointing out some of 
these I am glad to take this opportunity of thanking a number of 
correspondents and critics, 

O. W. E. 


11 Jamary^ 1916 . 
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CHAPTER I 


THE OBTGIN OF THE ELECTEON THEORY 

The Electron Theory of Matter may be looked upon as a form 
of atomic theory. It differs from the form of the atomic theory 
with which chemistry is familiar, especially in that it makes 
the ultimate atoms minute geometrical configurations of electric 
charge, instead of particles of uncharged matter. A large number 
of different lines of inquiry, often closely interwoven, have led to 
the adoption of such a view of the structure of matter. Of these 
different fines of inquiry, however, thre e may be considered 
pre-eminently conspicuous. 

In the first place, although the electron theory has made most 
rapid progress in the last two decades, it is a logical development 
of the views held a century ago by Davy^ and Berzeliusf and 
especially of the views to which FaradayJ; was led by his electro¬ 
chemical discoveries made somewhat later. Davy concluded, from 
a general review of the electrochemical phenomena known in his 
day, that the forces between the chemical atoms were of electrical 
origin. Shortly afterwards a complete system of chemical structure 
depending on the same idea was developed by Berzelius and, 
although in its original form Berzelius’s electrochemical theory was 
insufficiently elastic, its main features have much in common with 
the most modern views on the subject. The laws of electrolysis 
discovered by Faraday led to an important advance by pointing 
distinctly to an atomic constitution for electricity; for they 
showed that each chemical atom invariably transported either a 
definite quantity of electricity or an integral multiple of that 

^ Phil, Trans, p. 1 (1807). 

f Mem. Acad. Stockholm (1812); Nicholson’s Journal^ vols. xxxiv. and xxxv 
(1813). ' 

t Ees. §§ 377, 523, 661, 713, 821 and especially 852, 869. 
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quantity, a multiple which was determined by the chei^Tieal 
valency of the atom. This inference from Faraday’s electrolytic- 
researches was strongly advocated much later by von Helmh-olts^^* 
The second line of inquiry referred to dealt mainly with 
optical phenomena. It would be impossible adequately to disciiHB 
at this stage the complex questions which present themselv'es 
this connection. It may be permissible to recall that MaxwelT^ 
electromagnetic theory had been found to account satisfactorily 
for the behaviour of light, and electromagnetic waves in g-eneriil,, 
in free space; but that difficulties presented themselves whc 3 ri 
phenomena like refraction and dispersion, which depend upon 
transmission through material media, were considered. These we ro 
found capable of removal by introducing the simple hypothesis 
that the material media contained particles having approi>riate 
natural frequencies of vibration. Maxwell’s electromagnetic theory 
of light naturally suggested that these particles were electrically 
charged, and the facts of dielectric polarisation were then fouml 
to fall into line, approximately at any rate, with the opticiil 
phenomena. The theory of the propagation of light in movini^ 
media also made important advances under the influence of tlic^ 
new views. A striking confirmation of the correctness of tho 
general position was furnished by ^Zeeman’s discovery of tlio 
change of the frequency of spectral lines when the emitting sourccii 
was placed in a strong magnetic field. The magnitude of 
change enabled an estimate of the ratio of the charge to the# 
mass of the particles to be made. The resulting values were in 
substantial agreement with those which were obtained at a#boiit 
the same time by entirely different and more direct methods. JLri 
the development of the theory along the lines just indicated tlic# 
ideas of H. A. Lorentz'j" and J. LarmorJ have had a prepondcim^tif ig* 
influence. 

The third line of attack was furnished by the experimenfiitl 
study of the phenomena accompanying the discharge of electricity 
through gases and especially of the properties of the cathode rays* 
the Eoentgen rays and the rays emitted by radioactive substaacciif* 
The matter described in the ensuing paragraph will serve to giv© 

* “Faraday Eecture(1881). 

t Arch. Neerl. vol. xxv. p. 363 (1892). Theory of Electrons, Leipzig, 10O0, 

t Phil, Tram, A. vol. olxxxv, p. 821 (1894). Aether and Matter, 

1900. ^ • 
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a general idea of the kind of information which has been supplied 
by these researches. 

The Isolation of the Elementary Charge. 

The electron theory may now be said to have developed far 
beyond the region of hypothesis. Discovery after discovery during 
the last fifteen years has established indubitably the existence of 
a negative electron whose properties are independent of the matter 
from which it originates. J. J. Thomson* and Wiechertf, in¬ 
dependently, showed that the magnetic deflection of the cathode 
rays present in a vacuum tube at a low pressure proved that they 
consisted of negatively charged particles for which the value of 
e/m, where e is the electric charge and m the mass of one of the 
particles, was equal to about 1*8 x lO^E.M. units. About the same 
time LorentzJ showed that Zeeman's§ discovery of the shift of 
the spectral lines of an emitting gas, produced by a magnetic 
field, pointed to the existence, within the atom, of negatively 
charged particles which had approximately the same value of e/m. 
Now the value of e/m for the lightest known chemical atom, the 
atom of hydrogen, can be obtained very accurately by electrolytic 
experiments and is found to be equal to 9*577 x 10® 'EM, units. 
Hence it would follow that if the charge carried by a cathode 
ray particle or by the particles which emit the spectral lines were 
identical with the charge carried by a hydrogen atom in electro¬ 
lysis, as, indeed, we should rather expect would be the case from 
Faraday’s electrolytic experiments, then the mass of these particles 
must be very much less than that of a hydrogen atom. 

This question was soon put to the test of experiment. 
C. T. K Wilsonjl had shown that when moist ionised gas is 
subjected to sudden expansion, a cloud forms and the drops of 
water condense on the ions in preference to the uncharged 
molecules. J. J. Thomson IT utilised this phenomenon in order to 
count the number of ions in a volume of gas containing a measured 

* Phil, Mag, V. yol. XLiy. p. 298 (1897). 

t Verhandl. der Physik-dkon, GesdUch. zu KMigshergA, Pr. (1897). 

% Phil. Mag. Y, vol. xliii. p. 282 (1897). 

§ ZiUingsversl. der Ahad, van WeL te AmUrdanit voL v. pp. 181, 242 (1896). 

II Roy. Soc, Proc. Maroh 19,1896. 

Y Phil. Mag. Y. vol. xlyi. p. 628 (1898). 
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total charge. Stated briefly the method is RS follows ^ amount 

of water condensed on the whole of the drops in the cloud 
calculated from the degree of supersaturu/tion. jpi^oduced y o 
known expansion. The application of Shokes s forixiulR for t e 
rate of fall of a sphere in a viscous fluid gives the 
each drop. Thus these data determine the total number 7i of the 
drops. It is assumed, for sufficient reasons, that piractically all t e 
drops contain one and only one ion. The total ch.arg’C ue on a 

the ions could be determined by sweeping thena oiat of tlie chamber 
into an electrometer before the expansion took plaee, the strength 
of the source of ionisation being the same a.s in. the condensation 
experiments. Thus the charge on a single ion was obtained by 
division. Proceeding in this way Thomson showed that the 
negative ions liberated in air by Eoentgen rays nxid by the y3 rays 
from radium each carried the same charge as ths hydrogen ion in 
electrolysis. 

The ions investigated in these experiments rather compli¬ 

cated structures and are not identical with the olectron. In the 
case of the ionisation produced by ultra-violet light falling on a 
metal it was shown hy Thomson that the panticles when first 
emitted have the same value oiejm as the cathode rays. These 
would not be likely to aggregate together in tho presence of gas 
molecules, and O. T. E. Wilson* showed that the negative ions 
from ultra-violet light behaved exactly like thoso from the other 
ionising agents in his condensation experiments. The inference 
from these experiments therefore is that the particles which form 
the cathode rays and which are emitted during photoelectric 
action carry a charge equal to that of the hydrogen atom in 
electrolysis. Experiments by Townsend f, on the rate of fall of 
the clouds produced when the gases evolved from chemical actions 
occurring in the wet way are allowed to hnbblo through water, 
had previously led him to conclude that the ions present in snoh 
gases carry the same charge as a hydrogen ion in. electrolysis. 

This conclusion has been strengthened by other methods of 
determining the charge on an electron. One of these depends on 
the theory of the radiation of electromaguetic onergy from hot 
bodies. The theory of this method will "be considered in the 

* PhiL Tram. A. voL oxen. p. 403 (1809). 

f PML Map. Feb. 1893. 
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sequeP. One of the recent methods, which is due to Rutherfordf 
and Geiger, depends upon the properties of radioactive substances. 
These are found to emit positively charged bodies, called a particles, 
which carry twice the charge e of an electron and are able to 
produce a large number of new ions when they pass through a gas. 
By magnifying this secondary ionisation by means of an auxiliary 
electric field and also using a very sensitive electrometer, Rutherford 
was able to detect the ionisation produced by a single a particle. 
When a very weak radioactive preparation was used the a particles 
were emitted at times separated by rather wide and irregular 
intervals, and as the effect produced by each one separately could 
be detected, the number emitted by a given amount of the radio¬ 
active substance in a given time could be measured. The only 
other datum which is required to measure e is the quantity of 
positive electricity which is carried away from the same quantity 
of the preparation by the a rays. This had previously been 
obtained by other experiments. 

The falling drop method has recently been improved by 
H. A. Wilson:|: and R. A. Millikan§. The former showed that the 
charge on the drops could be deduced from the rate of fall under 
gravitation combined with different electric fields, without making 
use of the degree of supersaturation ; whilst the latter showed how 
the drops of water could he replaced by drops of a non-volatile oil. 
The drops of oil have the great advantage that they do not 
evaporate: and by allowing a sufficient number of electrons to 
combine with them and applying a supporting electric field which 
just balances the gravitational force, they can be kept under 
observation for an indefinite length of time. In this way Millikan 
has shown that the method is capable of yielding results of very 
great precision. 

All the three methods last mentioned are quite accurate and 
exhibit an excellent agreement. It is claimed that the charge 
e on an electron is known to within 1 per cent. Millikan’s|| latest 
value is 6 =4*81 x E.s, unit or 1*60 x 10"”^® e.m. unit. 

^ See chap. xv. 

t Moy, SoG. rroc, A. voL X/XXXi. pp. 141, 163 (1908). 

t Phil Ma 0 . VI. voL v. p. 429 (1903). 

I Phil. Mag. VL yoL xix. p. 209 (1910). 

If Phy», Rev. voL xxxiv. p. 399 (1912). 
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Application to the Atomic Theory. 

These experiments have led to other important conse< itx^ ^ ^ ^ 

Since the charge carried by one gram atom of an 

accurately known from electrolytic experiments, and th© ^ 

carried by a monovalent electrolytic ion has been shoWii^ ^ ' 

equal to that of a gaseous ion, it follows that the number of «/ 
in one gram atom of any substance is known to the same ^ “ 

of accuracy as e. Since the charge which is carried by oriCi ^ ^ 
atom of a monovalent element in electrolysis is 9*649 X * 

units it follows that the number of atoms in one gnrm atom < ^ 

element is 6*02 x 10^^. Also, since the charge required to lil^^ ****^ * 

half a cubic centimetre of at 0° C. and 760 mms. is fr**. Ai - 

unit, it follows that the number of molecules in one ctxl>i<^5 c*f "ti t » 
metre of any gas under standard conditions of tempera^turcj it f tel 
pressure is 

0*4327 


1*60 


X 1020 = 2*70 X 


These values are in agreement with the comparatively inacct i 
estimates which had previously been given by methods I «irt 

the kinetic theory of gases and other considerations. 

Millikan was also able to observe the changes produced Tt^y tJi« 
combination of single ions with the drops. These experiix»c?rt 
well as those of Rutherford with the a rays, furnish a very 
and convincing proof of the atomic theory of matter and eleeii*icf i ^ 

The consequences of the atomic theory of matter have rec^tfut ly 
been strikingly verified by experiments in other dirceticj^iriM*. 
Perrin* has shown that the irregular motions of minute 
particles in fluids are in accordance with the requirements fpf tJic^ 
kinetic theory of gases. A study of these motions also leadw m- 
determination of the number of molecules in one gram molecti It * 
any element and thus to a determination of e* The value ob timi t $ 1 

by Perrin is in agreement with the other recent determinati€#rti«* 
An examination of the distribution of velocity and kinetic 
among the electrons emitted by hot bodies, which has been ea^r^r i« ?ci 
out by the writer, partly in collaboration with F. C. Brown 
shown that the motions of these electrons are in very close 
ance with those required by Maxweirs theory, for the naolecmle* 
a gas of equal molecular weight. 

Amales de CMm. et de JPhys. 1909. f Mag, 1008 and 
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Electromagnetic Inertia. 

Kbout thirty years ago J. J. Thomson^ pointed out the 
extremely important result that an electric charge possessed 
inertia simply in virtue of the energy of its electromagnetic field, 
and he succeeded in calculating the magnitude of the electrical 
inertia, or electromagnetic mass, as it is usually called, of a charged 
sphere. This additional mass does not play any important part in 
ordinary electrostatic experiments, as it is always small compared 
with the mass of the uncharged portion of the conductors and 
insulators which are experimented with. The case is very 
different when we are dealing with charged particles whose mass 
is only one eighteen-hundredth of that of an atom of hydrogen. It 
was obviously an important experimental problem ’ to determine 
how much of the inertia of the electron was of the type foreseen by 
Thomson and how much, if any, was to be attributed to ‘"ordinary’' 
mechanical mass. Fortunately the two kinds of mass differentiate 
themselves rather clearly. The mechanical mass is supposed to 
be independent of the velocity of the body, following the principles 
of mechanics laid down by Newton, whereas the electromagnetic 
mass is a continuous function of the velocity and approaches 
infinity as the velocity of the electric charge approaches that of 
light. 

The experimental problem was resolved by Kaufmann-f^ who 
measured the value of ejm for the electrons emitted by radium 
bromide, some of which have velocities as high as 2*89 x 10^® 
centimetres per second. He showed that the mass .of these 
electrons varied with the speed, and in fact in a manner very 
similar to that predicted by Thomson, His final conclusion was 
that if there was any part of the mass of an electron which was 
ordinary mechanical mass it was very small in comparison with 
the part which was of electromagnetic origin. 

The Negative Electron. 

We have now succeeded in the isolation of a charged particle 
whose mass is much less than that of any known chemical 
* Phil. Mag. V. voL xi. p. 229 (1881). 

•f Ann. der Phys. vol. xix, p. 487 (1906); of, also H. Starke, Ver. der Deut$ch. 
Pkymk. Qress vol. v. p. 241 (1900). 
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atona^ So far as our experiments tell, the whole o 

this :oiass arises from the electric charge the particle carne^^ 

Theii'o can be no question but that 'this is t e negative e ec ron. 
The structure of the positive electrieity which goes to make up 
the I'omainder of the uncharged chexxiioal atom is sti ^ 

bixt> t^he results of experiments so point to hot the c arge 

and xnass of the positive electrorxB heing different from those 
of the negative. There is no eviaence, so far as the writer 
is a^Tole to observe, which supports the view that the positive 
electron is, as it were, a reflection neg-ative. 

The foregoing considerations enaTol^ us to define more precisely 
the xa.se of the word electron. In futixYe we shall restrict the term 
to j>a,rtides which consist of a geometrical configuration of 
electricity and nothing else, whose mass, that is, is all electro- 
mag*ia.etic. For a particle which is ^ charged molecule or atom, 
that is to say, a molecule or atom wliich has lost, or gained one or 
moro negative electrons, we shall xa.se the term ion. A wider 
naearxing than this is currently attribi^-ted to the word ion, in the 
senso of any charged particle which is considered to have a separate 
existence or which behaves as a dy 3 na.inical unit. Some of these 
are comparatively large bodies and contain very many atoms or 
molocxxles. To distinguish them from the smaller ions already 
refeiurcd to, Stark has suggested the xase of the terms molion and 
atoxrxion. As, however, we shall not have to consider the large 
molioris we shall simply use the wor-d ion instead of atomion. 

-A^ccording to the view we are developing, all intei’actioiis 
betwoen material systems result fnom the electrical charges 
whicli make up their ultimate parts. The space in tjbio neigh- 
boixntLOod of an electric charge is to Toe looked upon as having 
properties different from that some distance away, since an electric 
charge of the same sign is repelled with a greater force in the 
former case than in the latter. This state of things is described 
by saying that the electric charge is surrounded by a field of 
force. 

It is often convenient to attribu-be this field of force to dis- 
turl>a.ri.ces produced by the electric ch.ar-ge in a medium, the aether, 
■wEicbi fills aU space. Looked at in ttiis -way the real electron, the 
part -which acts, is the surrounding aether which is outside its 
geomefrical boundary; and the elecfcr-on theory is the science of 
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t}lae properties of the aether, of which the electric charges are local 
looLodifications. 

Different Elements of Electricity. 

Our ignorance of the geometrical distribution of the electri¬ 
fication constituting an electron is almost complete, but this is not 
^ serious disadvantage in considering many applications of the 
■fclneory. It will often be sufficient to regard an electron as a point 
cliarge having a definite inertia coefficient or mass. In such cases 
■fclie mode of distribution of the electric charge, whether it is a 
point, line, surface or volume charge and whether it is distributed 
with spherical or linear symmetry or not, is unimportant, provided 
■fcliat it is confined to a minute region of space. Although this is 
often true there are some investigations for which the ultimate 
geometrical distribution of the electrification is important; as for 
instance in the case already mentioned of the calculation of the 
olectromagnetic mass. These two distinct classes of cases require 
Sts a rule quite different methods of attack. 

These remarks will make it clear why it is necessary to have 
different elementary portions of electricity in different investi¬ 
gations dealing with the electron theory. In the first place we 
may have to consider the forces acting on or arising from a 
small portion of the electron itself. The elementary quantity of 
olectricity concerned here may be denoted by p dr, where p is the 
volume density of the electricity at the point of the electron under 
eonsideration and dr is an element of volume of the latter, in¬ 
finitesimal in comparison with the size of the electron. In other 
investigations our element of electricity will be the charge on a 
single electron whose value e is determined by the equation 



where the volume integral extends over the volume occupied by 
ijhe electron. In still another class of investigations the volume 
c^lement of electric charge will occupy a region of space containing 
stxi enormous number of electrons both negative and positive. In. 
■fchis case also it is conveniently represented by pdr, or when 
opnfusion is likely to occur with the first case by p dr. If n is the 
mumber of negative electrons per unit volume at any point and 
e is the charge carried by each, N and E being the corresponding 
quantities for the positive electrons, then pdr={NE‘\‘'ne)dT. 
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This is tte Idad of volume element whioh occurs in the usual 
problems of electrostatics, where effects arising from the discrete 
structure of the eleotrification and from the electronic structure of 
matter are smoothed out. It will be observed that each of the 
three elements of electricity is of a successively higb^i” order of 
magnitude, both as regards distribution in. space and in reference 
to the quantity of electricity it contains. 

Force hetioeen Electrically Masses. 

On the electron theory the interaction between material bodies 
carrying electric clrnrges is to be pictured in a manner somewhat 
different from that rrsual in electrostatics. The forces act on each 
single electron present in the tw^o bodies, iarrespective of whether 
it may be regarded. a,s forming part of the free electric charge, or 
whether it is simpler one of the constituent electrons in the matter 
which carries the olootric charge. The field of force arising from 
a single electron is ^a,ssumed to obey the same laws as that arising 
j&om a small charged particle in the theory of electrostatics. 

Let us consider Llxe forces acting between two charged material 
particles situated a.t the points P and Q €it a distance r apart. 
Suppose that the ixiLa,i}ter at P consists of positive electrons of 

charge Ei and % n ergative electrons of chairge Ci, the matter at Q 
being composed of positive electrons of cliarge jE7s, and n*j nega¬ 
tive electrons of clia,nge e^. The force exer*ted by P on Q or vice 
versa will consist af hbe algebraic sum of tlie repulsions between 
all the like electroxrs and the attractions between all the uulik© 
electrons. It will tbris he made up of the foirr items which follow: 

1. The repulsion of the positive electrons. Any one electron 

at Q exerts a force on each individnnl positive electron at 

P. The total force arising in this way from each electron at Q 
and acting on P will therefore he ; hence the force due 

to all the electrons stt Q is , 

2. The repnlsiorm of the negative electrons. This clearly 

amounts to. . 

3. The attraction of the positive eloctrons at P for the 
negative electrons Q. This is readily seora by similar reasoning 
to amount to 
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4 The attraction of the positive electrons at Q for the 

Ee>& 

negative electrons at P. This is evidently equal to 
Thus the total repulsion between P and Q amounts to 


TIT liT -*^1-^0 ^2^2 "jkY jfi^2 

+ MiWa --j + “ 


+ 


^2 


= + ni eO (iV; Ps + n.e.)lr\ 

If g'l, g'a represent the magnitude and sign of the free electricity at 
P and Q respectively, then 

3^1 = + and qo = 

so that the repulsive force is equal to qiqajr^, the usual electrostatic 
law. 


This result may easily he extended to the general case where 
there are different kinds of electrons of the same sign provided 
with dijfferent charges. 

If = and P 2 p 2 = W 2 ^ 2 > the bodies are uncharged and 
the force between them vanishes. Thus the above formulation 
does not leave any room for the explanation of gravitational 
attraction between uncharged material particles. This lacuna is 
considered in Chapter xxii. 


CHAPTER II 

ELECTRIC INTENSITY AND POTENTIAL 

That branch of electrical science which deals with the properties 
of electrical charges when at rest is called electrostatics. It is the 
oldest branch of electricity, some of the fundamental phenomena 
of frictional electricity having been known qualitatively by the 
ancients. By charges ^‘at rest^^ we mean at rest relatively to one 
another. We shall see that there is no evidence for the view that 
the absolute motion of the charges affects their action on one 
another. When the charges move relatively to one another, 
important differences are observed which will be considered 
later. 

From the point of view of electrostatics the most interesting 
properties of electrified bodies are their mutual repulsions and 
attractions. It is found that all electrified bodies can be grouped 
into two classes such that all the bodies of either class repel all 
the other bodies in the same class but attract all the bodies in the 
other class. A body is said to be positively or negatively electrified 
according to the class to which it belongs. The distinction is not 
merely one of sign, since, as we shall see in the sequel, there are 
important qualitative differences between positive and negative 
electricity. 

In the previous chapter we have stated that the force between 
two charged bodies of sufficiently minute size is proportional to 
the product of their charges divided by the square of the distance 
between them. This law of variation of force with distance was 
discovered by Priestley in 1767 and rediscovered by Coulomb in 

1785*. We may express it in the form where yfc is a 

* Of. Whittate, Rutory of Theories of the Aether and ElectrieUy, DuMln, 
1910, pp. §0, 56. 
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constant quantity whose magnitude depends on our definition of 
the unit of electric charge. In dealing with electrical phenomena 
we shall assume that h is a universal constant independent 
of the sign or other quality of e or e\ although we shall see that 
if we are to account for gravitation on the electron theory this 
cannot be the case. The omission will, however, make no practical 
diflference in the case of purely electrical effects: it is only 
when gravitational effects are concerned that the difference is 
important. 

The magnitude of our unit of electric charge will depend on 
how we determine the constant k which is of unknown dimensions 
since the dimensions of e are unknown. The dimensions of Fr^ are 
of course perfectly determinate and equal to We shall fix 

our units by the convention that if the charges are separated only 
by ordinary space, then F is in dynes and r in centimetres provided 
k= l/4i'ir. This is equivalent to defining our unit of electric charge 
as that which repels an equal and similar charge at unit distance 
with a force of l/47r dynes. This unit of charge was introduced 
by Heaviside and differs from the ordinary electrostatic unit which 
makes k = 1 and which we made use of in the last chapter. The 
new unit has certain advantages in improving the symmetry of 
formulae which we shall obtain later. 


As the dimensions of k are unknown, it is sometimes inadvisable 
to suppress it in our fomulae even if we have given it a definite 
numerical value. This is particularly true in investigations of a 
vary fundamental character. In such cases it is convenient to write 

1 ^ 1 

^^ 3 = where K has the value ordinary electro- 

4i7rKr^' 47r 

static system of units, the value unity on Heaviside’s electrostatic 

system and may take other values on other systems of units. K is 

fometimes called the dielectric coefficient or specific inductive 

capacity of the aether. 


In dealing with electrostatics it is not necessary for us to 
determine how it comes about that two electric charges attract or 
repel one another. Two entirely different attitudes towards this 
and the cognate question in regard to gravitational attraction have 
been adopted by different schools of thought. One school, 
adopting the dogma of “ action at a distance/’ holds that the 
law of force between charges is the fundamental thing and that it 
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is useless to attempt to go beyond it. The other denies the 
possibility of action at a distance and derives 
between charges from the effect of the chaigc ^ o les on an 
intervening medium, the aether. There is no a priori reason or 
adoptirig one view rather than the other, although most of the 
great ' investigators have been ranged against the action at a 
distance school. The great advantage of the medium view is that 
it piotnnes the operation of a mechanism whose consequences 
insist on foretelling themselves, whereas the other is mere dead 
descrip-fcion. For this reason the medium view has been moat 
successfhl in leading the great advances in electrical science, whilst 
the sfcircngth of the action at a distance formulation lies in its 
mathematical simplicity. There is no absolute contradiction 
between the two views; Maxwell has shown that a system of 
possiblo stresses in the medium will give rise to the observed 
attractions and repulsions. Which is the more desirable is largely 
a mattor of taste or convenience. This is particularly the case so 
far as electrostatic phenomena are concerned. ^When we come to 
the consideration of electromagnetic phenomena we shall see that 
the modium view possesses impoi’taiit advantages, in certain 
directions, at any rate. 

'Electric Intensity. 

We shall now suppose that the space surrounding an electric 
charge is different from that elsewhere. We do not need to 
considoir how this is brought abouh. It may be that the charge 
produces a change in the state of the surrounding aether; or the 
charge may have parts which extend into the region about it ; or 
it may Tbe merely a manifestation of a hyperspatial mechanism; 
or it xrxsby even be something which is incapable of d^cription in 
mechaxxical terms. The important point is that if another charge 
is placod at any point of such space it will be acted on by a force 
and acoderated. The force acting on this second charge is 
proportional jointly to its magnitude e and to a vector E deter¬ 
mined by the first charge. This is true provided that there are 
no othojT charges in the field. In that case E will be compounded 
of the ofiFocts due to the various charges other than e. The vector 
E is called the electric intensity at the point of the field under 

con side iration. 
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The function E is what is known as a vector point function; 
in other words it is a function which for each point of space has 
both magnitude and direction. A function which has only one 
magnitude at each point may be called a single-valued point 
function. The electric intensity E is single-valued in this sense; 
but its direction is indefinite at the points where E vanishes. 

Clearly the electric intensity at a point distant r from a point 
charge e' is in Heaviside’s units E — e'l4i7rr\ This follows from the 
inverse square law of force. The electric ntensity due to a 
complicated distribution of charge may obviously be obtained by 
the integra^tion of the amount arising from each volume element. 
In making the calculation it is necessary to integrate for each 
component of the electric intensity separately and combine the 
results according to the rule for the composition of forces. This 
resolution and subsequent composition of vectors is often trouble¬ 
some as well as clumsy, and it is not necessary for the calculation 
of the electric intensity. It may be dispensed with by the intro¬ 
duction of another function known as the Potential. 


The Potential, 

The Potential is defined as the work divided by the charge 
when an infinitesimal electric charge is brought from some stan¬ 
dard position to the point in question. The standard position is 
usually taken to be a point at an infinite distance away from 
charged bodies. The value of the potential calculated in this way 
must be independent of the path of approach to the point under 
consideration, otherwise an indefinite amount of work could he 
obtained by making the charge move round a closed contour 
passing through the point under consideration and the standard 
positiom This would be contrary to the law of conservation 
of energy. The potential is a function of each point in space and 
possesses magnitude but not direction. Such a function is known 
jeM a scalar point funcbion. The electrostatic potential is single- 
valued 

Let JP, Q be two points at an infinitesimal distance ds apart and 
such that PQ is in the direction of the resultant electric intensity 
M at P. Let dV be the increase in the potential in passing from 
P to Q and let the direction P-^ Q be considered positive. Then 
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so that The value of the■ component of 

electric intensity at P in any other direction whose inclination to 
PQ is e will be Ei = Ecos 6. This will always be less than P'. 
If 3s' denotes an infinitesimal length laid ofif in the direction 

0 "F 

making the angle 6 with PQ, we shall have . It is clear 

from this that the direction of the resultant electric intensity is 
the direction of quickest diminution of F. Starting out from 
P let us lay off a length PQ in the direction of the resultant 
intensity at P, then from Q a length QP in the direction of the 
resultant intensity at Q and so on from point to point. In this 
'way we shall draw a curved line in space such that the tangent to 
the curve at any point will give the direction of the resultant 
electric intensity at that point. The curve will also represent the. 
path of a positive charge devoid of inertia which moves under the 
influence of the field. Such a line is called a line of electric force. 
If the direction cosines of the resultant electric intensity at any 
point are I, 'm, n, we shall have Pa;= By = mP, Ez=^ nEy where 
Pa,, Ey, Ez are the components of P. If ds = dy, dz) is the 
element of arc of the line of force at the same point, 

, doD dy dz 

dx dy dz _^ds /in 


These are the differential equations of a line of force. 

If an electric charge moves always at right angles to the lines 
of force, no work will be done on it, so that all the points on the 
sur&Lce on which it moves will be at the same potential. A surface 
traced out in this way is called an equipotential surface. It is 
clear that the equipotential surfaces always cut the lines of force 
normally and that the whole field may be divided up into a series 
of right prismatic cells by means of a system of equipotential 
surfaces intersecting orthogonally a series of tubular surfaces 
containing the lines of force. The latter surfaces are called tubes 
of force. 

In general we may write the value of the potential at any 
point P as F= — /P cos 0 c?5, where E is the resultant electric 
intensity at any point of the path (ds) of integration and 0 is the 
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angle that E makes with ds. The limits of integration are from 
infinity to the point P. If Z, m, n are the direction cosines of ds 
we have -E cos 0 = lE^ -h mEy + '^E^y so that 


— J(lEx + TnEy + tiEz) ds = — J(E^dcc + Eydy-\- Ezdz), 


taken between the same limits. For a point charge e the electric 
intensity at a point distant r is radial and equal to e/ 47 rr 2 ; so that 
the potential V is s/ 4 ' 7 rr, as is clear upon integrating along a 
radial path from infinity to the point P. 

The following considerations enable us to find the value of the 
potential V due to a number of 
point charges e^, e^, etc. Con¬ 

sider the intensity at Q (oo, y, z) 
arising from one of the charges 
^0 at P (ao, 60 ,Co). The resultant 

intensity is ‘where 



= - &o)*4- (. 2 - Co)^ 

The X component, Xq, of this is 

gp (c -a^ ^ _ A ( \ 

47rro^ Vq dx \47rro/ * 



Fig. 1. 


X 


Similarly the x component of the intensity which arises from 
any of the other charges distant from a?, y, z may be written 

-rr- _ C 71 X dn _ ^ ^ f ) 

^ 47r7V 9^ v47rr^/' 


But the X component X of the electric intensity due to all the 
charges is 

9 ( Co , Cl , 62 


X = Xn +• Xx + X2 -f- . . . = - 


dx V 47 rro 47 rri * 47 rr 2 




dx ' 


So that the potential V due to a number of point charges is 
1 6 

— and is equal to the sum of the potentials due to the 
separate charges. 

We may now deduce the differential equation which is satisfied 
by the potential. Consider again the potential Fp at Q due to the 
charge at P. Since 

8 /1\ _ I 9ro _ l x — 0^0 
dx\rj r^dx'^ Tq 


n. E T. 


2 



we have 


Similarly 


«™SSITY a™ WIAOTAL 

?4? lr„/ n ® 

f?y ’■•■ ■ 


ft' 


iU-A + 3 


- c,f 


f e. \ 3® / ®« \j.J-f-^)=0. 

^ ^ l 4 w 7 ^/ ^ \ 4 ' 7 rro/ S'*® V^-TTro/ 

If we have charges ej, «a, etc. at points ^'-5 ^ 

similar equations will hold for each of them, and, by addition, we 


■a* B» o*\ / e, h ^ 

.Sic® 01/“ l47rro 4.7rri 47rr2 


...). 0 . 


But the potential V at the point Q is that due t 

00 , 1._ 

e®, et, Bs, etc. It is therefore equal to 4 ^^ 47 rr 2 

We thus find that the potential V must satisfy the equation 

^+^+^=0 ..(2). 

0X» 02/“ 02® 


This is often written V®F" = 0 and sometimes AT^==0. This 
result "will clearly hold so long as Q lies outside all of the charges 
€a, etc. We shall see that when Q lies inside a charged body 
the dififerential equation is modified. The equation V®F"= 0 is 

02 

known as Laplace's equation, and the operator v® = ^ -f 
m Laplace's operator. 

The result V = 2 - can readily be extended jfrom the case 

47 r r 

of a ^ries of point charges to that of a continuous distribution of 
electricity. For the space occupied by the latter can be split up 
into Ml indefinitely large number of volume elements dr. The 
charge on each of these is pdr, if p is the Folume density of the 
electrification. The potential due to the distribution, at a point 

ou^de it, will clearly be ^ual to JfJr where the triple 

mtegml extends over the whole of the eleetrifiied body and r is the 
of any element pdr- from the external point. If there are 
smrfec^ distributions of electricity these , will eridemtly .also 
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add to the potential an amount where cr is the aurfii.ce 

density of the charge at the elemejit dS and r its distance from 
the external point* 

The Potential at internal 'points. 

Further consideration is necessary before we can apply th(! 
foregoing expression to the potential at points inside the electrified 
medium. At such points the denominator r becomes zero, and we 
must be certain that this does not make the integral which 
represents the potential infinite. The matter may be investigated 
as follows. About the internal point Q describe a sphere of 
infinitesimal radius e. We shall suppose the density p of the 
charge to be everywhere finite and the radius e to be chosen 
so small that the density'of the charge varies continuously 
throughout the volume of the sphere. This condition can always 
be satisfied. The potential at Q will consist of two parts: 
(1) Vi, arising from the charge outside the sphere, and (2) V^, 
arising from the charge inside the sphere. The former is clearly 
finite. Let p^ be the maximum value of p inside the sphere. 

Then Fg :)> ^ JJj ^ dr. The element of volume dr in polar 
coordinates is r^dr sin dddd<^. So that 

Fs rdr sin &d6 j e®. 

This vanishes when e is made sufficiently small; so that we 
conclude that the charge in the immediate neighbourhood contri¬ 
butes nothing to the potential at any point The formula 

Ftherefore holds generally both for points outside 

and for points inside the electrified medium. 

The Derivatives of V, 
dV 

The electric intensity - g— and all higher derivatives of 

F contain r to a higher order in the denominator than does V 
itself. They are therefore aU finite at external pointe. 

The electric intensity is also finite at internal pointe. Consider 
ai^in the small sphere of radius e and divide F into two parts 

2—2 


I 



i 


I 

f 
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electric intensity and potential. 

0F, , 


V, and Fs as before. As we have just shown, is finite. We 


lia¥e 


dr 




dr 


■,4 k- 


By takins? e small enough can be made as large as we 
plttise compared with so that the latter may be disregarded 

in the limit. Thus 






which vanishes when 6=0. We conclude therefore that the 
electnc intensity at internal points may be obtained by 
differentiating* the potential. 


Gausses Theorem, 



The consideration of the distribution of the electric intensity 
in relation to surfaces in space leads to interesting results. 
Consider any surface whatever and let dS be an element of it. 
L^t M be the component of the electric intensity at dS, along the 
normal to the element, JT being reckoned positive if it is in the 
direction of the normal drawn outward from the surface. We 
shall now prove that the integral JfJTdS taken over any closed 
surface is equal to e, where e is the algebraic sum of the charges 
enclc^ed within the surface. 
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Consider first tbe intensity at Q due to a charge at a 
point P within the surface. We have = eil^irEQ^ and 

where 9 is the angle between PQ and the normal to dS, Now 
is the solid angle dwi subtended by dS at P. Thus, so 

far as the single charge ej is concerned, we have JSf^dS = — dcoi. 

If there are a large number of point charges Ci, e^y 6tc., the resultant 
normal component of electric intensity 

P” == Pi + Ps “h Pa + • • • > 

SO that 47rP dS == Bidcoi -^e^doo^ + ezdcon H- .... 

Now JJ ei dcoi = 4i7rei , // e^dco 2 = etc. 

So that JfEdS ==€i'hC 2 4'C3 + ...==c . 

This result can obviously be extended from a series of point 
charges to a continuous distribution in the same manner as that 
employed in dealing with the potential. 

It remains to prove that charges outside the closed surface 
contribute nothing to the surface integral. It is evident that 
every conical element of solid angle dco arising from an external 
charge will cut the closed surface an even number of times. The 
value of JSfdS for the intersections of the cone by the surface will 
be alternately positive and negative since the direction of the 
electric intensity is constant in space but alternates in sign with 
reference to the successive normals. The numerical value of 

Nd8 is the same for successive intersections, being equal to ^ do. 

So that the surface integral is divided up into a series of pairs of 
equal and opposite elements. Its value is therefore zero, and we 
(include that the value of fJJUfdS over any closed surface is equal 

to the charge insida 

This result is known as Gauss’s Theorem. 

The theorem is of great value as a means of calculating the 
value of the electric intensity arising from various symmetrical 
distributions of electric charge. Thus in the case of a uniformly 
charged spherical shell the intensity at any point external to the 
shell must be the same at every point on the spherical surface 
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!lifiI!i |M]nt etnd eoneentric with the shelL It also follows 
innii the rr tif the prubleiii that the intensity' niiLst "be 

rrelial Siiiee the of a sphere of radius r is 47r?’^ the electric 
mt^rnsity £ lit di^taiiee r from the centre of the charged shell is 

by ^ BO that 

£’=e/47rr®-.-..(4). 

In a siran-vr way we may prove that the force vanishes inside 
till* shtdL results omy be extended to the case of a sphere 

eliarged throughout its volinue so that layers equidistant from the 
centre are charged to equal density. Thus we may show, for 
t xaiii|ile, that the force tmide a solid uniform sphere of electricity 
vAfies I'is the dbiance from the centre. 


The application of Gauss’s Theorem to the tubes of force 
iiieiiticuieil on p. 16, is instructive. As we have seen, a tube 
of force is a tiiliiilar region hounded "by a surface which is the 
€*iivo!o|:>e of the lines of force. Let us apply Gauss’s Theorem 
to a portion of such a tube, terminated at each end by equi- 
p>teiitial surfaces. The lines of force run along the tubular 
siiT&ces so that at each point the component of the intensity 
iiomial to these surfaces vanishes. Over the ends the resultant 
electric intensity will he normal to the surfaces. Let it be 
at the end where the cross section is and being the 

cM>iT6Sf>i>nding quantities at the other end. The value of JflfdS 
ox’tw the whole surface considered is clearly If 

the till)© of force is in a regicp where there are no electric 
charges this vanishes, so that EiSi=E^Ss; thus the electric in¬ 
tensity at any point is inversely as the area of cross section of 
the ttilMSi of force at that point. 


_ Under the conditions contemplated in electrostatics the surface 
of a conductor of electricity must be an equipotential surface; othex- 
'wise there would be currents of electricity flowing from one part 
of the surface to another. The tubes of force must therefore start 
rwmmlly from such a surface. Now apply Gauss’s Theorem to 
the repon hounded by a tube of force and its continuation into 
the wUtanoe of the conductor and terminated by equipotential 
oat iosiit md fcht other outside .feht condnctor The 
#1^ intensity ranishes oirer all the surfece inside the conductor 
aad the no^ oomponent vanishes over the tubular sarfece 
Tie value of JJNdS is thus eqaai to the value of 
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this quantity over the end section. This is equal to the charge 
inside; which is where a is the surface density of the charge 
on the conductor and the area of its intersection by the tube of 
force. We therefore have (rS. 2 » If we make the end 

section approach indefinitely near to the charged surface, >Si = /S 2 , 
so that 

E= cr . (5). 

Thus the electric intensity at a point just outside a charged 
conductor is normal to the surface and equal to the charge per 
unit area of it. This result is known as Coulomb’s Law. 

We may express Gauss’s Theorem analytically as a relation 
between a surface and a volume integral. If p is the volume 
density of the electrification at any point inside a closed surface 
the total charge inside the surface will be JfJpdscdydz. The 
normal component of the electric intensity outside the surface is 

Gauss’s Theorem may therefore he expressed in the 

form 

Jljpda;dyde = - jj^dS .(6). 

In a region where there are no charges, if are the 

direction cosines of the normal to any closed surface, we have 



+ mEy +• nEz') d^ = j'J Nd8= 0. 


A vector E whose components Ey, Ez satisfy the relation 
[j(lE^-^7nEy-\- riE^dS=0 over any closed surface is said to be 
solenoidal. Thus the electric intensity in free aether is a solenoidal 
vector. We shall see that there are other solenoidal vectors in 
the theory of electricity and magnetism whose properties are of 
great importance. 


Green’s Theorem. 


An important theorem discovered by George Green* in 1828 
enables us to express a volume integral taken throughout an 
enclosed space in terms of surface integrals over the boundaries of 
the space. This theorem, which is named after the discoverer, is 
a purely geometrical theorem, hut it has many important appli¬ 
cations in the theory of elecfcriciby. 

* “An es&ay on. fclie appliention of Mathemaiieal Ajialysis to tte theories of 
Eleetrioity and Magnetism,” by George Green, published at NotUngham in 1828. 
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C^'^nsicler any cloBi:td space bounded by any niiiriber of closed 
-arfaers, '^%h]eh may Ih" either int-emal or external- As a particular 
the external lx.Hiiidary may be ^ sphere of infinite radius. 
Lt^t '4\ r, tr W any eoiitiiiuous point function* Then Greens 

1 'fhTv m stakes that 

III 

whiTe the vohiriie ioteg'ral is taken throughout the space between 
the k)iiiMiaries and the surface integral over the bonxiding surfaces, 
and !, m and n are the direction cosines of the normals to the 
tirawn away from the spice throughout which the volume 

iiikrgrai IS taken. 



Let the two jmmllel lines PQR8TU represent f he section, bjr 
the pl&iie of the pa|^r,of a right prism who^ action hy the plane 
fCii would dycfi. Consider the contribution to the integral 

m djcdyds throughoat the space A arising from tHis prismatic 
porfron of it This will clearly 

iyclrC— Kf + Kg —Mg— 

where ttj., , etc. are the values of u at P, Q, ete. ISTow 
dydi —^+hdSs = -lrdS^= + l^dSu, 
»hw6 IfM, mte the valoes of 1 and dS at P, and mo on. " The 
eltemation of gigaa » due to the feet that the nomafa alternately 
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make acute aad obtuse angles -with the positive directiou of a?. So 
that 

j'J'J~dccdyd£; = + JJlndS. . (T). 

Similar equations hold for v and w, so that, by addition, 


jJJ 19^ dy 0^ 

Now let u = U ^ 


d!cdydz= -f- j\[U + nvj]dS.,,{%), 


U- 


jjdV 

U —, 

05 


After substitution we have 


iiJ |0is dx dy dy dz dz 


dxdydz 


,dY_^ aF_^ aF) 

I 5— +m:r- + n-T-^a/S 
dx dy dz 1 


-// 


TT^-^dS 

on 


where ^ denotes the rate of change of Y along the normal at dS. 

If we substitute for u, for ^;, and Y for w, we 

007 cy oz 

obtain similar expressions in which JJ and V are interchanged 
Subtracting the two equations we have 

J'JJ — W^JJ]dxdydz 

.<“>■ 

The three equations preceding, (8), (9) and (10), are aU different 
forms of Green’s Theorem. 

An important case arises when we put JJ = constant in equation 
(9) or (10)* We then have 

. 

We may apply this result to a minute cavi^ of any dhape 
inside a charged body. 
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i:ili*y is independent of the shape 


■often writteii E = {Ex, Ey , Ez) == — 

.t* ei|uatiG'n —/) or 0 in the form 

dE^ . dEz 


Transformation of Lapiace^s Operator, 

In dealing -with certain problems, particularly in cases 
poss^iiig gpheiiml or cylindrical symmetry, it is not desirable 
to iim Poison’s and I^pkees ^uationsinrectangnlarcoordinates. 
Polar or eyiincirieal ooonlinates are mmch more suitable. The 
timrwforiaation of the equations to these new coordiiLates can -very 
€i»itj he efffc^cted by making use of the ihe'Orem tibat the surface 
dV 

iiit4*g»l of ^ mm any clci^ sur&oe is equal to the- volume 

in^g^ of the faunae density inside (Qaare's Theorem, p. 2S). 
To ilkitmie the method we diall first apply it to th-e simpler case 
of r«tengmlar coi>idiiiatm 
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Consider the element of volume ix dy dz, in rectangular 
coordinates, whose centre is x, z. The coordinates of the 
angular points of the element are x — \dv, y — z — etc 
Let F be the value of the potential at ar, 3 /, z. Then the mean 



IdV 

value of the potential over the right hand face will be 2 ^ ^ 

IdV 

and that over the left hand face will be F— dx. The mean 
, 2 Ox 

value of the component of the electric intensity along the outward 
drawn normal at the right hand face ^ ^ ^ 

the left hand face =*+F—^ these 

faces, as we may call, for the sake of brevity, the surface integral 


of the normal intensity, is rft/ x — ! 

_ L 


BF . l a^F , 
0a? 2 


case and dy dz x 


dx 2 


0 *F 


dx 


in the other. 


in the one 
The tot^ flux 


over the pair of faces perpendicular to Ox is therefore 

— ^dxdydz. 


Similar expressions hold for the Oy and 0 - 2 ? feces 
flux for the whole cube is 


m that the total 


B^F ^ 

da^ ^ 0^ 0is® 


m 

^-dxdyds* 
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r.v Tht'orein this is equal to the charge mside or 

dW 8'-‘V S^F" , - , . 

We thus derive V»F=-^=g^-+- 

1 ’. s hquaiwa in rectangular coordinatea 

Tolar Coordinates. 

1 *. t T, ?.d> l>e the {whir coordinates of the centre of the element 
'.f uiiie under consideration, (f> being the azimuth measured 
fri’ni !i fired plane passing through the polar axis and d the angle 
the radius makes with the polar axis Oz. 



cr-i-i<ir 


FQMSVWrU be febe element of volume. It is farmed 
by ibe iiteimetian of the following surfeoes: (1) two spheres 
€«Btfe 0 Mki radii r — dr and r + f dr; (2) two planes passing 
ihrongli 0 i making angles ^ | c?.^ and ^ 4-1- dl<f> witt a fixed 

plaa# p&isiiag through the same axis; (3) two cones described 
ateat the axis Os and of semi-anglos 6 — ^ dd and 
re«p6^ively. The coordinate of the arxgnlax points of 
the elemeiti of volume aft- F « r -1 dr, ^ ^ -1. ef^, and' so 

Tti# radiai the circle by the iali^irsectioii of the 

of •eai--«igle i and the sphere of racfinsr ia clearly r sin 0 . 
volam© €d Ih© eleroenl is 

^nrdSxrBmid^:^^dr^0d0d^ 
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Consider first the flux over the faces Tvhich are perpendicular 
to r. The potential at the centre being the mean potential 

over the outer face will be V-\--~dr and over the inner face 

2 cr 

V — W- dr, the normal intensities being - T F-f - ^ drl 

2 dr . & V 2 cr J 


and +; 


*^-2 37* 


The areas of these faces are respectively 


(r ± ^ ir) sin 6 dcj> x (r ± dr) d9 or r{r± dr) sin B dB d<f> to the 
first order. The fluxes are therefore 

/ aF IdW ^ ^ ^ 


/ 3 F Id^V ■ 


X (»— dr} r sin 0 dd dj>. 


The total flux over these two faces is thus 


— r®dr sm 6 d6 d6 i-;rT 

^ (9r* r or) 

The mean potentials at the conical surfaces PSVU and 

QR WT are F— dd and F+1 ^ dd respectively. The 

corresponding normal intmisities are obtained by differentiation 
with respect to the element of arc r dd, and are therefore equal to 

PSVUh 

tZr X r sin (d— ^ dd) d(f> = rdrd<f> x [sin 0 cos ^ dB —cos d sin | d6J 
= rdrd<f> (sin d — Jcos ddd) 
to the first order. Similarly, 

= rdrd(^ [sin d-f-^cos ddd]. 

The fluxes therefore are 


drdj>(^ -^^de)(sme-ico8 9iS) 
— (ir c?<^ j (sitt # 41008 # 


and 
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i'hc toUil tins: u therefore 

-J- dr . 

The Hit .in potentials of the plane surfaces JPQ^^ ^.nd JR/SP^TF 
are and r-Y~dcf> respectivelj. The element of 

ire i;'fTii.i! to the planes being rsin^<f<^, the mean normal 

are 


1 0?4>\ 2 ^ ^7lme d4>\ 

of the surfaces are equal to ea-cli other and to 
I 'Tie fliiKes are therefore equal to 

drdff/dV Id^r.A 
sin $ \di}) ^ 2 d<ff 


r-dr sin 9 d9 dtf» x 


We this find for the total flux over all tie six surfaces of the 

eleaeat of volume 


^ dr^ rdr^r^dd^ r® dff r^sin^ 9 
By if aiiss s Theoreta this is equal to the charge inside, which is 
pdr^ p X f^sin 9 drddd(fK 

So that 

■^r Ir 8#^ r® 8^ f^aii^9 p...(14). 

This is therefoie Poi^n*s %ualion in spherical coordinates, 

and lie opemtor 

, 1 a* 

m the form which opemtor ^hm in this sys^tem oi 
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Cylindncal Coordinates, 


Any other system of orthogonal coordinates may he treated 
similarly. For instance in the case 
of cylindrical coordinates r, 6, z 
the element of volume is hounded 
by (1) two coaxal cylinders of radii 
r and r 4 dr with their axes coin¬ 
cident with the axis of z, (2) two 
planes inclined at an angle dO 
to one another and passing throujfh the axis of if, (3) two parallel 
planes perpendicular to the axis of z and at a distance dz apart. 

The volume of the element is clearly dr x rdd x dz. The 
potential at the centre of the element being V, the flux over the 
outer cylindrical surface will he 



Tig 6. 


and over the opposite face 


e-f) 


dddz'x 


dr 


y-W^r), 


2 dr 


the total flux over the two faces being 


^rdrdddz 


r 0r 


The area of the plane inclined faces is drdz, the mean normal 

and the total flux over 


1 a 


intensity over them + “ gg 
them 

-^rdrdO dz 




The area of the faces perpendicular to Oz is dr x rd9 mid the 
total flux over them = ~ r dr d6 dz •:r—-. 


So that the flux over the whole six faces is 


— rdrdddz 


I 0^ "h y, 0^ +■ ^ 0^a 0^ J 


= p X rdrd9'iz. 


Thus the form which Poisson’s Equation tekes in cylindriiml 
coordinates is 


^ r 0r d9^ ^ 


,.( 16 X 
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T/zf of the Solutions, 




a V 


F>|iuitioii in spherical, cylindrical and rectangular 
a. . of ihe greatest importance in man^ tranches^ of 
:: mral p’nv^ics/ It is clear from the preceding discussion 
^ Iv tir>! dt riviitives of the solutions of this equation represent 
. r - r wh:<,'h may 1^^ compounded from a set of vectors flowing 
. .r thm a M'rits of points uniformly in all directions. Its 
,.|.r;i‘ihriry to the theory of radiation, of conduction of heat 
oiil to hydrodynamics and gravitational attraction as 

!i .k* to L-iJetnairand magnetic attractions is at once obvious. 
Tiie uf ilitv of the foregoing differential equations arises from the 
fad if Vie can solve them we only need to be given the value 
of V oirr eertaiB surfaces in order to obtain the complete distri¬ 
bution of electric force in the field This result depends upon the 
%'bieh we shall now prove^that if V satisfies the equation 
r « - p throughout any region of space and has certain assigned 
over snrfiees bounding the region, then it is the only 
which satisfies these conditions. For if not let V' also 
the saiiie conditions and let us write Z7 == "F = ]/' — y in 
the espft,;‘>jsii>ii for Green's Theorem in equation (9). Then 


-iliTd 


- v' )r, | 3(v 


F')' 


) 


^1/ 


+ 


0 (F- F ') 
"dz 


= U(F-F0^-^ 


]dr 

-V) 


dn 


dS, 


iind s'niv ** V*Fss — p throughout the space and F— F' = O 

mm ihe siirhiees, we find 

- '"'F+'"'>1’+Is (’" - »■ 

Bui IhiK integral m % iiim of ^uares; so it can only vanish if each 

vtuiidlicis iepcirately. We thus have 


m 


But F = 


H#tie€ — F » mm^mt every whom 
mttmxm ; he&m F*' F' everywhere. 


F' on the 


ecstiU'H lisiquTE; 

EA»VC-ALOnE-|i0 






’ft -x 


1 


151 Ol///if a 
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Since fjiV-V') ^^(r-Y')dS also vanishes when — is 

given oyer the surface S, it follows that V is unique except for an 
additive constant when the value of p is assigned throughout the 
dV 

space and that of ^ over the "boundaries; so that, in this case 

also, the electric intensity is determined uniquely. 

It would lead us too far afield to consider the functions 
(Fourier’s Series, Spherical and 2onal Harmonics and Bessel’s 
Functions) which are the solutions of Laplace’s Equation appro¬ 
priate to particular problems. For the development of this 
interesting subject the reader may be referred to Byerly’s Fourier s 
Series and Spherioal Harmonics. 


Total Energy of a System of Charges. 


"We may find the total energy of a system of charged bodies 
in terms of their charges and potentials as follows. Since the 

potential at any point of the field is equal to JJ^J jdr -h 

tahen over all the charged bodies in the field, it will he reduced 
to 1 Jn of its value if all the charges are reduced in the ratio n: L 
Let n be any very large number, and suppose that initially all the 
charges are at an infinite distance from one another. Bring up l/» 
of each element of charge to its final position. If F is the final 
potential at any point the potential will change during this operation 


from 0 to 


The work done in bringing up the element 


will lie between 0 and — Vp dr. The work done in bringing up 

l/ii of all the charges will lie between 0 and — Ypdr. Now 

bring np a second ^th part of all the charges. This will raise the 
potential at any point from YJn to2F/«, and the work done in 

this second stage will lie between Fpir and ^ |Jj Fpcir. 

If this process is- continued the work done in the «tli stage will le 
between 


"/// ^ ffj 


TL &T, 


$ 
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The total work done in bringing up the whole of the charges from 
a state of infinite dissemination will lie between 

i(0 + l + 2+... + Vpdr 

and ^^(1 + 2+3 + ...+n)jjjvp dr. 

This is equal to the total potential energy of the system, which 
therefore lies between 

Wlien n is increased indefinitely each of these values coincides 
with ^fJfVpdr, This is the part due to the volume charges. If 
there are surface charges we shall have to add dS, The 

complete expression for the total energy of any system of charges 
is therefore 

+1 // . 


The Energy m the Fields 


In the preceding paragraph we have deduced an expression 
for the energy in terms of the charges and their potentials. On 
the view that electrical actions are transmitted through a medium, 
we should expect that the energy would reside in the medium. 
It is easy to obtain from the equation (17) an expression which 


admits of this interpretation, 
have 


Since p = —and — 


dV 

dn,’ 


we 


W-ljjlvvV^r-yjv^^^. 


But by Green’s Theorem, allowing for the reversal of sign arising 
from the fact that the normal is now drawn into the space 
considered, this is equal to 



imhO'-ci)h 


(18) 


.aw 

So that the mergy of the system is the same as if each 
element of the field contmned an amount of energy per unit 
volnma 
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Stresses in the Fields 


Maxwell showed that the forces acting on any system of 
charged bodies could be attributed to a system of stresses in the 
medium in which they are embedded. The necessary and 
suflScient condition for this to be the case is evidently that the 
resolved part, in any direction, of the resultant of all the forces 
acting on the parts of the system, arising from systems external to 
it, should be expressible in the form of an integral over any 
surface which surrounds and isolates the system. The alternative 
possibility virould imply that part of the force was not transmitted 
across the boundary, through the action of the parts of the medium 
on one another, but arose from so-called action at a distance. 


Consider any surface S surrounding and isolating the system 
of static charges ei. Let be the component of the resultant 
force acting on Si arising from all external electrical systems. 
Then if F is the potential and p the volume density at any point 







where the integrations are extended throughout the volume 
enclosed by S. The volume integrals will be capable of trans¬ 
formation into integrals over the boundary surface /S* if we can 
write 


dVid^V ^ ^ 
dx \ da^'^ ^ dz^) 


in the form 
We have 


^ ^ ^ 

dx dy^ dz ' 

/'!ZY 

dx dx^ 2 dx ’ 

dVd^v_ d )dVdV\ dv d^r 

dx df dy \0a7 dy) dy dxdy 

^d_ (^dr\_l.d^ (dVV 
dy\dx dy) 2dx\dy)* 

dx dz^ dz \0a; dz) 2 dx V0.^ } ' 


* Of. the proof of Green’s Theorem, p. 24, Chap. n. 


3—2 
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Thus the integrand will be in the form desired if we put 


(fdVV 



iv9«J 

\dy) 

Uw} 


^ dVdV 
„ dVdV 


.(20)’ 

.( 21 ), 

.( 22 ). 


By considering the components of the resultant force parallel 
to the y and .a axes we should arrive at similar surface integrals 
involving 

l(/3T\^ /9FV ..mv 


'~^{\dzj \dxj \dy 


dVdV 


and px 3 - 

In the new notation in terms of the p's, which will be familiar 
to students of elasticity, we may write 

=jj (Ipxx + 'mpyx + npzx) dS .(2G). 

The last integral is taken over the enclosing surface, and I, m, n 
are the direction cosines of dS, drawn away from the enclosed 
volume. Similarly 



+ ^i=jf (^Pxy + mpyy + nj),y)dS...... 

.(27) 

and 

+ = (^Pa» + '^Pvz + .. 

.(28). 


If we adopt the standpoint that the action of the electric 
charges on one another is transmitted by the intervening medium, 
then pyy, pzz, Pyx> Pzxy Pzy are the six components of the stress 
which transmits the action. From the point of view of action at 
a distance these quantities, on the other hand, have no physical 
mgnificance. 
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In order to obtain a more definite picture of the physical 
nature of the supposed stresses let us consider the case in which 
■dS is part of an equipotential surface, so that its normal is 
tangential to a line of force. Let the resultant electric intensity 
nt dS be E, then 


and 



~ = mE and 

8y 


dV 

dz 


= nE, 


Pxx — \E‘^ (j? — — n% py2 = E^mn, 

Pyy = ^ _ ^2 _ ^ 2 )^ ^ 

Pzz — ^E^ {'n? - “ m% pxy = E^lm. 


The components of the force per unit area across dS are 
respectively 

Ipxx + rnpy^ 4- npz^ = ^IE^ \ 


Ipxy-^rnpyy+np^y = \ mE^ 


(29). 


IVxz + mpyz + npzz = \ nE^ 


Thus the resultant traction is normal to dS. It is therefore 
directed along the line offeree and is a tension of amount ^E"^ per 
unit area. 


Next suppose that dS is at right angles to an equipotential 
surface. Its direction cosines V, mf, n' will then satisfy the 
relation 


,, 0 F , 9 F , 0 F ^ 

I -^ + 772.-^ H-n :^ = 0. 
ox oy dz 


The X component of the stress across dS is 
l'pxx-\-'rnfpy^’\’'n;p2x 




2iV3^/ \dy) 






+ 


f)’ 




VdV 

dy ^ ^ dx dz 


\VE\ 


since 


{( 1 ^) + ( 1 ^) + (^)} 


In a similar manner we may show that the y and z components 
are equal respectively to — I* mlE^ and — i E'^. 

Thus when dE is at right angles to an equipotential surface 
the resultant stress is again normal to it. Since the expressions 
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now have a negative sign in front of them, they will represent a 
I' pressure, not a tension. There is thus at every point in the field 
[ a tension equal to along the lines of force and a pressure of 
> equal amount in every direction at right angles to them. 

It may be shown that these stresses will keep the aether in 
equilibrium. They are not the most general system of stresses 
which are equivalent to the electric force on the system of charged 
bodies e^. For we may clearly add to them any distribution of 
stress whose resultant is equal to zero when integrated over any 
closed surface surrounding Ci. They are, however, the only system 
in which the stress at any point is determined solely by the 
electric intensity at that point*. 

It is well to point out that this interpretation of the forces as 
a system of stresses in the medium has only been shown to be a 
possible, not a necessary one. 

* Of. Jeans, Electricity and Magnetism^ p. 146, and Maxwell, Electricity and 
Magnetism^ 3rd ed. vol. i. p. 158. 
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DIELECTRIC MEDIA. 

Cavendish, and Faraday independently, showed that when 
^ condenser was charged so that the potential difference between 
tilie plates had a certain fixed value, the charge on the plates 
depended on the insulating naedium between them. This proved 
■fclaat the forces between electric charges depended not only on the 
xnagnitude of the charges, but also on the nature of the material 
separating them. These experiments are often regarded as dis- 
X>i‘oving the dogma of action at a distance. They are not capable, 
however, of establishing this inference; all that they prove with 
oertainty is that electric charges act on a material medium in such 
^ way as to mate it affect other electric charges. The quantitative 
et:s:periments of the investigators mentioned showed that the charge 
on condensers of different geometrical form to which a given differ- 
once of potential was applied always changed in a certain ratio 
■when any assigned insulating material was replaced by any other 
Q^ssigned insulating material. Different insulators were therefore 
said to be characterized by different specific inductive capacities.’’ 
The specific inductive capacity of a vacuum is now universally 
SLdopted as a standard, and its value is put equal to unity on the 
electrostatic system of units. ‘The specific inductive capacity of 
irxir only differs very slightly from it. In this book, for reasons 
■which will appear, we shall use the term dielectric coefficient 
instead of specific inductive capacity. 

The potential difference between two electric charges is, by 
its definition, determined by the distribution of the electric 
intensity in the field surrounding them. It is clear, therefore, 
that these experiments prove that the forces between charged 
“bodies are not determined solely by the magnitude of their 
charges and their distance apart. Those of our previous results 
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which are based upon the law of the inverse square will therefore 
require modification if we are to account for the behaviour of 
charged bodies in the neighbourhood of insulating materials. 

The relation V-^Eds is independent of the law of force, as 
is also the device of mapping out the field by means of tubes 
generated by the lines of electric force. The ideas underlying 
them can therefore be applied even when dielectric media are 
present. We shall suppose that a tube of force starts from each 
element of area which embraces a unit of positive charge. These 
tubes must either end on another charge or flow on to infinity. 
This follows since two different equipotential surfaces cannot 
intersect and since the lines of force are at right angles to the 
equipotential surfaces. It is also necessary that the charge at the 
negative end of a tube should be equal and opposite to the charge 
at the positive end. This is required by the fact that the two 
sides of a condenser acquire equal and opposite charges whatever 
the nature of the intervening medium. 

The tubes which are determined in this way we shall call tubes 
> of induction and we shall define the induction D at any point as 
the number of tubes which cross a unit area drawn perpendicular 
to the direction of the tubes at that point. 

The induction is a vector quantity and its components are 
given by the usual rule for the resolution of vectors. Thus if 



Pig. 7. 


J)» is the component of D along a line OQ making an angle 9 
with the direction OP of the resultant D, it is clear that the 
number of tubes which cross uiut area perpendicular to OQ is 
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the same as that of those which cross an area cos Q perpendicular 
to OP, so that 

Db — D cos 9. 

It is evident that the cross-sectional area of the tube of induction 
passing through any point is the inverse of the induction at that 
point. 

Gauss's Theorem. 

We are now in a position to consider the form which Gauss’s 
Theorem takes when the field embraces dielectric media. Consider 
the value of the integral JJDndS taken over any closed surface, 
where is the component of the induction along the outward 



drawm normal at an element dS of the surface. If OFQ represents 
the direction of the tubes crossing dS, and if the angle RPQ = 6, 
then Dn — DQ>OQ 6, where D is the resultant induction at dS. Now 
dS cos 6 is the projection of dS on a plane perpendicular to the 
direction of P, so that 

DxdS cos 9 = JDndS 

is the number of tubes which cross dS from the inside to the 
outside of the surface. When the tubes cross from the outside 
to the inside of the closed surface LndS will have a negative 
value. Let us first consider the effect of those elements for which 
B^dS has a positive value. Each of the tubes crossing them will 
start from a unit positive charge beyond d8 on the internal side. 
This unit charge may either be without or within the surface. If 
it is without, the tube will first cross the surface at some other point. 
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and it will give rise to aa equal and opposite eletnen'fc dS . Ihe 
total contribution of such tubes to the Integra,! will Toe zero. Each 
tube crossing an element dS in the positive direction andhav'ing 
its origin within the surface will start on a unit positive charge, 
so that the total contribution of all the elements which are 

positive will be equal to that part of the positive charge within 
the surface which gives rise to tubes of force wbicli d.o not end on 
a negative charge inside. In a precisely similar manner we can 
show that the total contribution of all the elemeixts which 

are negative is equal to that part of the negative charge within 
the surface on which tubes of force end whieh do not start from 
positive charges inside the surface. 

It follows that the value of jf DndS=^JfL> cos 0 dS taken over 
any closed surface is equal to the algebraic sum. e of all the 
charges enclosed by the surface. 

We thus see that Gauss’s Theorem can be extended to 
dielectric media provided the normal electric intems-iby is replaced 
by the normal induction. 

By applying Gauss’s Theorem to a cylindrical rogion hounded 
by a tube of force and by two equipotential suxfhces, one just 
inside and the other just outside a conductor, we find that the 
induction just outside the surface of a conductoxr is along the 
normal to the surface and equal to the charge per unit area ef 
it. This is the general form of Coulomb’s Xiaw. 

Poisson^s and Laplaces JEguations^ 

Let us now apply Gauss’s Theorem to the rectangular paral¬ 
lelepiped whose angular points are the combinations of ^ 

± The induction at the centre of the element 

being D A)> the mean outward narmal induction over 

the faces perpendicular to the axis of x will be — 

and -I- -+■ hy Taylor’s Theorem. The correspondiag 

fluxes of induction are 

and + ^j d3/cj!ar. 
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The total flux of induction over this pair of faces is therefore 
dD 

i^dxdydz. Treating the other two pairs of faces similarly, we 
see that the total flux of induction over all the six faces is 


This is equal to the charge inside, which is pdxdydz* We 
therefore get 

dDa: . dPy , dBz 
dy 

as the general form of Poisson’s Equation. The general form of 
Laplaces Equation follows if we put p = 0. 


divD = -^ + '-^ + -^- = p. 
ex oy oz ^ 


.( 1 ) 


IndiictioTi and Electric Intensity. 

Erom the definition of the induction it follows that in geo¬ 
metrically identical systems of conductors, furnished with identical 
distributions of electric charge, the induction will be identical at 
every point whatever the nature of the intervening dielectric, 
provided it is homogeneous and isotropic. The experiments of 
Cavendish and Faraday show that the intensities at corresponding 
points are inversely as the dielectric coefficient, since for geometric¬ 
ally identical systems the forces are as the differences of potential. 
It follows that the relation between the induction and the electric 
intensity at any point in a dielectric medium is 

D=^icE ...( 2 ), 

where k is the dielectric coefficient. Since = —gradF, we may 
also write the preceding results in the following forms: 


Gauss's Theoj'em. 

. 


Coulomb’s Law. 


Poisson's Equation. 



^ or, when k is constant throughout the space under consideration, 

....( 6 ). 


dV 

/c -5— = — <r 
on 


.( 4 ). 
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The Energy in the Field, 

The theorem (equation (17), Chap, ii) that the potential 
energy W of any system of charges is equal to 

iJllvpdT+ifJradS 

does not depend on the law of force between two elements of 
charge, and is therefore true when dielectric media are present. 
Since p = div D and cr = Dn, we have 

W = ijJI VdivDdr + i jjvDndS. 


= -JlviD^dS-j 




'n 

D* g- (^■r, 


where I is the a? direction cosine of the normal to dS, Since 
En = lE^c + rnDy + nDz, 

we see, by similarly integrating the other components of 
JJ/FdivDdr by parts, that 

He„ce + .(7). 

The energy per unit volume of the field is therefore 




If E^, Ey, Ez are the components of jE', since jE = —grad F, this 
may be written 

h{E^E^^DyEy^EzEz],, ..(8). 

The sum of the products of the components of two vectors 
taken in this way is called the scalar product of the vectors^. 
It is often written {DE), so that in this notation the energy of 
unit volume of the medium 

= ........(9). 


See Webster, Electricity and Magnetum^ Chap. i. 
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In isotropic media D and E are in the same direction and 
D — kE, so that the energy per unit volume of the medium 


= 2"^ =2T 


.( 10 ). 


This reduces to the result in Chapter ii when /c= 1. 


Conditions at the Boundary between Two Lielectric Media. 

It is very important to determine how the induction and the 
electric intensity change as we pass across the surface separating 
two different insulating media. Consider first of all an element of 
area dS of the surface, so small that its curvature may be neglected. 
Describe the prism generated by lines passing through the boundary 
of dS and at right angles to its plane. Let the prism be terminated 
by planes parallel to dS, and let the height of the prism be a small 
quantity of the second order, if the width of dS is of the first order. 
Then one of the ends of the flat prism thu^ constructed will be in 
the first medium and the other in the second, whilst the sides are 
partly in one medium and partly in the other. Now apply Gauss’s 
theorem to the prism. The induction is necessarily finite, so that 
the normal flux over the sides of the prism vanishes, since their 
area is negligible compared with that of the ends. Let A be the 
magnitude of the resultant induction at the boundary in the first 
medium and let it make an angle 0^ with the normal, and 0^ 
being the corresponding quantities in the second medium. The 
areas of the two ends being each equal to dS in the limit, the flux 
of normal induction over the first will be DmdS = Ei cos d^dS and 
over the second En 2 dS■== --O^dS. The sum of these two is 
equal to the total charge inside the prism, which is (rdS, if o- is the 
charge per unit area of the boundary. We see therefore that the 
induction at the boundary between two media will always satisfy 
the relation 

Di cos 01 — X >2 cos 02 = a. 

In the majority of cases there will be no charge on the boundary 
surface, and thus the component of the induction normal to the 
surface will have the same value on both sides of the boundary. In 
other words:—when there is no charge on the surface of separa¬ 
tion the normal component of the induction is continuous from 
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one medium to the other; when this is not the case it is discon¬ 
tinuous hy an amount equal to the charge per unit area of the 
surface. 

A similar relation is satisfied by the tangential component of 
the electric inteifisity. Consider the rectangle which forms a 
central section through the axis of the prism just considered. 
Let us calculate the work done in taking a unit electric charge 
round the sides of such a rectangle. The force being finite every¬ 
where, the work done along the short sides vanishes in comparison 
with that done along the long sides. The long sides are of 
equal length 5 in the limit, and if are the values of the 

tangential components of the electric intensity in the two media, 
the work done in taking a unit charge round the rectangle will 
be T^s ~ 2 ^ 5 . This must vanish, otherwise we could obtain an 
indefinite amount of work by repeating the operation an indefinite 
number of times. We therefore conclude that = 2 ^ 2 , or, in other 
words, that the component of electric intensity tangential to the 
surface is continuous in passing from one medium to the other. 
It is clear that this result holds whether there is a charge on the 
boundary or not. 

These results enable us to obtain the law of refraction of the 
tubes of induction at the boundary between the two media. Let 
us suppose that the interface is uncharged and let fCi, be the 
dielectric coefficients of the two media. Then, since the normal 
component of the induction is continuous, we have 

Dj cos = jDs cos 

and, since the tangential electric intensity is continuous, 

2>i . n A . ^ 

— sin c'j = — sin ^21 

whence tan ^Jtan ^?2 = «i/^2 ...(11), 

or the tangents of the angles which the tubes of induction make 
with the normal to the surface are directly as the dielectric 
coefficients of the media. 

We see from the results of the last two sections that in dealing 
with problems involving dielectric media the induction must be a 
solution of the equation divD = p. The further condition has 
to be satisfiled that at the surface separating any two media the 
components of the induction normal to the surface differ on the 
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two sides of it, by an amount equal to the charge per unit area of 
the surface at that point. In addition, the tangential component 
of the electric intensity must have the same value on both sides 
of the surface. There is only one solution of the differential 
equation which satisfies the conditions in any assigned case; so 
that any particular solution of the differential equation which can 
be made to satisfy the boundary conditions will determine the field 
uniquely. The boundary conditions which we have established for 
dielectric media include those relating to conductors in a vacuum, 
or in any dielectric, as particular cases. 

Poisson's Theory of Dielectric Media. 

There is a certain view of the behaviour of dielectric media 
the mathematical development of which is largely due to the 
French physicist Poisson. According to this view the modification 
of the electric field arising from the presence of dielectrics is due 
to the substance of the dielectric being thrown into a peculiar 
electrical condition by the external field. This condition arises 
from the displacement of electricity in. the ultimate particles of 
the medium in such a way that each particle acquires a positive 
charge at one end and a negative charge at the other. When this 
/ occurs the medium is said to be polarized and we shall see that the 
I polarization is measured by the product of the displacement and 
the charge per unit volume. 

We shall first of all consider the nature of polarization as it 
presents itself from the point of view which regards electricity as 
continuously distributed, after the manner of a fluid, throughout 
all bodies. Consider two equal spheres, and let one of them be 
fiilled with a uniform distribution of positive electricity and the 
other with a distribution of negative electricity, identical with the 
first except for the difference of sign. Imagine the two spheres 
coincident in position; we shall then have an uncharged body 
which will give rise to no electrical effects. Now suppose that, 
whilst one of the spheres is fixed, every point of the other is given 
a certain equal displacement, so that this sphere moves a small 
distance after the manner of a rigid body. The region of space 
where the spheres overlap will still be free from electric charge, but 
there will be a layer of positive electricity over the surface of the 
sphere on that side towards which the positive electricity has been 
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displaced, and a similar distribution of negativ'e electricity over the 
opposite face. The thickness of the layer measured parallel to the 
aris of displacement will he the same at every point of the surface, 
so that the thickness measured parallel to the normal at any point 
is equal to the magnitude of the displacement multiplied hy the 
cosine of the angle that the normal makes with the direction of 
the displacement. This result will clearly hold whatever the 
shape of the "body may be. By making the density of the 
charges indefinitely hig and the displacement indefinitely small, 
in such a way that their product remains finite, the same result 
may be obtained without altering the shape of the body. A. body 



lig. 


whose electrical behaviour can be represented in this way is said 
to le -uniformly polarized. The direction of the axis of polarization 
is the same as that of the relative displacement of the positive 
to the negative distributions. To facilitate discussion the charges 
which are imagined to arise in the dielectric in this way will be 
referred to as “ fictitious” in contradistinction to the “ real” charges 
which occur for epmple on the surface of conductors. The 
legitimacy of this distinction will be considered more fully later. 

_ pother way of regarding polarization is bo suppose the body 
divided into equal cehnlar elements with the axis of each element 
parallel to the direction of the polarization. To represent uniform 
polarization we then suppose each cell to develop a positive charge 
m one face^d an equal and opposite charge on the opposite faee, 
the feces affected being those normal to the axis of polarization. 
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A body constructed in this way is identical electrically with a body 
naade up of two uniform distributions of positive and negative 
electricity which have undergone relative displacement. This is 
clear, because in the interior of the body equal and opposite 
charges coincide at the contiguous surfaces of opposite elements, 
so that there is no volume charge at any point; whilst at the 
external boundary there is a charge, positive at one end of the 
body and negative at the other end, whose magnitude is the same 
for each portion of the surface in which it is intersected by the 
sides of a cell. But the area of this intersection is inversely as the 
cosine of the angle that the normal to the surface makes with the 
axis of the cells. Thus the density of this fictitious surface layer 
varies as the cosine of the angle that the normal makes with the 
axis of polarization, and the distribution is completely identical 
with that obtained by displacing originally coincident electric 
charges. 



In some problems it is more convenient to regard polarized 
media as displaced charges which were originally coincident, whilst 
in others the point of view which considers them as made up of 
cellular elements having opposite charges on opposite faces has 
advantages. 

If we suppose a polarized body to be intersected by any surface, 
the two resulting portions of the body will still be polarized. It is 
necessary therefore that there should be developed at any such 
sur&ce of separation a double distribution of electric charge, of 
equal amount and opposite sign at any point of the interface. 

4 


B. E. T. 
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This development is required in order to make the algebraic sum 
of all the charges on each part of the body zero. We see that the 
cellular elements which we have considered previously can be 
regarded as arising in this way by a series of fractures of the body 
along surfaces parallel and perpendicular to the axis of polarization 
at any point. 

So far we have not defined polarization in a manner sufficiently 
precise to. admit of numerical expression. We shall now define 
the intensity of polarization, or the polarization, as we shall, for 
the sake of brevity, usually call it, as the electric moment per unit 
volume of the medium at any point. Consider one of our cellular 
•elements of length Bx; let the area of the normal end faces be SS 
and let ± o- be the surface density of the charge over them. Then 
the charge on each end is ±crBS and the electric moment of the 
element is (tBocBS^o-Bt, where Br is the volume of the element. 
The electric moment is therefore proportional to the volume of the 
element, and the electric moment per unit volume is equal to the 
surface density o-. Clearly a is also equal to the charge which 
develops per unit area over an intersection of the body at the 
point under consideration by a plane perpendicular to the axis of 
polarization. Thus the polarization may be defined either as the 
electric moment per unit volume of the body or as the charge per 
unit area of an interface perpendicular to the direction of polariza¬ 
tion. This interface may include the external surfeice of the 
polarized body as a special case. 

The statement in the preceding paragraph is to be regarded 
as the definition of the resultant polarization. The polarization, 
however, is a vector quantity and this aspect of the case can be 
provided for by a shght modification of the definition. We now 
define the polarization in any direction at any point as the 
moment per unit volume of a thin slab of the polarized medium 
described about the given point and with its faces perpendicular 
to the given direction. The slab can conveniently be regarded as 
made up of a series of the prismatic elements already considered 
(see Fig. 11). If AiS is the area of each face of the slab the charge 
on them will clearly be ± cr AS cos d, where 0 is the angle 
between the normal to the slab and the direction of the resultant 
polarization. The perpendicular distance between the two layers 
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Electric charge is cosdBx, if Sx is the length of a cell. The 
moment (perhaps strength would be a better term) of the 
^ is therefore acos^ OASSx. The volume of the slab is 

cos 6 AS Sx, 

“^liat the polarization along the direction normal to the slab is 

Pq = o- cos 6 = P Gos 0 .( 12 ), 

tore P is the resultant polarization. The components of the 
l^rization are therefore obtained by the usual rule for the resolu- 
of vectors. 



Fig. 11. 


Polarization, Induction and Electric Intensity, 

'We are now in a position to determine the relation between 
3 se three vectors. Let us first consider the nature of the electric 
Id between the plates of a parallel plane condenser filled with a 
electric of specific inductive capacity k. Then the induction 
stud the electric intensity E are both normal to the plates and 
7 = D = or, where cr is the charge per unit area of the plates. 

We shall make the hypothesis that the polarization is caused 
■fche electric intensity in the dielectric, and that the two vectors 
^ coincident in direction. This standpoint will be found to be 
ly justified when we come to consider the phenomena from 
3 point of view of the electron theory, according to which the 
la^rization arises from an actual displacement of the ultimate 
^otrified particles in the direction of the field. The hypothesis 
tindoubtedly true for isotropic dielectric substances. In the 
of crystalline substances the electric intensity does not in 

4—2 
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g&Meiral coiiicid6 in direction “witli tlie polarizAtioii, and a siiuilar* 
statement holds -with regard to the magnetic heha-dour of crystal¬ 
line media. These exceptions are due to complications vhich it 
Mronld lead ns too far out of our way to discuss, and their existence 
does not, in any way, Vitiate the general principles involved. 

Now on the theory of polarized media the electric intensity is 
supposed to arise partly from the external charged bodies and 
partly from the charges arising from the polarization at the boundary 
of the medium. In the present case the amount of this charge 
will be + per unit area of the plates. It will he negative where 
<r is positive and vice versa. We therefore have 


E=a-P = D-T .(13), 

and kE=D-, 

whence F = (k-1)E=^^D .(14). 

fC 


As we shall see (p. 57) these relations between P, E and 
J> are perfectly general, altiougli we have only deduced them 
from a very special case, that of a parallel plate condense^. E and 
D are equal to the forces which would he exerted on a unit charge 
at a point in cavities of certain, shapes made in the dielectric. 
Taking the case of E jSrst, we observe that E is the force which 
would be exerted on a unit positive charge, placed at the point 
where E is measured, by the so-called real charges in the field 
together with the Poisson distribution to which the polarization 
of the dielectric medium is equivalent. This will he the actual 
force on a unit charge in an actual cavity of indefinite length and 
infinitesimal cross section, whose axis follows the direction of the 
lines of force at every point. For the charges which develop on 
the -walls of such a ca-vity, owing to the existence of polarimtion, 
will he confined to the two ends, and the contribution from those 
to the force inside the cavity will vanish in the limit, when the 
cross section is made to diminish indefinitely. The force will 
therefore be determined solely by the real and fictitious charges in 
the field and will be identical with E, 

[Next consider a cavity whose cross section is great compared 
with, its length, although both are mfinitesimal Let the end 
feces of this cavity be normal to the direction of the polarimtioix 
Then there will be, on each of the faces, a distribution of electrilc 
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charge due to the polarization and equal to ± P per unit area. 
The force on a unit charge in such a cavity will arise partly from the 
charge on the walls and partly from the charges, real and fictitious, 
in the rest of the field. The former part is equal to P and the 
latter to E. The total force is therefore P + E=D. The resultant 
induction P at any point is therefore equal to the force which 
would act on a unit positive charge placed in a very flat cavity cut 
perpendicular to the direction of the lines of force at that point. 

It is easy to show that the component of the induction in any 
direction is the component, in that direction, of the force which 
would be exerted on a unit positive charge placed in a similar flat 
cavity with its end faces normal to the direction in question. 

The foregoing specifications of the induction and electric 
intensity satisfy the conditions which we have already laid down 
for them (p. 45) at the interface between two media and 
of different dielectric coefficients. For, consider two flat cavities A 
and B parallel to the interface G and indefinitely near to it. The 
normal component of the induction just inside will be equal to 



Fig. 12. 


the force on a unit charge in A and that just inside will be 
equal to the force acting on a similar charge in B. If the resultant 
intensities in the two media are and and the resultant 
polarizations are Pj and Pj, and if they make angles and 9^ with 
the normals to the surface, then it follows from the results of the 
preceding paragraph that the normal force in A is {Ei 4- Pi) cos 6x, 
and that in P is {E^ + Pa) cos 6^. That these forces are equal to one 
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another can be seen by considering the charges, real and fictitious, 
from which they arise. The force inside A arises from 

(1) charges at a distance, 

(2) the polarization charges on the ends of -4, 

(3) the fictitious charge over the boundary (7. 

The last is made up of a positive charge arising from the 
polarization of and a different negative charge arising from the 
polarization of The positive charge on G is equal to the 
negative charge on an equal area of the left face of A, and the 
negative charge on G is equal to the positive charge on an equal 
area of S. The total force in .4 is thus the same as that which 
would arise from 

(1) charges at a distance, 

(2) the positive charge on the right of A^ 

(3) the negative charge on the left of G. 

In a similar way we can show that the force in B arises from 

(4) charges at a distance, 

(5) the positive charge on the right of (7, 

(6) the negative charge on the left of B, 

But (1) = (4), (2) = (5) and (3) = (6). It follows that our 
specification of the induction makes its normal component 
continuous. 

The tangential component of the electric intensity is con¬ 
tinuous in crossing the boundary, since the only change ia the 
electric mtensity which occurs is that which arises from the change 
in position relative to the fictitious charge on the boundary, and 
this gives rise only to a force normal to the inter&ce. 

Variahle Bolarizdtion. 

So far we have confined our attention tp uniformly polarised 
media i e. to cases in which the polarization P has the same 
ma^tude and direction at aU points. The number of such cases 
is sfenctly ^ted, and it is very important to study the behaviour 
o media m wMch the polarization , varies from point to point 
Bodim polarized in this way are generated by the sliding of 
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oppositely charged coincident distributions, if the original distri¬ 
butions of electric charge are not uniform. We shall, however, 
look at the matter from the point of view that the polarization 
arises from the development of charges on the faces of the ultimate 
elements of the body in the manner which we have already 
considered. Consider any elementary rectangular parallelepiped 
of the material whose sides are 2^, hy, hz, and the coordinates of 
whose centre are x, y, z. Let the resultant polarization at the 
centre be P and let its components parallel to the coordinate axes 
be Py and P^. The charges which develop over the faces of 
the parallelepiped owing to the polarization P of the parallelepiped 
itself will be 


±P^hyhz, ±PyhxZz, and ±PzZx^y 

respectively. These are the mean values taken over the whole of 
each respective face of the parallelepiped. If we consider any one 
of these faces, for instance that which is determined by ^ ^ -f- ^ 

we see that the next element, in this case the one to the right, 

dP^ 


P* + 


dx 


Bx 




smce 


will give rise to a charge over it 
dx 

tion in the next element of volume. This face is therefore to be 
regarded as carrying a charge due to polarization equal altogether 
9P 

to — BxByBz. One half of this is to be considered as belonging 

1 dP 

to the next element of volume, so that only — ^ BxByBz belongs 

to the element under consideration. The face for which x — x—^Bx 
gives rise to an equal amount, so that the total charge arising 


P^ + IS the mean value of the x component of the polariza- 


from the faces perpendicular to the axis of is 


dx 


BxByBz, In 


a similar manner we can show that the pairs of faces perpendicular 
to Oy, Oz carry charges which contribute 

— BxByBz and BxByBz 

respectively. Thus when the medium is polarized non-uniformly, 
there is associated with each element of volume a charge equal to 

.(-)■ 
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This charge is a fictitious charge like the charge which 
develops on the surface of dielectric substances on the po anzation 
theory of the behaviour of dielectric media. It is to e e^ ni e y 
distinguished iBrom the true charge carried by conductois an ot ei 

electrically charged bodies in the field. ^ _ 

We shall now consider the relation between the fictitious 
volume and surface charges which arise in a polarized body when 
the polarization is not uniform. Denoting the fictitious charges 
by dashes we have 

We can evaluate the integial on the right, taken throughout the 
polarized body, by the method of Green’s Theorem. If n are 
the direction cosines of the external normal at any point, we 
see that 

with similar expressions for the remaining constituents of the 
integral. We therefore have 

Ilf ~ mPy + nPz) dS 

- IJjPndS .( 16 ), 

where P^ is the component of the polarization along the outwanl 
normal to the surface at dS. This is equal to cr', the surface 
density of the fictitious charge arising from the polarization at 
that point. Hence 

Jllp'd:odyds+JI<r’dS = 0 . ( 17 ), 

or the algebraic sum of the volume and surface charges arising 
fi:om polarization is zero. This result would have been obvious 
had we developed the properties of non-uniformly polarized media 
by the sliding of originally coincident equal and opposite distri- 
butiohs of charge. 

According to the polarization theory of dielectric media the 
field of force which arises when such media are present is the 
same as that which would arise if the medium were all aether, 
provided the true charges p and cr are accompanied by the fictitious 
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charges p' and a of the polarized distribution. The electric 
intensity will therefore obey the form of Poisson's equation which 
obtains in the free aether, provided the density at any point is 
supposed to be equal to p -f p. We therefore have 


dEx '^Ey dEz _ 

dx dy dz ^ 


/ 

P 


.(18). 


Now 






so that 


^ {E, + P.) + ly {Ey+ P,) + 1 + P,) = p ....(19). 


Comparing this with equation (1), we see that the vector 
whose components a^ve'E^ + Px, Ey^- Py> E^ + Pz is identical with 
the induction JD, so that the identification from a particular case 
on p. 52 is perfectly general. 

By integrating both sides of equation (19) throughout any 
enclosed volume we see that the true charge inside is equal to 
JJDndS over the bounding surface, in agreement with p. 42. 


The Fictitious Charges on the Electron Theory, 

Although it is necessary, in discussing the results of electro¬ 
static experiments, to distinguish between ^'true" charges like 
those which are communicated from a conductor to the plates of a 
condenser and the ''fictitious" charges which appear to reside 
in the dielectric, there is no very profound difierence between 
them. According to the electron theory one is just as true a 
charge as the other, although its reality is not so readily made 
obvious by experiment. The electron theory regards a dielectric 
as a certain type of distribution of electrons in space, and in this 
space the true electric intensity satisfies the equation div E = p. 
This equation is assumed to be true when the element of volume 
is a small part of an electron. When the element of volume is 
enlarged so as to contain a great many electrons the equation will 
become div E = p, where the bars denote average values. Thus p 
is equal to the p + p' of equation (18) and p' is just as real a part 
of the average density of electrification as p. This point will be 
considered more fully in the sequel. 
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Potential due to a Doublet. 

Consider the doublet formed by equal positive and negative 
charges ± e placed at Q and 0 respectively, -where OQ = s. Let V be 
the potential at a distant point P, -where QP = r is large compared 
withs. Then 

4.yrV- — _ t _.OQ cos 0 

QP OP~^ Qpi~ 

n iJb 

= —COS^= i^cos^ .fn 


in the limit when s vanishes compared -with r. a is called the 
moment of the doublet OQ. 



_+/ / 

O Q Q' - 

Eig. 13. 

the ^ubw? differently. Let the axis of 

so that n ^ displacement parallel to its length, 

so that Q moves to Q, where QQ'= Ss. We have 

PQ'^ = P^ + QQ'^ - 2PQ. QQ' cos e, 

or (r+^y=r‘ + Ss^~2r.Bs.cos0. 
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so that to the first order 

2rSr = — 2r & cos 9 , 

and cos^ = ~^; 


. /I dr d 

4!7rK= — —, ^ = 

ds ds 


where ~ denotes diflferentiation along the direction of the positive 

axis of the doublet. In this differentiation the moment of the 
doublet is supposed to be constant, so that the increment Ss will 
be determined by the displacement of the centre of the doublet. 
Let the coordinates of the centre be a, 6, o, then s is to be regarded 
as a function of a, b and c ; whence it follows that 


Y=J±\± 

477 [dcb 


(-)r 

\rj cs 


ib I 77 ds 


do \rj ds 


ITow ~^ are the direction cosines L m, % of the axis s 
ds ds ds 

of the doublet. So that 

. 

If we resolve the moment /a of the doublet into components 
parallel to the axes, these will be = Ifi, = nfx and 

' + + . » 



Fig. 14. 


Thus the potential, and therefore also the field of force, arising 
firom the doublet is the same as that due to the sum of the effects 
of its components. This result is at once ohvions geometrically 
(see Fig. 14). For the resolution of the doublet OQ into its 
components 0/S, SR and JSQ parallel to the axes is equivalent to 
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the placing of two equal and opposite charges at each of the points 
R and S. This is clearly incapable of changing the field m any 
way, so that the field due to the three components must be the 
same as that due to the original doublet. 


Potential due to Polarization. 

We have seen that a polarized medium can be regarded as 
being built up of a series of cells having equal and opposite 
charges spread over opposite faces. When the axis of the cells is 
parallel to the direction of the polarization, only one pair of the 
faces, those which are normal to the direction of the polarization, 
will be charged, and each cell will behave like a single doublet. 
The moment of this doublet, being equal to the product of the 
length of the cell by the charge on its end faces, is clearly equal 
to the product of the resultant polarization by the volume of the 
cell. When the faces of the cells, supposed to intersect orthogo¬ 
nally, do not bear any simple directional relation to the axis of 
polarization, charges will develop over all the faces of the cells. 
These will be equal and opposite for each opposite pair of faces, 
and will be equal in magnitude to the area of each face multiplied 
by the component of polarization normal to it. The moment of 
the doublet to which the cell is equivalent will thus be equal to 
that of the doublet whose components are the components of the 
polarization normal to the faces of the cell, each multiplied by the 
volume of the cell. 


Since every element of volume of a polarized medium is 
equivalent to a doublet, this result enables us to write down the 
expression for the potential arising from an element of volume of 
a polarized medium. Let a, 6, c be the coordinates of the centre 
of the element of volume, its sides being equal to da, db, dc. Let 
I, m, n be the direction cosines of P, the resultant polarization. 
Then the polarized element is equivalent to a doublet, the 
components of whose moment are (IP, mP, nP) dadbde. The 
contribution of this element to the potential at a distant point 
w, y, z is therefore 




where 


= i. 1 p 1 

^TT I * 9a 


(x - of + {y- hy+{z - c)\ 


dadbdo 
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It follows that the poteatial arising from the whole of the 
polarized medium is 



dadhdc ...{1). 


In these expressions Pa;, Py and P^ are the components of the 
polarization at the point a, 6, c, and not at w, y, z. 


The preceding formula can also be obtained by a transformation 
of the usual expression for the potential of a distribution of electric 
charge 







If this is applied to the case of a polarized medium, p and o- will 
represent what we have called the fictitious charges of polarization. 
Thus 




\da db 9c / 


and o- = — (Pa; cos -f Py cos -f P- cos riic), 

where cos^i^a, cos nth, cosn^c denote the direction cosines of the 
internal normal to the bounding surface, referred to axes parallel 
to (X, 6, c. Thus 


V-- 


9P. 


■ + ) dadhdo 

do 


Jff.L 

JJj47rr\da db 

^ (Pa: COS rii a -\-Py cos Uib + Pz cos Uic) dS, 


-ff.^ 


JJ^Trr 


Integrating the volume integral by parts, we have 

~ ^(r) 


Since similar expressions are obtained from the other two terms of 
the integral it follows that 
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Polaris^ed Shells, 

A polarized shell is a superficial distribution of polarization. 
It may be regarded as a region bounded by two surfaces at an 
infinitesimal distance apart and carrying opposite charges on the 
two sides. In general the direction of the polarization at any 
point may be orientated in any manner with reference to the 
normal to the surfaces, but the only case which is of any impor¬ 
tance is that in which the resultant polarization is always directed 
along the normal to the shell at every point. Such shells are 
said to be normally polarized, and we shall confine our attention 
to them. They are of great importance in the theory of electro¬ 
magnetism. 

Let* AD, BG be a section of the surfaces bounding the nor¬ 
mally polarized shell, AD being 
positively and BG negatively 
charged. Let P be a distant 
point, OP being equal to r. 0 
is any point in the substance 
of the shell and ON is the nor¬ 
mal. AD, QR, AB, DC, etc. 
are infinitesimal. The angle 

PON^e. 

Let t be the thickness and 
P the polarization of the shell at 0. Denote the element of area 
AD= QR = BG by dS, Then the element of the shell ADGB is 
equivalent to a doublet whose moment is PtdS. In dealing with 
shells it is convenient to introduce a new quantity called the 
strength of the shell. 

The strength of a shell at any point is equal to the product of 
the intensity of the polarization of the shell by the thickness of 
the shell at that point. 

We shall denote it by Then ^ = Pt Since PtdS is the 
moment of a portion of the shell whose area is dS, the strength 
<j> is equal to the moment of the shell per unit area. 

Now consider the potential at P arising from the shell. 
We have seen (p. 58) that the potential at a point distant r 
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due to a doublet of moment ii is 4- ^ > where ~ denotes 

47r os \rj ds 

differentiation along the axis of the doublet. In the case of the 

0 9 9 

element of the shell a = (bdS and = where ^ denotes 
^ ^ 0s 9n dn 

differentiation along the direction of the outward normal to the 

positive face of the shell. Thus the potential due to the element 

dS is 

.A A 

47r dn 


dV-- 




and that due to the whole shell is 


V==ff^S-f-)clS 

J J ‘ 


47r dn \rj 


■( 8 ), 


where the surface integral is extended over the whole of the 
positive surface of the shell. 

The most important case which arises is that in which the 
strength <f> has the same value at every point of the shell. The 
shell is then said to be uniform or of uniform strength. In such 
a case may be taken outside the integral, and 




V-* ft I (I 

47r JJdn \rj 

. 

where co is the solid angle subtended by the entire shell at the 
point P. 

We shall next calculate the potential energy of the shell in the 
field. First consider the potential energy of a doublet OQ which 
carries a charge + e at Q and — e at 0. Let Vq, Vq be the 
potentials at 0 and Q respectively. Then the potential energy of 
the doublet is 


eVQ^eVo = e(r^--Vo) = e,OQ 


dV dV 


=fi(^ 


ds ■ 

,9F 3F 0F\ 

OX dy dz) 




ds 


.( 10 ), 


where /x is the moment of the doublet and I, m, n the direction 
cosuaes of its axis s. Now apply this result to the case of the 
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the electron 

polarized shell. Considering the element of area dS of the shell 
= X IT 30 that the poteix-fciel energy of the whole shell 

OS cn ^ 

. 

Since -I? is the force outward along the normal from the 

on 

positive side of the shell, the surface integral represents the 
number of lines of force which thread- the surface from the positive 
to the negative side. It is thus eqxial to — where N is the 
number of tubes of force which lea've the shell by the positive 
side. 

JPolarization on the Electron Theory. 

The electrom theory furnishes a very natural explanation of 
polarization. Tlie chemical atoms out of which matter is built 
are regarded as consisting of a large number of electrified particles. 
The behaviour of these particles is considered to be quite different 
according to whether the substance is a conductor or an insulator 
of electricity. In conductors, part, at uny rate, of the electrons are 
so loosely held that the very smallest electric field is sufficient to cause 
them to move ahout in the substance from one atom to another. 
In fact, as we shall see later, it is extremely probable that in 
conductors many of the electrons are always moving about inside, 
much in the same way as the molecules of a gas are believed to be 
in a state of continuous motion. The effect of an external ficdd is 
simply to superpose on this haphazaxd. motion an average flow in 
the direction of the field. This flow is what constitutes the electric 
current. 

When an electric field is applied to an insulating substance 
the phenomena are different. The constituent electrons must, of 
course, be affected by the electric field, but none of them are able 
to move from one atom of the sulostance to another. In the 
absence of an electric field we regand the electrons as distributed 
about the atoms in positions of stable equilibrium. Under these 
circumstances the material exhibits no electric polarity. When an 
electric field is applied, the ultimate positive charges are pulled in 
the direction of the field, and the negative charges in the opposite 
direction. The displacement of the charges, however, is small, for 
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they are pulled back by forces of the same nature as those which 
held them in equilibrium before the external field was applied. 
In the position of equilibrium which finally results, the force 
exerted on the electron by the external field will just balance the 
force tending to restore it to its original position of equilibrium. 

It is clear from what has been said that the displacement of 
the ultimate electrified particles, which occurs in a dielectric when 
it is exposed to the action of an electric field, is equivalent to the 
creation of so many doublets, one for each particle. We have 
seen that the polarization which occurs in the dielectric under the 
same circumstances can be represented as due to the development 
of doublets in each element of volume. We shall now consider the 
whole matter from a more quantitative standpoint; as a result of 
our investigation we shall see that the results of the polarization 
theory can be obtained just as well from the properties of the 
doublets which develop from the displacement of the electrons. 


Actual and Mean Values. 

We have already pointed out (p. 9) that in the electron 
theoiy we have to deal with different elements of electric charge 
in different classes of problems which arise. A somewhat similar 
distinction arises in connection with many other physical quantities 
which determine the nature of the electric field. For instance in 
the discussion of this and the preceding chapter we have regarded 
the induction, the polarization and the electric intensity as vectors 
whose magnitudes changed only very gradually as we moved from 
one part of the field to another. We have always thought of them 
as though any alterations in their magnitudes which might occur, in 
a distance comparable with the distance between two molecules, 
could safely be considered as negligible, provided the two points 
compared were both in the same medium. This method of treatment 
obviously becomes inaflequate when our view of the phenomena is 
so highly magnified as to take into account the effects of individual 
electrons or even atoms. So far, we have considered the space 
between two parallel planes filled with dielectric, when the planes 
are maintained at different potentials, as a region in which 
the electric intensity has the same magnitude and direction at 
every point. It is clear, however, that the actual electric intensity, 

5 


E. E. T. 
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the force exerted on a unit charge occupying an infinitesimal 
volume, will constantly change in both magnitude and direction 
from one part of this space to another. At places which are 
sufficiently close to an electron the actual force will be enormous 
compared with what we have called the electric intensity, and it 
may have any direction whatever. 

One is tempted to ask what can be the use of a conception of 
the electric intensity which is so much at variance with what we 
believe to be the reality. The answer is, of course, that most of 
our methods of experimenting are so coarse, compared with the 
atomic scale, that they do not detect these enormous differences 
which occur within distances of the order of atomic magnitudes. 
Our experimental arrangements for the most part measure only the 
average values over spaces containing a large number of atoms. 
The reason why our average values possess validity is not because 
they are the true values but because, so far as such experimental 
arrangements enable us to detect, everything happens as if the 
average values were the true values. 

It remains to specify the average values we have been dealing 
with more accurately than we have done hitherto. Let ^ repre¬ 
sent one of the scalar functions or a component of one of the 
vectors, which determine the state of the electric field. For 
example, <p may be the electrostatic potential at a point. Let r 
be any small volume so chosen that its linear dimensions are large 
compared with atomic distances hut small compared with the 
distances within which changes in cp are perceptible by the usual 
experimental methods. Then the average value of (p may be 
defined as the value of 

^ = .( 12 ), 

where the integral is taken throughout the small volume t. We 
evidently have 

. 

where f is any independent variable such as time, distance, etc. of 
which <p may be a function. 

Since the actual potential V satisfies the relation F = — p, it 

follows that V^V=~-p : and since £'=—grad F, grad F. Thus 
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the average forces and potentials are the same as those which 
■would obtain if the actual charges were replaced by a distrihution. 
of density equal to the average density at every point. 

It is clear that the induction, polarization and electric intensity 
in a dielectric are average values in the sense indicated, and that 
the results that have deduced are valid if this is understood. 

Potential due to the Displaced JElectrons, 

We have seen that in the presence of an electric field the electrons 
are displaced, the positive in the direction of the field and the negative 
in the opposite direction. We shall see that the displacement thus 
produced is equivalent, for each electron, to the creation of a doublet 
of moment /ju = es, where e is the charge and s the displacement, 
of that electron. This doublet will contribute to the potential at 

/~I \ 

a distant point JP an amount ^ ^ f—j, and if there are such 

doublets per unit volume the total potential to which they will 
give rise at the point P will be 



In general the different electrons in the atom will he variously 
situated so that they will not all undergo the same displacement 
5 in a given electric field. W e may divide them up into classes, 
all the electrons in a class being characterised by a given value of 
s for a given field. Suppose there are u such classes and let Vp, 
fjLp and Sp denote the values of v, s for the electrons of the pth 
class. Then it is clear that 

. 

We shall now consider the relation between the moment fjup of 
the doublets and the electric field which produces them. The 
exact form, of the relation between the restoring force and the 
displacement will depend on the arrangement of the electrons in 
the atom. At present our knowledge of this arrangement is very 
limited but, in any event, the restoring force must be a function of 
the displacement, which vanishes when the displacement is zero 
and is opposite in sign to the displacement to which it corresponds. 

5—2 
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It follows from Taylor’s TheorexYi tliat for small 
rcst(jriiig force ranst be proporti< to some odd pcw. r <4 di- 
di.splaccrncrit; and. since the freqxx‘ ''‘'“^y of the natura l vibrat -4 
bodies, as exemplified by their opt ic:*'-* p^'^jperbies, is i Jid.-pi nd- u! <<i 
the amplitude, it is natural to sui>P<«e that this poav.-r ih flu' tir t. 
We shall assume, -therefore, that when nn electron of' du- /4!i fl i , 
is displaced a srmall distance Sj, tlie restoring for<a: is .-.pml !•> 

whei-e is a positive cpiaiitity which ia O'lisjaitf and 

characteristic of this class of elecfci'ons. When the "f 

librium is attained, the pull of the extamial electri*’ fo ld "ii ila- 
electron is balanced by the restoring force. The a? <’omp..M. iH *4 

B V 

the force on the electron is — — . where Pis the .-fiiml jurr -4 

the potential at the electron -whowe charge is ep whi« h aris>-H (jam 
the pre.sencc of the external field. If is the x coniin'iu-iii at 
then, provided the reaction to tint xlisplacement is iiidfjimid. iH <4' 
its direction in space, the x component of the -st<*!ing 

measured in the positive directioiu of .» is i*iid the nim 

librilua value of tKis displacement Ih 




.....( 


Now a moment's consideration shows tliat when a cliinirgid fp is 
placed a distance xvjp the electric^id eficict is exactlj^’" iIp* ii-h 

that which is prodxxced by the creation of a doublet wlififnii lufiiiifiii 
is eptiip. For the displaced system is alhsolutely ideiitJei!i! witli t liaf 
which is obtained -when a doublet CioiiHisting of ± ?it m 

(liHtaru^c Xp apart is superposed €>u the original In Mudi 

away that ccp coirioides with the dij-i|>lacc?ment^:^*^ and ll'ict fiinrg** 
coincides with the original charge Hh Thus the i Ifii 

is equivalent to tlie creation of ik. c!nnl>Iet whose mf:#iri*dtii m 

.BV 


■■ — ® , 


...fill I,, 


In the absence of an electric field the medium im iifipfdaii^^'il 
and the {jotential due to the distirihution of charges Igniting llir 
atomic systems is isero. Thus the potential Vp due to th*? 4 

medium is that which arises from the totelity of the doubletii wbirii 
coiTes|}ond to (16). 
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where v is the number of molecules in unit volume. Thus 


+3? . 


By comparison with equations (7) and (16) we find that the 
components of the polarization P are 

w gy vh 

p^=-1/ 2 Xp e/ = i> 2 %i»p ^ 

jp=l C/tZp p=l 

n gy n 

P =-v'Z = V 2 epi/p .(18) 

p=l uOp p~i 

n gy 

= — i; 2 — V ^ BpZp 

jpt=l iP = l 

The polcLTizcbtion is thus equcd to the su7)i of the TiiOTiieuts of dll 
the equivalent doublets in unit volume. The dielectric coefficient 
/c is given by the relation 

^ dV ^ .dV^ 


p=i oap 


dV p^i 
da 


0 = 1 00;p 


For crystalline media, Xp will take different values for the different 
directions a, h and c because the axes of the molecules are definitely 
orientated in such substances. 


Now if we average over a large number of molecules, 


under 


the sign of summation in (19) does not become equal to the value of 
gy 

— in the same region. There are two reasons for this. The first 

of these depends upon the definiteness of the arrangement of the 
electrons in the molecule. The electron whose type we have 
indicated by the suffix p is always subject, owing to the definite 
structure of the molecule, to certain geometrical relationships with 
the other electrons in the same molecule. This feet is not taken 

_X xi-- J-X*_*x’__.1 - j? d F mi... _-t ___ 


account of in the definition of V and of ■ 


The second reason is 


independent of the arrangement of the electrons within the 
molecule and is caused by the molecular rather than by the 


the electron theory of 


I 
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electronic structure of matter. The nature of this second factor 
can be most readily brought out by considering the dielectric 
properties of an ideal kind of matter whose imaginary molecules 
are so simply constituted that the first factor does not occur. We 
shall therefore consider the case of a substance whose molecules 
are monatomic and whose atoms give rise only to a single doublet 
each, under the influence of the electric field. 


Case of the Ideal Simple Substance. 

We suppose each molecule of the substance to consist of a 
single atom, and that, under the influence of the external field, each 
atom develops a single doublet placed at its centre. The forces 
acting on one of the electrons whose displacement gives rise to this 
doublet consist of 


(1) the restoring force called into play by its displacement, 

(2) the force arising from the charges in the field, including 
the doublets of the polarized medium not situated in its immediate 
neighbourhood, 

(3) the force arising from the doublets in the immediate 
neighbourhood of the atom. 

When equilibrium is established 

(l)=(2) + (3). 


It is clear from our discussion of the electric intensity in dielectric 

dV 

media that (2) is equal to the electric intensity E . It 

remains to discover the nature of (3). About the doublet under 
consideration as centre describe a sphere whose radius is so 
dV 

small that the value of does not vary appreciably in a distance 

comparable with it. At the same time the sphere must be big 
enough to contain a large number of molecules. The force (3) will 
be equal to the force exerted by the doublets in this sphere on the 
electron under consideration. This will only be true provided the 
dimensions of the sphere are within the assigned limits; otherwise 
this force will not be independent of the radius of the sphere. 

To calculate the magnitude of (3) we suppose the spherical 
portion of the medium to be removed. The doublet now lies at 
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the centre of a small spherical cavity. On account of this, and 
owing to the fact that the doublets behave on the average like 
the equivalent polarization P, the doublet at the centre will be 
acted on by a force, additional to P, whose amount is determined 
hy the equivalent polarization charge on the walls of the cavity. 
This is equal to ^ P cos 6 per unit area at any point, on the surface 
of the sphere, the radius to which makes an angle 0 with the 
direction of P. The resultant force due to the whole distribution 

over the spherical surface is thus Jl ^^:2 where the integral 

extends over the surface of the sphere whose radius is r. This is 
equal to ^Pe and is independent of the radius of the sphere. 

The remaining part of (3) consists of the force which would be 
caused by the doublets which we have removed, if they had not 
loeen removed. This will depend very much on the geometrical 
arrangement of the atoms among one another. In certain par¬ 
ticular cases this force vanishes. A doublet situated at a point 
whose coordinates are x, y, z, with respect to the centre as origin, 
and whose moment has components equal to fxx, f^'y, will give rise 
to a force at the centre, whose co component is 

fjbx ^ fjLy Zxy iiz Sxz 

47r r® 47r r® 47r r® ’ 

where = + z\ 

If the atoms are arranged fortuitously so that any one position 
in the sphere is as likely as another the mean values xy = == 0 

and 

_ 3^2 _~2 ^ 3^2 
^ ^5 

_ + + ^ 

37® 

It follows that the force arising from the doublets which we 
have removed out of the cavity vanishes on the average, if the 
atoms are arranged fortuitously. The same is true if they are 
arranged in regular cubical order*. It follows, in either case, if 
the atoms have the simple constitution we have imagined, that the 

♦ H. A. Lorentz, Theory of Electromt P* SOS. 
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force (3) =^Pe. When the molecules have a less symmetrical 
distribution, the additional force arising from the molecules -which 
we took out of the spherical cavity will still be proportional to the 
polarization P, so that we can represent the more complex cases if 
we replace the factor ^ by an unknown factor oc depending on the 
configuration of the molecules. 

Returning to the more symmetrical distribution, we see that 
the total force acting on the electron at the centre of the atom 
under consideration is, on the average. 




.( 20 ), 


SO that comparing with formulae (16), (18) and (19), since 1, 
vXe^ (P + ^P) = P = (a: - 1 ) P? 


and 

whence 


P = 


1 


AT — 1 

/c-f 2 3 


•(21), 

.( 22 ). 


If we apply this formula to the case of a gas, we see that the 
only one of the quantities on the right hand side which varies 
with the density of the gas is v, the number of molecules per cubic 
centimetre. This is proportional to the density, so that for a gas 

K 1 . 

—should be proportional to the density. The results of ex- 

/c •j* 

periments are in agreement with this formula within the limits of 
experimental error, although the experimental measurements of 
the dielectric constants of gases are. not very exact. 

When we come to consider the phenomena of refraction and 
dispersion of light, we shall see that a very similar formula, in 
which /c is replaced by n®, connecting the reifractive index, n with 
the density, can be developed along similar lines. It seems 
advisable to postpone the detailed discussion of the experimental 
evidence for and against these formulae until the optical phenomena 
are considered, as the evidence will then be much more complete. 


We shall now return to consider the first of the two reasons 
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why the average value of is not equal to ^ This one depends 

on the complexity of the Atomic structure itself and not on 
mere fact that matter possesses an atomic constitution, r e 
nature of this factor can best be realized by co^idering a very 
exaggerated case. Suppose an atom to contain a veiy arge 
number of electrons all very loosely held. If such an atom is 
placed in an electric field it will behave like a conductor of t e 
same size and shape; so that there will he no field acting on the 
electrons in the interior. The electrons towards the outside of the 
atom will move so as to shield those inside fi:om the action of the 
external electric force. The same effect will also occur to a smaller 
extent even when the number of electrons is comparatively small 
and their displacements are inconsiderable. It is clear that the 
average value of the force throughout a small volume of the 
material is different from the average value taken over a particular 
type of electron. 

The force acting on an electron inside a molecule will arise 
partly from the charges outside the molecule and partly from the 
doublets inside the molecule itself. We can regard each molecule 
as equivalent to a simple atom possessing the same average electric 
moment, so that the force acting on an electron inside a molecule 
arising from external causes will he 6 -f otP) : where the constant 
a will depend on the geometrical configuration of the molecules, 
taking the value when the distribution is a fortuitous one as 
in a fluid The way in which the second part of the force on the 
internal electron depends upon the external field may be realized 
by considering the conditions which are necessary in order to 
change the displacements of all the electrons in a given ratio. 
The displacements are proportional to the forces acting, so that 
this means that the force acting on an electron in the field will be 
changed in the same ratio at every point. Now the force arising 
finm a given doublet is proportional to the moment of that doublet, 
so that the part ot the force acting on the given electron which 
arises from other doublets in tbe same atom will be altered in the 
i^me ratio as the total force at any point in the field. It follows 
that the difference between this and the total force, which is the 
of the force which is of external origin, must he changed in 
tiie »ne ratio. It follows from these considerations that however 
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the external field may change, the force acting on any assigned 
electron will always be changed in the same proportion. This 
result may he represented by putting 

-ep~=Z^ep(je+aP) .(23), 

where Lp is a constant characteristic of the pth class of electrons. 
Comparing with p. 73 we see that 


so that 


and 


"^pLpep^ (E + aP) = P = («- 1) J?, 

p_ ^ ^ pr 

1 — aj/X^pPpCp^ 

K “* 1. "XiV 'K,pJLip&<^ 

^ , 1 — cc 1 — aXvXpLpCp^ 

^ H-- 

^av X XpTjpBp^ . 

p^i 


(24) 


(25). 


Xp, Lp and Bp may vary for different electrons in the same molecule 
but they will have the same value for corresponding electrons in 
different molecules of the same substance. The expression on the 
right hand side may therefore be represented by a summation over 
each molecule multiplied by the nximber of molecules of the sub¬ 
stance in unit volume. We therefore find that 




1 ~ a 


-Jcp 


(26), 


where A is a constant and p is the density of the substance. 

We shall find that the coefficients Xp have an important 
significance when we come to consider the phenomenon of optical 
dispersion. The investigation leading up to formula (25) will not 
apply to optical problems without modification, as the displacement 
of the electrons in such cases is not necessarily always in phase 
with the corresponding “force.” 

When we are dealing merely with the electrostatic behaviour 
of dielectrics we can afford to neglect the complications just alluded 
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tO) whicli arise jfrom the mode of anangement of the electrons in 
the mol eoules. It is clear from the considerations which have been 
broug-hfc forward that instead of (16) we might have put 

epar^ = -<r^V(|“ *... 

where o-j, is a new constant, and thus obtained 

- ^ ^ = av S <Tpe^^ .(28), 

,1 -a 2 ,=i 
/£+ - 

a 

sothah 2 <rpCp®= ^'\pLpep\ 

i>=i 23=1 

Hoi\rever, tte relation between <r^ and the natural frequencies of 
the raatenial is not an obvious one without further investigation. 
This point is of importance in dealing with the corresponding 
optical plnenomena. 











CHAPTER V 


MAGNETISM 

We are not yet in a position to enter into the theory of mag¬ 
netism in any fundamental way. We shall have to defer that 
until we have considered the phenomena which are grouped under 
the head of electromagnetism. It seems desirable, however, at 
this stage to enumerate some of the elementaiy facts and prin¬ 
ciples of magnetostatics, and to consider to what extent they 
resemble or differ from the corresponding phenomena of electro¬ 
statics. 

One of the most striking of magnetic phenomena, and the 
first to be discovered, is the occurrence of intrinsic magnetization. 
A body exhibiting this phenomenon, usually called a permanent 
magnet, possesses polar properties. When two magnets are com¬ 
pared it is found that the ends A, A' of the first always exert forces 
of a certain kind on the ends B, B' of the second. Thus if A and 
B repel one another so do A! and B\ whereas A' attracts B and A 
attracts B\ These relations between the two magnets are in fact 
the same as those between two similar portions of matter endowed 
with electric polarization. 

Although this formal resemblance between magnetization and 
electrification exists, it is to be borne in mind that there is no 
static reaction between a magnet and an electric charge. 

It is clear that the behaviour of magnets enables us to speak 
of the magnetism at the one end as positive, and that at the other 
end as negative. And here, at the outset, we meet one of the 
most striking differences between magnetization and electrification. 
It is impossible to separate the magnetic charges from one another. 
Every magnet carries equal and opposite magnetic charges. There 
is no force acting between two small magnets which varies inversely 
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as tlio square of their distance apart except gravitational attrac¬ 
tion. Thus a magnet is a body which is intrinsically polarized. 

Although polarization is a common phenomenon in electro¬ 
statics, and occurs in every dielectric under the action of an 
external electric field, intrinsic polarization is comparatively un¬ 
important. It probably occurs in crystals; where it appears to be 
required to explain the production of electrified surfaces by fracture 
and the phenomena of pjroelectricity. It is possible, however, that 
intrinsic dielectric polarization is commoner than is generally 
supposed. For unless a substance is a good insulator, it will 
always cover itself with a distribution of electric charge which 
is just such as is required to annul the external action of any 
intrinsic polarization it may possess. In all but a few cases, there¬ 
fore, the existence of such a property would be difficult to 
detect. 

On account of the fact that we are unable to separate the 
opposite magnetic charges, the investigation of their mutual forces 
is not so simple, in theory, as the corresponding electrical problem. 
In a very elaborate investigation Gauss examined the interaction 
between two magnets and showed that the forces were such as 
would arise if each element of magnetic charge repelled each like, 
and attracted each unlike, element with a force proportional to 
the product of the charges on each element, and inversely as the 
squares of their distances apart. This result was established with 
considerable accuracy. 

We are now in a position to define our unit of magnetism. 
Consistently with our definition of the unit of electric charge we 
shall .define it as that charge which repels an equal and similar 
charge at unit distance from it with a force equal to l/ 47 r dynes. 
To avoid the difficulty which is created by the inseparability of 
the magnetic charges from the opposite poles we may suppose 
that those between which the forces are measured are at the 
ends of infinitely long uniformly polarized magnets. The other 
ends will then be so far away that they will exert no influence. 

Magnetic intensity is defined, in an analogous way to electric 
intertsity, as the force exerted on a unit pole at any point of the 
field. It is convenient to use the term magnetic force rather than 
magnetic intensity in order to avoid confusion with intensity of 
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magnetization, which is the name usually given to the quantity in 
magnetism which corresponds with intensity of polarization in 
electrostatics. The magnetic potential at a point is the work 
done in bringing a unit pole from a point at an infinite distance 
up to the point in question. 

Just as in electrostatics we have to deal with dielectric media, 
so in magnetism there are media which, without being themselves 
permanently magnetized, have the power of modifying the distri¬ 
bution of magnetic force in their neighbourhoods. There is there¬ 
fore a vector called magnetic induction analogous to the electric 
induction i). We shall denote the magnetic induction by the 
symbol B and its components by By, B^. The coefficient 
which corresponds to the dielectric coefficient ic we shall call the 
permeability and denote by yet. 

The behaviour of different media towards magnetic force 
furnishes more variety than the corresponding electrostatic phe¬ 
nomena. For a few substances fx may have very large values, and 
usually these are the substances which are capable of being per- ’ 
rnanently magnetized. Since iron is the typical example of this 
class of substances they are often called ferromagnetic. For all 
other substances fM does not differ greatly from unity, on the electro¬ 
magnetic system of measurement. It is found that, in addition 
to the substances for which ya is greater than unity, and whose 
behaviour is analogous to that of dielectrics, there is another large 
class for which fjb is less than unity. The former are said to be 
paramagnetic and the latter diamagnetic. It is very probable 
that paramagnetism and diamagnetism arise from the operation of 
separate causes. We shall, however, postpone the consideration of 
the physical causes which underlie the varied magnetic behaviour 
of substances until a later chai)t6r. At present we are concerned 
with the fomal relationship between magnetism and electrostatics. 

If iJ = Hgc, Hy, Hz is the magnetic force it follows from the 
foregoing considerations, combined with the results of preceding 
chapters, that the following projX)8itions are true for magnetism: 

(1) The force between two poles of strengths m, m! embedded 
in a medium of permeability yu, at a distance r apart is 


,(i). 
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(2) The field of magnetic intensity can be mapped out by 
means of lines of force whose equations are 

dw dy _ds .( 2 ). 

.• — 

(3) The magnetic potential ^ ^t any point 

^ == “~ J {IH^ + mHy + nH^ ds^ jdx -f IT^Szdz) ...(3). 

(4) The equation satisfied by ft in free space is 

V^ft — 0 ..(4). 

(5) If dS is an element of any closed surface not intersecting 

a magnetic medium, that is to say, one which lies entirely m a 
medium of permeability unity, and if Z, -m, n the direction 

cosines of the normal to this element, then 

J j'{IHoi + mSy + dS 

taken over the whole of the closed surface is equa.1 to zero. This 
is the magnetic analogue of Gausses Theorem for bhe free aether, 
and is true since each magnetic substance contains equal and 
opposite magnetic charges. It follows that in fi:ee space the 
magnetic intensity jQT is a solenoidal vector. 

(6) The energy of a system of magnets may Toe obtained, as 
in the case of the system of electric charges, by bringing up equal 
fractions of the final system, one at a time, from a state of infinite 
dissemination. As we do not wish to contemplate tire existence of 
separate magnetic charges it is desirable to regard tlie disseminated 
elements as magnets and not charges. This introduces the in¬ 
tensity of magnetization (Ja;, Iz) instead of bbe density of 
charges into the final expressions. In this way the energy of 
a system of magnets is found to be 

+ + . 

the integral being taken throughout the magnetized matter. It 
follows from this expre^ion, by a calculation similar to that carried 
out in the similar electrostatic case, that the eiDiergy per unit 
volume of the field in the free aether is 

.......---.( 6 ). 

The points involved here are discussed at length hy Jeans, 
and pp. 884—388. 
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(7) The magnetic forces can be represented as arising from 
the following system of Maxwell stresses in the aether: 


73fiY 

/aay 

/aav 

\dx) ~ 

\dv) ■ 

\dz) 

/any 

/any 

/any 

W/ 

\dz) ■ 

\dx) 

/an 7 

/any 

/any 

\ds) 

U*; ■ 

~\dy) 


( .^ 

_ ao an 

_ _ an ^ 

These are equivalent to a tension per unit area along the 
lines of force and an equal pressure at right angles. 

(8) The potential at a point, at distance r, due to a small 
magnet at a, h, o whose moment is == fiyy fiz is 


^ a (V 




(9) If I = /«, ly, Iz is the intensity of magnetization (not 
magnetic intensity) the potential to which it gives rise at a point 

at distance r = {(^t? — ay + by q- — c)®)^ is 


I I (1] 
^db\r) 


-H dadbdc,,..(9), 


I being the value at the point a, 6, a 

(10) The potential due to a uniformly magnetized shell at a 
point at which it subtends a solid angle on is 

n_/f A\ 


where is the strength, or magnetic moment per unit anm, of the 
shell. 

(11) The potential energy of the shell in the magnetic field is 

.(11) 

taken over one surface of the shelL 


IL E, T. 


6 
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(12) The behaviour of the magnetic induction ca s or 
more detailed consideration. From the electronic stan^ poin i is 
undesirable to deiine the induction as a vector flowing ou m 
tubes from the magnetic charges. The reason foi this, as wi e 
clearer later, is that the conception of a magnetic charge is 
artificial than that of an electric charge. We are on safer ^oun i 
we deiine the magnetic induction as the force in A^t cavity of the 
kind considered in Chapter iv, since we know that, when magnetized 
substances are fractured, opposite polarities develop on the new 
surfaces. It is clear from the reasoning in Chapter iv that the 
two inodes of defining the induction are consistent with each 
other. It would be unfortunate were it otherwise, as we have to 
make use of the conception of a magnetic pole as the foundation 
of all our magnetic measurements. 

It is clear that the whole of the theorems which we have 
grouped under the heading of Poisson s Theory of polarized media 
may be transferred bodily to magnetism if we replace polarization 
by magnetization. In fact the theory was originally developed by 
Poisson as a theory of magnetostatics. It follows that when the 
magnetization is uniform there are surface charges but no volume 
charges, and that in any event the algebraic sum of all the charges 
of any distribution of magnetization is zero. Also if JS^ B and I 
are the magnetic force, the magnetic induction aand the intensity 
of magnetization at any point of any medium, 

..( 12 ), 

and J = ...(13). 

These are vector equations and are each equivalent to three 
equations between the corresponding components of the vectors. 

Let us now describe any closed surface S intersecting the 
magnetic media B, 0, etc. in D, E, etc. Let us cut away an 
infinitesimal layer of each of the magnetic media at both sides of 
the intersection. Then the surface lies entirely in the medium 
whose permeability is unity, so that if Fy, are the com¬ 
ponents of the force on a unit magnetic pole at any point of 
the surface 

JI *{IFx 4- mFy + nF^ dS = 0, 

since the total magnetic charge inside the surface is zero (Pro¬ 
position (5)). But since the caviues are cut parallel to the 
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surface, F^, Fz are actually the components of the induction 
By, Bz. It follows that over any closed surface in space 


JI (ZJ3a; + mBy + nBz) dS=0 .(14). 


It follows that 



(15) 


and the magnetic induction B is solenoidal everywhere. The 
corresponding result only holds for the electric induction in regions 
which do not contain any electric charges. Where there are *^true” 
charges of volume density p ^ 

dx dy dz 


Force on a Magnetic Shell. 

We have seen that the potential energy of a uniform magnetic 
shell of strength is — Ncj), where M is the number of linos of 
magnetic force threading it in the positive direction. This result 
enables us to calculate the force on the shell in the field, and we 
shall see that it may be represented as so much per unit length of 
the boundary of the shell. Let the shell be displaced 'so that JSf 
becomes If + BN. The diminution of the potential energy due to 
the displacement will be (j)SN, and this will be equal to the work 
done on the shell by the magnetic forces. The value of BN is 
easily calculated. Consider the prismatic figure, bounded by the 
original and displaced positions of the shell, which is traced out by 
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the edge of the shell during the displacement. We shall suppose 
the displacement to be small and rectilinear; let ns denote it by 
Since there are no magnetic charges inside this figure the total 
flux of force over its boundary is zero. Hence 

jy^ _ iV + ffif cos nJ? sin iKSdsSa; = 0. 


dx 



where H is the magnetic force at any point s of the honnriary, 
xs is the angle between the direction of the displacement Sx and 
the element ds of the boundary, and nH is the angle between the 
direction of H and the normal to the element of area dsSx sitixs. 

f '^7 

Thus SiV' = — Sir jH cos nn sin xsds. 

But if X is the force acting on Ihe whole shell in the direction Sx 
XSii? = ipBNj 

and X = -<I>Ih cos sin xsds. 

Thus the force X is equivalent to a set of forces of amount 

/N . A 

— (j>ll cos 7iH sin xs 

per unit length of the edge of the shell. Since x is arbitrary this 
gives the force in any direction. To find the direction of the 
resultant force we notice that when x and s are in the same 

A 

direction sin xs = 0, so that the resultant force is at right angles 

to ds. It is also normal to E, since it vanishes when nE = 97 / 2 . 
It is therefore along the common normal to E and ds. To find 
the magnitude of this resultant let us suppose that the displace¬ 
ment 8a; is in the direction of this common normal. Then xs = 7 r /2 
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AAA, 

and nH — irj^ — Ms, where Hs is the angle between H and ds. 
Thus the force on a length ds of the edge of the shell is 

— sin Hsds, 

and is at right angles both to S and ds. In vector notation this 
result may be written more briefly as 

ds]. 

If the force H arises from a single magnetic charge m placed 
at a point P distant r from ds^ then H acts along r and is equal to 

Thus the force exerted by m on an element ds of the 
47rr- ^ 

boundary of the shell is equal to — sin rsds. This must be 

equal and opposite to the force exerted by the element of the shell 
on m. Hence the force on the pole is equivalent to a seiies of forces of 

amount siarsds arising from each element ds of the boundary 

of the shell. The magnetic intensity at P due to each element ds 
of the boundary is thus 

sin rsds, 

and is perpendicular to both r and ds. 

These results have important applications in the theory of 
electromagnetism. 




CHAPTER VI 

ELECTROMAGNETISM 

The Magnetic Potential due to an Electric Current 

In 1820 Oersted showed that an electric current gave rise to 
forces acting on the poles of a magnet placed in its ncighboiir- 
hood. Thus an electric current gives rise to a distribution of 
magnetic intensity. Since the difference in the magnetic potential 
between two points is the work done in taking a unit pole from 
one point to the other, it follows that the magnetic intensity is 
the space derivative of the magnetic potential. The potential is 
essentially a scalar quantity. It is clear therefore that the mag¬ 
netic potential at any point due to an electric current is a quantity 
which possesses magnitude but not direction, and which depends 
only on the position of the point relative to the circuit caiiying 
the current and on the magnitude of the cuxTent. If wc*, can deter¬ 
mine the potential at every point of space arising from the electric 
current, we can deduce from it the distribution of magnetic 
intensity. We shall now consider how the magnetic potential may 
be calculated. 

We shall base our demonstration on two empirical generaliza¬ 
tions which are the result of experiment. They are:— 

(1) That the magnetic force arising from an electric current 
flowing round a given circuit is proportional to the magnitude 
of the current. 

(2) That any circuit carrying a given current can be replaced 
by one which carries the same current and continually zig-zags 
across it to a small distance on each side, without altering the 
magnetic force to which it gives rise. 

The first generalization was established by the experiments of 
Faraday and the second by those of Ampere. It follows from (1> 
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that two equal and opposite currents flowing in the same circuit 
or in the same branch of a circuit give rise to no magnetic force. 
This must be the case since the total current is then zero. 

Let us take a large number of pairs of points on the 
boundary of any circuit and join each pair by a line. Suppose 
that along each of the lines there are two opposite currents 
flowing, each equal in magnitude to that flowing round the 
boundary. The lines we have drawn have divided the entire 
circuit into a series of small areas bounded by the lines. Round 
each small area there will be a current flowing equal in magni¬ 
tude to the original current and circulating in the same sense 
about the normal to the circuit. It follows that the magnetic 
efiect of any circuit is the same as that of any number of small 
circuits, bounded by the same contour, into which it may be 
completely subdivided, provided each circuit carries the same 
current as the original circuit, and that all the currents flow in the 
same sense about the normal to the imaginary surface in which 
they lie. The potential due to the whole circuit must therefore 
be equal to the sum of the potentials due to the constituent 
circuits. 

We shall now show that the potential due to any circuit lying 
in a plane is zero at every point 
in its own plane. First consider 
the potential at the point 0 due to 
the circuit.d.J?6^i) (Fig. 18) bounded 
by arcs of circles whose centres are 
at 0, and by radii passing through 
O. Since all the forces in the 
field are reversed when all the 
cun’ents are reversed, it follows 
that the potential at every point 
will reverse when all the currents 
reverse. The potential at the point 0 will therefore reverse if the 
current A BOD is reversed in direction. But the direction of the 
current can be reversed by simply rotating the circuit A BCD 
through the angle tt about the line of symmetry through 0 lying 
in the plane of the paper. But since potential has only magnitude 
and not direction, there is nothing which enables the potential at 
the point 0, as it were, to tell which way up the circuit ABGD 
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lies. The potential must therefore have the same value after it 
is reversed as before. Its value must therefore be zero. 

Now if ABGD is replaced by a coplanar circuit of any sluipe, 
by drawing a large number of radii from 0 it can be replaced by 
equivalent circuits bounded by radii and its original contour. The 
contour can be replaced by a series of concentric arcs since the 
original circuit will give rise to the same field if it is caused to 
zig-zag about its original path. Each of these constituent circuits 
gives rise to zero potential at the point 0, so that the whole circuit 
gives rise to zero potential at 0. 

Now consider anycircuit^jBCZ)(Fig. 19)lyingin space. Describe 
the cone on which the circuit lies and whose apex is at 0. Also 
describe a sphere of unit radius about 0. Let this cut the cone in 
the curve EFGH. Let ^ be the current round ABGD, From 0 
draw a series of lines OEA, OFB, etc. intersecting the curves in 
E, F, A, B, etc. Imagine equal and opposite currents i to flow 



along each of these lines. Suppose also that a current i flows 
around the curve GFEH in the direction from F to E, This is 
the only new current that has been added; since the equal and 
opposite currents along FB, etc. cancel each other. The system 
now contemplated resolves itself into a series of currents i round 
circuits such as ABFE. Since 0 lies in the plane of each of those 
circuits the potential at 0 due to the system of currents is zero. 
The potential at 0 due to ^ round F-^EEO is thus equal and 
opposite to that round A-^BGD. The potential due to i round 
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A—^JBCD is therefore the same as that due to the same current 
round E-^FGE, Now let us ill up the whole of the surface, cut 
off from the sphere of unit radius by the curve EFG-H, with equal 
contiguous and superposable small areas. Imagiiie a current 
equal to i to flow round the boundary of each area. This will 
leave the original current ^ flowing round the boundary, and two 
equal and opposite currents along every line inside it. The 
potential due to the original circuit will therefore be equal to the 
potential due to the sum of the small circuits. Since all the 
small circuits are equal and have the same geometrical relation to 
0, the potential due to each one of them must he the same. It 
must be proportional to the cun’ent ^ since the force due to any 
system of currents changes in the same ratio as the currents when 
all the currents are changed in equal proportion. The argument 
is independent of the shape of the small circuits, and the only 
other condition to be satisfied is that the potential due to the 
whole circuit is the sum of those due to its parts. It follows that 
the geometrical factor to which the potential of each constituent 
circuit is proportional is Sw, the solid angle it subtends at 0. 
We therefore conclude that the potential due to each elementary 
circuit is AiZcc, where ^ is a constant which depends neither on 
the magnitude of the current nor on the geometry of the circuit. 

It follows that when the current subtends a finite solid angle (o 
the potential to which it gives rise is Ai(o. This is universally 
true since we have proved that all circuits carrying equal currents 
and lying on the same cone whose apex is at 0, give rise to equal 
potentials at 0. The magnitude of the constant A depends on. 
the unit in which we measure the current. The usual electro¬ 
magnetic unit of current is defined by making A=l. In the 
units used in this book J. = (457rc)“‘h where c is the velocity of 
light. (See later, p. 112.) 

In our study of the properties of polarized vshells we saw that 
the potential of a shell of strength <j) was equal to ^cu/47r, where oo 
was the solid angle subtended hy the shell at the point where the 
potential was measured. An. electric current is thus equivalent in 
its magnetic action to a magnetic shell whose strength is equal to 
4^'jrA times the intensity of the current. 

There is an important difference between the field due to an 
electric current and that arising from the equivalent magnetic 
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shell. In the latter case the work done in taking a un i I pole 
round a closed curve which passes once through the shell is zeio, 
since the work done against the forces outside the shell is just 
equal to the work done by the forces inside the shell. ^ In the 
case of the electric current there is nothing which tix(‘s the 
position of the equivalent shell in space except the curniut which 
forms its boundary. It follows that there cannot be any region in 
which the force has the peculiar distribution charact(‘ristic '►! the 
interior of an actual magnetic shell. The force diic^ to a current 
will therefore be continuous everywhere, and the work (Ioik^ in 
going round any closed path which embraces the current onc(3 will 
be equal to 4 < 7 rAi If the path followed by the unit pole circulates 
round the current m times in the positive sense and n times in 
the negative sense, the work done on it will be 4'7rA (m.-/i)i 
Thus the magnetic potential due to a current i.s determined not 
solely by the relative position of the current and the point, but 
also by the number of times the path of the point has prtwiously 
encircled the current circuit. It is what is known as a multiple- 
valued function of space. The complete expression for the taag- 
netic potential at any point due to a current may be written 

At [4}7r (m — n) + co]. 

The force due to a current does not, of course, depend on vi or 7t 
but only on co, so that it will be single-valued and will dcpeTifl 
only on the intensity and geometrical distribution of tln^ curr<*irt 
and the position of the circuit relative to the point. 

The foregoing result that the work done in taking a unit 
magnetic pole once round any closed path embracing a current is 
proportional to the current embraced is not confintul to linear 
currents, but is true if the currents occupy a finite volume. This 
is obvious if we divide up the whole current i into linear con¬ 
stituents Si bounded by tubes of flow. Then the work done in 
taking a unit pole round a path enclosing one of the constituents 
will be 47rA8i and if the path encloses the whole cui-rent i it 
will be 

4}7rA 2 S'i == 47r-d i .. .( I). 

The consideration of non-linear currents enables us to express 
this result in rather different analytical form. Consider any 
surface S in space, traversed by currents and bounded by a cl<ised 
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contour s. If the current is flowing in any specified direction at 
any point, the amount of electricity transported across unit area 
perpendicular to that direction in unit time is called the current 
density at that point. It is a vector quantity; let us denote it 
by j. Let H = Ey, Hz) be the magnetic intensity at any 
point. Then the work done in taking a unit magnetic pole around 
the boundary 6‘ will be 


= {H^dx -1- Hydy 4- H^dz). 


What is the total current i across the area If ^ is the angle 
between the normal to an element dB of the surface, and j the 
resultant current density at that element, the current across the 
element is jxdScosO. But ycos^=yn the component of the 
current density normal to the element. The total current i through 

the entire area may therefore be written i = [I jndS. Hence 


J(H^dx + Hydij + H^dz) = 47r4 Jlj,,dS .(2). 

Before discussing this equation further we shall prove an 
important geometrical theorem, due to Stokes, connecting the line 
and surface integrals of vector point functions. 


StoJces’s Theorem. 

Let R be any vector point function which is continuous 
throughout the region considered. Consider the value of the 

line integral J= f R cos J^sds taken along any path PTQ from P 
J p 

A 

to Q. Rs is the angle between R and the tangent at a point of 
the path. Let us find the variation of the integral when the 
path of integration is changed by an infinitesimal amount, so as 
to lie along the curve PUQ. PUQ is only slightly displaced 
from PTQ, and the terminal points P and Q are not varied. 
Then 
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if X, T and Z are the components of jB, since 




Fig. 20. 


r ^ 0 

Let us integrate j X ^ (Sa?) ds by parts. The integrated part 


< 2 /. ax- 


! XSa:?! and the unintegrated part is J 

0X 0X dX dy dX dz ,, . 

^ow — = — — 4 -—^ 4 . — ™,80 that 
os dx os cy os dz ds 


/>al <«*)*-] £ + f I t) *• 


We obtain precisely similar expressions for 
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Now BX = Bic + V™ Sy + Bjz, so that 
(jx oy oz 

js dx dX dx ^ dX dx ^ dX dx ^ 

bX = ,r- - - bx + by + -V.. ^ Bz, 

06 ‘ ox OS oy os oz os 

and similar expressions are obtained for BY^J~ and Bz'^^ , 

ds ds 

Collecting together all the terms which contain Bx as a factor, and 
similarly those which contain By and Sz, we iiavc 

S/ = LY8a;+FS!/ + J?S2|‘^ 


di> L I 


4. 4. ^ ^ ^.y 

^dx ds ay ds dz ds dx ds dx ds dx ds 


The t(jrminal points P and Q are fix(x], so that Bx, By and Bz are 
zero at P and Q. Thus the integrated part vanishes, and arranging 
the terms rather differtmtly we get: 




To find tlie value of Bxdy — Bydx consider the parallelogram of 
wliieh d$ in its original and displaced positions forms two opposite 
sides. The angular jEiints of this parallelogiTim are defined by 
8, 8 4- ds, Si (=^8^ Bn) and s^ + A ^ -I- Bs + ds). Let ABDG 
(Fig. 21) be the projection of this parallelogram on the plane 
cif xOy. AB eorrespoiids to ds and CD to dsi. Draw DK, BH 
pamllel to Oy and BK, AH parallel to Ox, CF parallel to AH, GQ 
|MU'pendicular to AH, and produce DB to meet AH in E. Then 

DK =* By, BK = BH = dy and AM = dx. 

A!si.> the parallelogram 

AMDU « A EBV ^AExCG^^CGx (AH ^ EH) 

« Bydx — CO . MM = Bydx — BK . BH = Bydx — Bxdy. 

Now if dS is the area of the original parallelogram, the parallelo- 
gmin ABDG dB COB nz, where nz is the angle between the 




94 


ELECTROMAGNETISM 


normal to tlie original parallelogram dS and the axis of the 
normal being drawn downwards. So that 

By da) — Ba)dy — dS cos nz. 

Similarly Bzdy — Bydz = — dS cos and so on. Thus 


fO- (/dZ ^F^ 

(dX 

dZ\ 

U-^ cos M + I 

jj, [\dy dzj 


dxj 


. fdY dX\ ] 


D 



Next consider any closed contour PRQ8 (Fig. 20) and let P and 
Q be any two points on it. From P to Q draw an indefinitely large 
number of paths such as PTQ, PUQ an infinitesimal distance apart. 
The difference between the value of the integral I taken along 
PSQ and along PRQ will be the sum of the differences along the 
infinitesimal paths. This is clear, since integration from P to Q 
and back again from Q to P along the same path adds nothing to 
the integral. The difference between the integral along PSQ and 
that along PRQ, starting at P and ending at Q in each case, is 
equal to the same integral taken all round the circuit in the 
direction PSQ; since the value of I from P to Q along PRQ is 
equal to —J taken fi:om Q through R to P. 

Hence for the entire closed contour we have 


I =^Xdx + Ydy-\-Zdz 
= 1,SI 


dZ 9Fn , (dX dZ\ 




dX 

dz 


dZ\ 

dx, 


cos ny 


, fdY dX\ ) 


\dx dy 
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where the Htirface intop^nil extcnids over any surface bounded by 
the contour, and wherii tiie cosines are the direction cosines of tlui 
normal to the surfacii at the point of integration. It will l)c 
ohserv4.‘d that the positive direction of the normal is towards that 
sidi^ of the surface from which a right-handed screw would move 
if it were turned in the same sense as tiiat of the integration 
roiiiri the contour. 


The First Law of Jileefrodynamtes, 


Let UH apply Stokes’s Theorem to thf^ case in which R is t]i(‘ 
rnagiKMic intensity II whose components arc lly, We 

tlien ha.ve 


yihdv + ir^dn^ihdz) 




/dTTr dH,\ 


\ &^ dy ) 


cos dS* 


But we have that 

JHxdMi + Ihydy -f H^dz = 47rd J ^j cos nj dJ^^ 

where J is the current clen.sity at any point of any surfax;!* l)onndr;d 

by tin* cuntoiir an<l 7ij is the angle Ixitwcam tlxj resultaxit current 
ciensity mid the normal to tin? surface at the point. Now 

j CAfH vj = cos *f jy cos Uy + jz e-OH 7iZ, 

where etc. arct the direction c<>siiies of the normal. It 

follows that 





(iz 


_ dn. 

0 - 

OiC 


hH^ 

(jj: 



''=47r/lj. 


4‘7rAjz 


{ 


.(4) 


everywhere* 

These differential equations are the most general expression 
of the distribution of the ield of magnetic intensity tine to a 
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distribution of electric currents. They are one form of the first of 
Maxwell’s two famous electromagnetic equations. To distinguish 
them from the second equation we shall sometimes refer to them 
as the statement of the First Law of Electrodynamics. 

Like many of the formulae with which we have already become 
familiar, these three equations represent relations between com¬ 
ponents and derivatives of vectors. We shall frequently find it 
convenient to represent them by the abbreviated notation 

rot H = AiirAj, 

where by icotH we mean the vector whose components are the 
quantities on the left hand side of equations (4), taken in succes¬ 
sion. This equation is a vector equation, that is to say, it holds 
independently for each of the components of rot H and j 
respectively. 


The Electric Current 

The electron theory regards the electric current which flows 
along a wire as a convection current. It supposes that in a con¬ 
ductor there are a number of charged particles which do not 
execute small displacements about a position of equilibrium, as in 
the case of those electrons which we considered when we were 
discussing the behaviour of dielectric media, but which are able 
to move freely from one part of the conductor to another. In a 
metallic conductor these particles are believed to be electrons and 
are called “free electrons” to distinguish them fi:om the bound 
electrons, which only undergo small displacements from their 
position of equilibrium when an electric field is made to act on 
them. The free electrons in a metal are believed to be in much 
the same condition as the molecules of a gas. When we come, 
later on, to consider the evidence for this belief, we shall see that 
it is very strong and that the resemblance is a very close one. In 
the case of liquid electrolytes the charged particles are of atomic 
or molecular dimensions, and in many cases of electric conduction 
through gases this is the case also. 

In all these cases the charged particles, of whatever nature, 
are believed to be moving about irregularly in all directions, even 
when they are not subjected to the action of an electric field. 
This motion does not cause any transportation of electricity since 
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on tlie average, the particlr's are just as likc^ly to he moving in any 
one direction as in any otlior. The effect of an (ixt(‘rnal (h^ci.ric 
field is to superpose on the irregular motion a d(‘;finitc drift, so 
that on the average the positively charged particl(‘vS inovcj in (.he 
direction of the electric fi(*ld, and the negativ<jly chargeui jKirticles 
move in the opposite directitin. In general there may h(i diff(ir<‘nt 
kinds of ions of one sign pn^sonb. Suppr»se that in the unit of 
volurne there are Np positive ions of type p, tint t-heir avcs’agci 
velocity of drift under the ap])li(td field in the diro.ction of thci 
field is Up, and that th(‘ir cliargc*. is Ep. L(^t the corn'sponding 
c|uantities for the negatively charged carriers Ik*. deno{,<‘(l hy sniah 
letters. The current density at any point will Ixi i,h(i total amount 
of positive electricity transported across unit area pm'pcuidicuhir t,o 
the direction of the fi(id at that point, in the positives direction, 
phis the total amount* of negative electricity transported in th(^ 
opposite direction. This is clearly 

j = l^NpEj,Up + 2nj,epnj, .(5), 

since Up is the volume of a cyliruhT whost; axis is parallel to tlu^ 
field, whose sectional area is unity and whose hesght is Up, tln^ 
velocity of drift of the? particl(*s nnd<‘r consideration. I a the. east* 
of solid and hipiid conductors the. iV's and E\h art* ind(*p(‘nd(mt of 
the electric int.ensity whilst th(? f/s anj prop(u*{ional to it, so tliat 
the current in thc^scj cases obeys Olnns Law. The sa>me, is true* in 
the case of veay small currents in gaH(‘.s at moderate pr(‘SHun%s. 
In gmHU’al, howevtjr, in the mne of gases Ixith the JV'h and tiu*. f/s 
may vary in a complicated wiiy with tho applied el(‘ctrom<jt,iv(^ 
fora*. It is for this reason that the relation Ixvtwcjen the (‘.lectro™ 
motive forcii and tlie current in gaseous conduction is, g<un‘rally 
8{)i»aking, cjuite intricate. 

Tlie curremt whosci properlie.s we have bc»en discussing is often 
called the true curnuit. Thenj is anc;thcjr kind of «jle,ctric'. (Uirnint 
called the (lisplriceiiicuitciirrent, for the coiua^pticm of which we arc 
indebted to the constructive imagination of MaxwidL 

The Duplaoement GurrenL 

Consider an elitetric circuit consisting of a battery A, a con¬ 
denser B and a one-way switch (7. When the hoy 0 m <lepressed, 
a current flows through the wires from the batterv into Urn phtioa 

7 
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of the condenser B. This current is not, however, continnons all 
the way round the circuit, in the same way that it would be li the 
condenser were replaced by a wire, since there is no actual i-rans~ 
portation of electricity across the dielectric between the plates of 
the condenser. Maxwell put forward the ^ hy 2 iothesis tliat the 
magnetic effect of^ such a circuit was identical with that ai ising 
when the condenser is replaced by a suitable conductor, and iheie 
is the same current flowing along the wires in the circuit, lliis 
comes about owing to the existence, when the field is changing, of 
what Maxwell called a displacement current in the dicl(‘ci-ric. 

The displacement current density at any pomt is ecpial to -j-, 
where Z) is the electric induction. 

This value for the displacement current makes the current round 
the circuit continuous. For if cr is the charge per unit area of the 
plates of the condenser at any point, the current i in the wii*(‘S is 

equal to fbe integral being taken over a plate of the 

condenser. But, if D is the value of the induction, the disi>lacc- 

ment current close to the plates is JJtaken over the same 

•surface. We have seen that D = <r, so that the displacement 
-current is equal to i and the current is continuous all round the 
circuit. 

This result may be proved to be quite general as follows: 

Consider, any closed surface in space. By Gauss s Theorem 
the charge e inside this surface is equal to 

Jj{ID^ + niDy + nl)z) dS. 


The current flowing into the surface is 
de 


HK‘^ 




di 


dS. 


But if jx, jy, jz are the components of the true current density 

%= ds. 

Hence 


cr 


f. . ?iD,\ i . dD.\ I T^Ti- 
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So that the vector in Rolcmoidal ovcrywhcre. Like tJui 

tubes of magnetic induction, the tnlies of flow of the, curnuif, 
are al ways closed regiiais of space. They have no free ends, uiih ^ss 
at infinity. 

It would be very difficult to devise a direct experinifuital proof 
of the inagnetic eiject of (lis[)la(;eim‘.nt cun-ents. dlui ])est proof 
of it is jin indnctivit one. Tlie hy]M){.hesiH of dis|dacem(ait cnrnuits 
forms the basis of the. electroniagruitic tli<a>ry of light, and thej 
extraordinary way in which the nujuinunents of t.his t!i(‘(>ry ha,v(^ 
been fulfilled by experiment shows that it is built upon ii solid 
foundat ion. 


It is often de^sinihli* to consider tlu* displacement cnirrent 

parts, {1} tlui acthereal displa,ele¬ 
ment curnmt ^'^e polarixaiion current Since 


(it 
dl) . 


dt^ 


I) E 4-ik is always f^pial to the siun of the acddien^al (Mirrent 


and tlie polarization curront. On tin* electron theory, as is obvious 
from the (lis<uission in (Jhaptcu* v, the polarization current, (‘orre- 
Hpoiids to an actual <ii.spl?iecmcnt of (diarged electrons, and is to 
that extent very siinilar to the true cuiTent. 


Con vection Cu mnts^ 

The kinds of elect rift currents which flow in wirr^s, elf‘f‘t rolyd<t 
cells and so f()rl;h, and winch are carric'd by extreurndy miimt.e 
p«artieles, are not the only (mes whose rnagrnd.ie eflectH aiti he 
detected. Kowland.^ showed in J87fi that an electrostatically 
charged disc wlam made- to revolve at a siifficifmtly higli spc'cal 
affected a suspended niagm^t in the nmna way as a curriurt flowing 
round the disc. Effects of this ktn<I, tJiat is to say, cdfe.ets 
depending on the movement of (.electricity on a largt,; scale, may 
6as,ily be siminiarizc.a.l by means of a very Him{.d(,.‘. formula. p 

be the net voliirae density (,)f ilui ch.^ctrirH!aiion at any prnnt, and 
let its velocity be given i.rjt magnitude and dinjctbn by V, Them 
pF is the current density of the electricity at the point in 

* Arm* €kr ml, cuvm, p, B7 (1S76). 

*j 2 
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question. This expression mat-y "be made to include not cases 

where the motion of a single charge or a small number of charges 
is contemplated, but also those like the flow of e ectiicity oiig a 
wire in which the number of carriers is enormous. In such cases 
we have to take the average value of p V, and it is quite clear that 
this is equal to the magnitude of the true electric current as 
specified on p. 97. 

When it is necessary or advisable to distinguish betwoen the 
different kinds of electric current which may occux, we may wiite 
equations (4) in the form 

rot i/= 47rJ. . 

Where we are dealing with material systems we shall rcqixire the 
average, not the actual, values of these vectors just as in the 
theory of the behaviour of dielectric media. 

Induction of Currents. 

In an electrostatic field the work done in taking a unit charge 
round any closed path, to the point from which it started, vsxt iishes. 
The electrostatic potential is a single-valued function of tho space 
coordinates, and the electromotive force round any closed cix’cuit is 
zero. This is no longer true in a region in which the mcXgnetic 
induction is changing. Faraday^ showed that when the nuxgnetic 
fi.eld inside a closed conducting circuit was made to chrrngc, a 
current was caused to flow round the circuit. He also sho\ved that 
the electromotive force round the circuit was equal to the rfito of 
diminution of the flux of induction through the circuit in the 
positive direction, multiplied by a universal constant. This Btate- 
ment is very similar in form to that in which we expresscKl the 
First Law. If we put it into analytical form we shall tliirt the 
resemblance is very close indeed. 

The electromotive force round any closed circuit is equal to the 
work done in taking a unit positive charge round the circai1>. If s 
denotes length measured along the circuit this is 

jE cos Es = J{EJ^dx + Eydy 4- E^dz)^ 


Ex^. Res, § 116» 
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where E{■= Ey, Ez) in tht*. (d(‘ctric iiiOiiisity. Lfifi E Ixi the 
liiug'iietic induction at any ))oint of any .surfac(3 boiin<l(‘.(l by th(i 
circuit. The flux of inductiou throu^i^di an ehiuient of area of 

thin Burfaco will be B cos nBdB, when^ nB is tlie anpch*. betwixui tho 
resultant induction B and the normal to the surface at dB. Hut 

A 

B cos nB = Bjz cos nx -f By cos ny + IL f*oH nz, 

where am nx, cos ?ay and am nz are the dirr^ction cosin(‘S of the 
norinaL The total flux of iiu hietion throiej^h tlu) surlaeo is tlnu-efore 


//(. 


Cos ;/./.* 4- B^ cos ny -f /h (‘ns nz ) dB, 


and the rate of diminution of this is |)i-op<jrtional to the eleetro- 
inotive ftircc round the? circuit, so that 


{ 

« 


{Exdx 4 Eydy 4 E^dz) 
d 




dt 


(Bx cos nx 4 By cos ny 4 B^ cob nz) dB, 


But hy Stokes’s Theorom 

liiay.+EXy-hKzdz) 

JJ [Key iz j Oa 






dK,\ 
hx ) 


cos ny 


4 


/OW;_f4'),.„.s„t dH. 

\ <)x (}(/) ) 


Since these relations are true for any surface* bmnifled hy tluj 
contour, the surface irit«‘tfrals must bfi idetiiically upial; ho that 


()hj 

fy " 

dhx 

bz 

bx 


or 


bz 

?Ez 

tm 

hy 

rot E ® 


•yl, 

d. 


bBx 

it 

<% 

bt 


' 'A I : 
at 


.(B). 


The value of the constant Ai is dcdicrmined by tlie, nnits in 
which E and H are meiisiired, (see j>. 111 ). Thene tlircM'i ecjuati^ms 
reprcHont tlie second group of Maxwell s a<.piation». When it is 
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necessary to give them a name we shall refer to them as the ex¬ 
pression of the Second Law of Electrodynamics. Comparing them 
with the First Law, 

rot H = 4‘TrA ^pV+ , 

we see that, since B is proportional to H and D to E, there is a 
kind of reciprocal relation between them. Also they are not quite 

the same in form on account of the negative sign m front ot . 

Not only do these equations enable us to deduce the whole of 
the phenomena of electromagnetism, but, as we shall see, they are 
the basis of the science of optics as well. 

The Dynamical Theory of Electromagnetism, 

The Second Law of Electromagnetism may be looked upon 
jBrora two different standpoints according to the attitude we take 
towards electrical science. If we regard electrodynamics as more 
fundamental than dynamics proper, then we must regard the 
Second Law as a fundamental law of nature empirically given. 
We may however take the standpoint that the aether, which we 
postulate as a medium in which all electrical actions occur, will in 
the last analysis prove to be a mechanical system subject to the 
basal laws of dynamics. Provided we make this assumption, even 
though we know nothing of the nature of the mechanism, we can 
show that the Second Law is a consequence of the First Law. 
The view that electrical actions are ultimately dynamical is oxm 
whose development in the hands of Maxwell led to notable 
advances iu the science, and it is the view towards which, 
at any rate until quite recently, most authorities have leaned. 
Nevertheless it is equally logical to accept the Second Law as an 
ultimate fact and then, later on, to consider what we can make of 
the laws of dynamics from the standpoint thus adopted. 

We shall now proceed to consider some of the consequences 
which follow from the assumption that every electrodynamical 
system is a dynamical system subject to the operation of the first 
law and of the fundamental laws of electrostatics and magneto¬ 
statics. The energy of the field is equal to 

+ + + + + .(9) 
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per Tinit volume. Since a change in the electric intensity is 
accompanied by a corresponding change in the magnetic force, it is 
natui’al to assume that one of these terms represents potential and 
the other kinetic energy. Moreover the presence of magnetic 
energy is always associated with charges in motion whereas electro¬ 
static energy is present when all the charges are at rest. The 
obvious conclusion therefore is that magnetic energy should be 
identified with kinetic energy and electrostatic with potential 
energy. A more rigorous proof of the necessity for identifying 
magnetic with kinetic energy will be found in Jeans's Electricity 
and Magnetism, p. 483. 

Assuming that the magnetic energy of the electrodynamic 
field represents the kinetic energy of a d 3 namical system, let us 
consider the behaviour of a system of n circuits 1, 2, 3, etc. carrying 
currents i^, i^, etc. In this case the magnetic energy can be 
written as a quadratic function of the n variables fg, h, etc. For 

the number of tubes of magnetic induction which flow through 
any one, let us say the mth, circuit, is the sum of n terms each 
representing a contribution from one circuit. This follows since 
the magnetic force at any point due to a current depends only on 
the relative geometry of the point and the current, the nature of the 
intervening medium, and the magnitude of the current, to which 
it is proportional. Thus if is the number of tubes of magnetic 
induction which traverse the mth circuit in the positive direction 
AT fjq, = Lim.il ”i" Lf^{2 "f" L^fniz "h - • • "h Lffnfnim + ... + £ nm'^'n • • • (10). 
The coefficients Lim, etc. depend only on the geometry of the 
circuits and the nature of the material in which they lie. They 
are called coefficients of self-induction when the suffixes are like, 
and of mutual induction when they are unlike. 

The magnetic energy of any system, including that of a system 
of currents, is equal to taken throughout the volume 

of the system. Let us suppose that the space is mapped out by 
means of unit tubes of induction. These are closed tubes which 
completely fill the space and never intersect. If SB is the normal 
sectional area of a unit tube at any point, the element of volume 
dr may be replaced by SB ds, where ds is an element of length of 
the tube and is normal to BS, But hS is the area over which the 
flux of induction is unity, so that 
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The part of the volume ititef'ral which hthui.L,'?; le any fUc iiiVu- i.s 

■J j I J Id'ls. 

Thus if wo indicato l)y li# a sninniatinji fkvrr al! fiir iinif tiiht’H, 
the magnetic energy ^ of Iho Hynloui 

r - i IJ[/a//-(/T = 1 i: J Hck. 

Now by the first law of f^loctntdynaiuio.H /— 4x A !S'i. 

It'i is the algebraic sum of the <*{UT«‘iifs wffic*li ;iri* •'iiibraer*i liy 
the tube along which the. inti»gration is takiui. in fin' 

of a system of linear currents ^ is equal to lln* :-ninn rir*'*r nil the 
tubes, of 27rA tiiniis the algebraJe sum the enrrvntA, with wiiieh 
they arc linked. This is <‘(|ual to the *»vrr al! tlie erirreiit 
circuits, of 27rA times tint numla-r id" tula^H which are imkrtl 
with each circuit. Hencii 

= 27rA }//„?V b 2 //j2?V4 + .4- Innh/] .. .(11 ), 


where is the alg(*hraie sum of the number of fnh»"H whieli 
thread thci ndh circuit in tint {xisitivo dir*'ction. 


At first sight this result aj>|saars fn In* inc«,inHi^4enf. waili flu* 
tjonclusions which wc formerly rfuichcfl aw fo tin- njiuviihuire nf 
'Currents and magnetic sheila We si*f» friiui «‘qmiti*in (11Clifiji v, 
that the energy of the shell which is ei|mvn!efii ih-e mih riooiii 


wlntre is tin* number of lubes f»f uiiiiiriiiim 


supposed invariable, which threarl it, is its sfrerigili. in 

the permeability of tlui medium. For a mefliiiin of iiini. |p-i% 
meability — so that for a tiii/ditiiii of' |sTiiieatiiiify 

= 47r-d./if^. This result fdlows sinco the liiagiietic/bm! iiiiieh 
•■a given current produces m iriclependeni i-if ihi! mtaJiiiim while ii 
is the induction due to a shell which is imffpnuifieiif. fit iJii*. 
permeability of the medium. Thus for a sirigh* eijunnlciii i^iieli 
in a fixed field the energy is To iml the Iota! 


.■energy of the system of ccjtiivitlent sindls we tiiivi? to mmpu^* 
them created in mfinitemmal step, lliai eiirli iiiiTreifituit 
is proportional to the final magnitiidf-* uf the corrr.i»poiifliitg 
ciremt The calculation is piwisely mmhr hi tfiiifc lbiliiw«4 in 
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Chap. II, p. 33, in obtaining the tot<al energy of a system of (electro¬ 
static charges, except for the difference in the form of tint ttxpr(\Hsion 
for the potential energy of the system. This calculation introducatH 
a factor so that the energy of the system of shells which produces 
the same magnetic field as the system of cnrnmts is 

The difference betwemi this expression and (11) arises from the 
encirgy which lies within the volunui of thti slmll itself^. This 
quantity, which is equal to — 2T in the case of the equivalent shells, 
is zero in the case of the currents. 


The method of Lagrangc/s eipiationsf enahles us to find out a 
great deal about the behaviour of a mechanical systHun even when 
wo have no means of discovsu'ing the precise nature of tlu‘. 
mechanism. We shall therefore apply that method to the probbnu 
under considerationu As a preliminary wo, have to express tlu^ 
kinetic energy T and the potential energy W as functions of the 
generalized coordinates Xi, etc. and the corres))nnding vtdocities 
iPi, X 2 , etc. We have seen that if we identify T with the magnetic 
energy in the field we get 

T = 4- 27ril {Ijiiii Li.Aiii 4- h * • ♦)> 


and this will be a quadratic function of tlui V(docity coordinate's 
Wjy ± 2 , etc. if we make d = i*i, 4 = a\;, eh*. Thus tlu? 

generalized dispLaceiuent IxKiomes J^dt and is (;qual to the 
quantity of electricity winch has flowed rninid the (u'rcuit allei* 
some fixed instant. In the present casfi TF — 0 since th(‘ system 
does not possess (ileetrostatic energy, tlu.* capaxtity l)eing regardtul 
as negligible. We also notice that the Ijb are functions only of 
the geometrical arrangfurjcnt of the circuits aiul of the naturct of 
th<t intervening medium. Th(.*y do not inv(dve the generalized 
displaccnoents x. 

If Xg is the (xunponent of gfuieralizerl ('‘xtfumal force corre¬ 
sponding to the generalizod ilispluctumuit we have 


dt Xdxgl dXg ^ ^ 




* Cf. Jeans, Elerlrkxiij and MntjneJinm^ p. 43.S, 

t For an accoiml of llie pari of Jynamto?? wliich i« germane to the 

prerent rlipcasMon iho rmdm may b« oif^nca to KUctricUy and iUaynHiam, 

€ha.p, MX* 
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the motion being unconstrained. An equation of this typo holds 
good for each generalized coordinate whether the system is a 
conservative one or not. 

[It may perhaps be worth while pointing out for the benefit 
of those readers who are unfamiliar with this branch of dynamics 
that the are not actually forces nor the ^’s actually displace¬ 
ments. The condition that they have to satisfy is that thr3 work 
W done during a small change in the state of the system due to a 
change, let us say of the value of the generalized coordinate 
is = Xs^Xa. Thus in the present case, since Sxg means a change 
in the quantity of electricity which has flowed round the circuit, 
Xg will be the effective electromotive force in the circuit.] 

Since T=-i- 27rA [LuX^^ 4- -£i2^i4 + + • • *]» 

0 /0T\ 0 

f ___ I — _j_ 4i7rd. (^ 18^1 "P -p . • • “P "t' • • * ) 

dt \dxs/ at 


■ + 47r.4 - 


where Xg is the number of tubes of induction which tlvrciad the 

dT 

,1 • A rn 1 . ,• it /V .. . j.'l. . 


sth circuit. As T does not contain the x'&, 


■ 0, so that 


4-47r^-^" = X,. 

Suppose that in this circuit there is an intrinsic electromotive 
force HJg; the work done during a small change Sxg in the quantity 
of electricity which has flowed round the circuit will be 

.jSl g ^Xg ^^8 ^Xg — jRg dtj 

where Rg is the resistance of the circuit and ig is the cuiTent 
round it. The last term represents the reaction of the matter in the 
circuit on account of the Joule heating effect. Since igdt = Sxg, 

Xg = Rg Rgigm 

Thus - 47rA ^ .(14). 

If there is no intrinsic electromotive force. Eg, in the circuit, the 
current is all due to the electromagnetic induction. From Ohm’s 
Law we see that the electromotive force which arises frora the 
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BiV 

electroma|]^etic induction is = — 47r-d-j--, Thus reverting 
to our former notation 

j(/4cZ^^+^„(^2/+^zcZO = -47r^| lf(lB^ + mL\+?>B^)dS. 

It follows that the Second Law is a conse(|uence of the First 
Law provided we admit that the magnetic energy in the fudd 
can be identified with the kinetic eiuTgy of a mechanical system; 
and provided also that Ax = 47ru4. 

The following investigation which l(*ads directly to the second 
of Maxwell’s equations is instructive. We shall suppose that 
there are both electrostatic and magnetic forccjs in the field, so 
that if T is the kinetic energy, and W the potential energy, per 
unit volume of the system, we have 

and F = + +/?/). 

We shall restrict our proof to cases in which there are no free 
charges. Our system has to satisfy the first law of electrodynamics, 
so that 

rot ii = 47rri = 4i7rAK ... , 

(Jt (jt 

and wfi also have div J) = 0. 

Now th(^ changes occurring in every dynnnucal system are 
snbjc‘ct to the principle of Least Action, which may be put in 
the ibrni 

S r\T-W)rU^0 ...(15). 

J 

Tin's means that in any natural motion of the system, from a 
given configuration at tiine to another giv(;n configuration at 
time fhe actual motion is such as to make the time intijgral of 
IF a minimum, and that any slight variation from the actiuil 
motion of the system, subject to the conditions being unchanged 
for the initial and final configurations (^ = 4 ^i-^d <^ = 4 respectively), 
must be such, tlu'it ilie variation of the intf,*gral is zero. Wo shall 
see that this ie sufficient to establish the Second Ijaw. 

Since T m the kinetic energy, the //% will be velocity co¬ 
ordinates. Let 118 put that ~ 

where the ffs are generalized coordirmtus. We may now write the 
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First Law in the form rot ^ ^, and we shall extenrl this 

df 

equation so as to make it true of any change of the dependent 
variables 0 and D whether in respect to the time or not. Thus if 
0 varies by BB we shall suppose the variation to be conditioned by 
a variation SD of D according to the formula rot B9 = 47r^l BB, 
We have, if dr is an element of volume, 

^ if ^ 

= X At 

~\i drdt, 

and a [Wdrdt f dr + E^BE^) dt 

J Jti 

" is/*/‘ (I (S« - f. W) (al (*« - 3 " H 

+^.(a4w-3^(8».))]* 

"" 4 ;;^ Zj f (^^z - nE^) 

+ Bez{mE,,-lEM 

Thus 

^Z'^^ ZZ =0 = / dT j ^(480*+4a0„ + 480*) 


+ 50,, ^47r^ yu,4 ■ 


0-s^ 9^}?, 




1 /• r4 r ^ 

~ W i j,, - raEz) + 80 , (iiT, _ nE^) 


+ S0* dt. 
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The present analysis is restricted to the case where the media 
are at rest and where there are no free charges. Moreover the 
actual and the varied system are to be identical at = i^i and t = 4- 
This makes the first volume integral vanish, since at both time 
limits = 0. The surface integral will vanish if we 

suppose the surface to be a closed surface at an infinite distance from 
the region in which the actions are going on. For although dS is 

proportional to both E and 6 are of the order ~ most. It 

follows that the second volume integral must vanish. ' And since 
the are perfectly arbitrary both for each element of volume 
and for each element of time (except for the limits of time) the 
coefficients of each of them must always be zero. We therefore find 


or 


dy 

dz 

dj^ 

dx 


^ . 2) A A 

“IF = ■ = _ 4,r^ 

9-®* A 4 a 4 A 

dEx A A ‘d A A 

--^=-4s^A,Md, = -47rA-^. 

i. r? A A 

rot E = — 4i7rA — . 

ot 


Thus the Second Law follows if we assume the truth of the 
First Law, and make the further assumption that the electro¬ 
dynamic field is a mechanical system. 

The foregoing deduction is practically identical with one given 
by Larmor {Aether and Matter^ Chapter vi), who has shown that 
the laws of electrodynamics can be built up by giving the aether 
a mechanical constitution. For the further development of this 
theory, including the natural extension to the case where the 
presence in the field of electric charges is contemplated, the reader 
may be referred to Larmor’s Aether and Matter, Chaps, vi, vir, 
and X. 


Electrical Units. 

We have seen that the work done in taking a unit magnetic 
pole round a path situated in free space which encircles a current 
of strength i once, is given by 

J Eds = 4i7rAi. 
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The value of the universal constant A will clearly depend on the 
magnitude of the units in which H and i are measured. It also 
depends on the units of length and time. 

We have already defined our units of magnetic pole strength 
and electric charge. From either of these units, although not 
from both, the units of all other electric and magnetic quantities 
may be derived unequivocally provided we keep to the same 
units of mass, length and time. Thus, to determine our unit 
of magnetic intensity H we only need to remember that mH 
is the force in d 3 mes on a pole of strength m, so that the unit of 
H is determined by the unit of m and of force. It is evident 
that the dimensions of the product mH are independent of the 
dimensions which, since they are unknown, may arbitrarily be 
assigned to m; the product must always have the dimensions 
of a mechanical force. The dimensions of many other combina¬ 
tions of electric and magnetic quantities are predetermined in the 
same way; for instance, Ee has the dimensions of force and fjuH’^ 
and have the dimensions of energy per unit volume, and so 
on. The unit of current i clearly only involves the units of electric 
charge and time, and is therefore determined in our case since we 
have already fixed the units of electric charge and time. 

When H and i are measured in this way, the value of the 
constant factor is 47r-d = 1/c, where c = 3 x 10^® cms. per sec. The 
quantity c, which has the dimensions of a velocity, and thus has a 
numerical value which depends only on the units of length and 
time, is one of the most important physical quantities. As we 
shall see, it is equal, among other things, to the velocity of light 
and other forms of electromagnetic radiation in empty space. 

When the stipulation above as to the character of the derived 
units is understood we can write equation (7) in the form 

It remains to consider the value of the constant Ai which 
enters into the expression for the second law. This may be 
discovered by making use of the principle of the conservation of 
energy, and for this purpose the simplest possible example of the 
induction of currents will suffice as well as another. Consider a 
single circuit carrying a current the self-induction of the circuit 
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being L. Then the magnetic or kinetic energy of this circuit if, 
L 

2ttAL i^ = If the current i changes, the amount of this 

energy will alter and it is a known physical fact that there will he 
in consequence a self-induced electromotive force acting round the 
circuit. In general the circuit may lose energy by radiation or in 
other ways, but under suitable conditions these losses are negligible. 
In such cases the rate of loss of magnetic energy will be equal to 
the work done against the resistance of the circuit less the work 
supplied by the battery of electromotive force E, Thus 

or -% = E-Ri. 

C dt 

The electromotive force due to induction is therefore 

cdt c~dt’ 

where N is the number of tubes of induction, measured in our 
system of units, which thread the circuit in the positive direc¬ 
tion. It follows by comparison with the equations on p. 101 that 

= 4iiTA, when the electrostatic quantities are measured in 

0 

the modified electrostatic units and the magnetic quantities in the 
modified electromagnetic units. 

The following example is also instructive, since it brings out 
quite clearly that it must be the magnetic induction and not the 
magnetic intensity whose rate of change determines the magnitude 
of the induced currents. Consider the behaviour of a bar of 
magnetizable material encircled by a solenoid having n turns of 
wire per unit length. The bar is of uniform cross section a, and 
of indefinite length I, A current i flows in the solenoid and 
maintains a magnetic field of intensity M in the bar. The 
relation between H and i is 

H = 4i7rAni = g .(16). 

The work done in establishing the magnetic field in the bar 
consists of two parts, (1) laJHdl, which, if I is the intensity of 
magnetization, represents the actual work in magnetizing the bar, 
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and (2) laJHdH, which represents the energy of the magnetic 
field in the aether of the space occupied by the bar. In a small 
interval of time dt the increment in the magnetic energy in the 
bar is thus 

This must be equal to the work done against the back electro¬ 
motive force of induction. This work is 

A,nla ^. idt = IolH.A,c.^ dt. 


So that 


d .T TT\ A 

-(I + E)-A,c 


Thus B=^H 1 in accordance with Chap, vi and = 4iirA. 

c 

It is well to understand clearly the difference between the 
system of units we are using and the two systems, the electrostatic 
system and the electromagnetic system respectively, which are 
most frequently used in hooks dealing with the theory of electricity. 
The unit of electric charge in the electrostatic system is VW 
times our unit of electric charge; but it is not this difference so 
much as the difference in the units in which the magnetic 
quantities are measured which it is desirable to emphasize at the 
moment. On the electrostatic system the unit of current is 
obtained from the unit of electric charge, and the magnetic 
quantities are then obtained by giving A the arbitrary value 
unity in the equation 

Jirds = 4}7rAi. 

This fixes the unit of magnetic force and so determines the unit 
of magnetic charge. In our units the measure of i is V 47 r times 
greater and A is 47ro times less than in the electrostatic system, so 
that our unit of magnetic force is times greater than the 

electrostatic unit. Since mH has the same value on all systems 
which have the same unit of mechanical force our unit of pole 
strength is cV47r times smaller than the electrostatic unit. 

The electromagnetic system of units also makes u4 = ], but it 
sets out by defining the unit magnetic pole as that which repels 
an equal pole at unit distance with a force of one dyne. On this 
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?yHf‘r!rn 1:,lae unit of pole strength is therefore V47r times our unit 
md 1/c 1)11X168 the electrostatic unit. The electrostatic unit of pole 
is thus greater than the electromagnetic unit by the 
actf>r‘ 3 X 10^^ cms. per sec. It follows that the measure of H on 
hc‘ totiromagnetic system is 1/c times its measure on the electro- 
itatie ‘S^^stem. Whence, by considering the equation jHd$ = 4i7ri, 
vhicli is Ijrue on both these systems, it follows that the measure of 
? on til io electrostatic system is c times greater than on the electro- 
iiagiiehio system. Thus the electromagnetic unit of electric charge 
s c times the electrostatic unit, and cV47r times our unit of 
dccirio oliarge. 

Ifc follows that when the unit of electric charge is defined as 
liat whioh repels an equal and similar charge at unit distance 
viih force equal to l/ 47 r dynes, and the quantities which can be 
lerivecl from it without making use of the two laws of electro- 
are measured in terms of units which are based on 
hln unit} of electric charge: and when in addition the unit of 
n{ign€„*tio pole strength is defined as the strength of that pole 
vhielx ropels an equal and similar pole at unit distance with a 
brcf^ of 1 / 47 r dynes, and when the quantities which can be derived 
'rum tvIiiB without making use of the two laws of electromagnetism 
ru rriocranred in units which are based on this unit of magnetic 
Kile «t,rongth; then the two laws of electromagnetic induction 


•ecouio z 

(1> 

xotH -(pr+gj . 

.(17). 

(2> 

. 

.(18). 


ri sequel we shall always use (17) and (18) rather than (7) 

iid {H}. 


3f'£i.r/^-:^zetic Force due to an Element of Electric Current. 

Wes htauve seen (Chap, v, p. 85) that the force due to a magnetic 
hif*lt of sbrength ^ at a distant point P can be represented as 
ri^ingr firom each element of the boundary of the shell. Since a 
iirrcfiii.^ of strength i placed in a medium whose permeability is jju 
ittscfff bho same distribution of magnetic intensity as a shell of 

8 


m. K- 
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strength cf) = 4}7rA/jb{ = /jLijc, it follows that each element ids of an 
electric current can be regarded as giving rise at every point in 
space to a magnetic intensity of amount 

A 

i siarsds . 

4^ ^ . 

where r is the radius from the point P to ds and rs is the angle 
between r and ds. The direction of the intensity is normal to o- 
and ds. This result is true whether the space is empty or filled 
with homogeneous matter, and is independent of the per¬ 
meability fjb. 

Force on an Element of Current in a Magnetic Field. 

We have seen that the force on a magnetic shell of strength <56 
when placed in a magnetic field where the intensity is H can be 
represented as the resultant of forces equal to lands'] acting 
on each element ds of the boundary of the shell. It follows that 
the force exerted on an element ids of electric current i by a field 
E is 


E. 


fjbids 




.( 20 ). 


Where the current is due to the motion of an electric charge 
of volume density p with velocity the current per unit area 
is pv, and the force on unit volume due to the field E is 


- Uj? 


pv 

c 


.( 21 ). 


If the charge is carried by a particle whose volume is r the charge 
e will be given ^7 ^~JJJ force acting on it is 


B. 


ev 


.( 22 ). 


The components F^, Fy, F^ of this force are 

Ba, = l(.BiVy — ByVz) 

o 

Fy = ^(B^Vt - 


^^ tf* 


.(23). 
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ELECTBOMAGNETIC WAVES 


The Equations of Propagation. 


Let ns for the moment confine our attention to the application 
of Maxwell’s equations to regions in which there are neither electric 
nor magnetic charges. Strictly speaking, from the point of view 
of the electron theory, this should restrict us to the case of the 
free aether, since all matter is supposed to be made up of electrically 
charged particles. In material media, however, the mean density 
of the charge at any point, if we average over a volume containing 
an enormous number of particles, is in most cases zero; so that we 
shall examine the consequences, incidentally, of supposing that 
with material media the peculiarities of the individual electrons 
can he left out of consideration. We shall soon see that the results 
at which we arrive, while exact for the free aether, are the 
crudest kind of approximation when applied to material media. 


The equations to which we have been led in the preceding 
chapter in the case in which p = 0 are 


rot if = 


0 di c dt * 


rot = — 


1 ^ 
0 Zt 


fjbdH 
c dt ‘ 


We have seen that the two foregoing equations are really an 
abbreviation for six equations between the six components of B 
and E. These equations can therefore be solved for each one of 

8—2 
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the dependent variables Syj Hz, Ex> Ez^ 

them out in full, we have 


Writing 


d^_ 

dy 

8-L^ 

11 

K dEx 
c dt; 

.0). 

dHz 

dHz_ 

K dEy 

. (-2), 

dz 

dx 

c ‘dt 




K dEz 

.Oi), 

dx 

dy 

c dt 


dEz 

dEy_ 


.(4), 

dy ' 

dz 

c dt 

iEz 

_a^ _ 


.(.5), 

dz 

dx 

c dt 


dEy 


fx dHz 

.(«>• 

dm 

dy 

0 dt 


From (1), (5) and (6) we have 

K d^Ex _ ^ fdHz^ ^ 
c dt^ dy\dt) dz\ dt 


ill 

(dEz 

dEy\ 

-1| 

(dEz 

dEz\\ 

w 

V dy 

dm) 

dz 

K dx 

dz)’ 


jaw 

fx (V9i^ dy"^ dz^j ^ dx\dx dy dz J) 


fx (V9i^ dy^ dz^j ^ c 
dEx dEy dE. 


dx'^ dy dz ^ ^ 


since there are no. charges in the medium. Thus 

® c2 dP ■ 

In the same manner we may show that each of the variables 
-^y, Ez, H„, Hy, Hz satisfies the same equation. 

We shall now investigate the solution of the equation 
d^u 


: = a^V‘u 


and show that it is the general equation of propagation of waves 
with velocity a. Let us take the integral of both sides of equation 
(7) throughout a closed volume, then 
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Oreen’s Theorem (Chap. Ii, p. 24), where the surface integral 
-3ads over the surface enclosing the volume. Let S be the 
of a sphere of radius r whose centre is at the point P, and 
^ce> be the solid angle subtended by dS at the point P, then 


-//!-=// 


I; I'l 


^I'entiating both sides of ( 8 ) by the upper limit r, 

Urdco ] 


dt^JJ 


Urdo) = a^;r- 
dr 




STow fjurdo) is 47 r times the mean value of u over the surface 
3-e sphere whose centre is P and radius r. Let us denote this 
then 


02 - 


= ", 


dr 


> 3 w A 


df 

_ 92 _ 

^,{rur) = a'‘ Ur). 

STow let — and introduce new independent variables 
'xt -{'T and q —at —r, then 

fdv dv\ 


:«>(: 


^ d^v 9^t;\ 

i 2 7\r\r^n j * 


dv __ dv dp dv dq _ /dv 02 ;\ 
dt dpdi'^dqdt ^\dp'^dq)^ 
d^v 
dP ' 
dv 
dr ’ 


dp 


0^ dp> dvdq 
dp dr ^ dq dr dp 


dpdq dq^ 
dv dv 
--dq^ 


dp^ dpdq ' dq 


dH d^v 




d^v 

dpdq 


= 0 . 


tie general solution of this equation is clearly 

*’=/i(p)+/»(?) _ 

=/, (at + r) +/j (at - r) = rur, 

3 _/j and are arbitrary functions, 
ixrce is never infinite, v = 0 when r = 0 , so that 
f%{at) = —fi{at) for all values of t 
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Therefore fi and are not entirely arbitrary, but one ia opposite 
in sign to the other. Thus 

rur=-fi{at + r)-f^{at-r) ...(<)). 

Differentiating by r 

^r+r^-^ =A' (at + r) + // {at - r). 


When r = 0, Uq— (at). 

But Uq is the mean value of u over a sphere of infinitesimal 
radius about the point P; it is therefore equal to the value at 
P itself. So that 

Up = 2// (at). 

Again we have from (9) 

^ (rUr) = // {at+ r)+ // {at - r), 


Thus 

and for t — 0 


^ ^ ^ (rur) = 2// {at + r) 




Suppose that for a certain instant, which we shall take as the 
origin of time, the values of Ur and are given for every point 
in space. Let 


Then 


(w)t=o = F (x, y, z) and_ (^') = F' {as, y, z). 

\O^/tss0 


But when r=at, 2/' (r) = up, so that 


~ ^ + h .( 10 ). 

Thus the value of up at any time t subsequent to the time 
* = 0, at which the values of F and F' are given throughout space, 
, IS obtained hy describing a sphere of radius at about the point P. 
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The value of up will then be detonnined, provided we Icnow th(^ 
average value over the surface of this sphere at t — Q, as well 

as the rate at which the average value of w over this sphere at time 
i = 0 changes as the radius is increased. 


The meaning of this solution is perhaps seen more clearly if we 
consider a case in which the value of at if =0 is zero everywhere 
except in a certain limited region of s])ace r. Consider the vaJiie 
of wat some external point P. Let th<j shortest line from P to r be 
b and the longest line o. Then until t= bjit,, the value of iip will 
be zero since the spliere of radius at will not intersect the region 
for which u wjrs not equal to zero at f = 0. For similar reasons 
when t is greater than c/a the value of wp will again be zero. 
TIuxb ^ represents a disturbance which is propagated in all direo 
tions with the velocity a. The foregoing solution, which is duci to 
Poisson, shows that electromagnetic effects are propagated with 
finite velocity, like waves. In fact the equation 

Si’ 

is the general equation of wave motion and contains the mathc- 
niati<!s underlying all the different kinds of wave motion contem¬ 
plated in physics. 

Before leaving Poisson's solution it may be well to consider a 
very simpli! concrete example to which 
it may be applied. Supposfs that hy 
means of two currcuit slnteis AJi and 
OD pcirpendicular to the plane of 
the piiper, we produce a tiniform 
magrxetic fiedd H in the direction of 
the arrow. Suppose that at a certain 
time the curr^uits are stopped. 

What will be the value of the magmatic 
intensity at the point P afterwanis? 

Chmrly there will be no field at P iinf.il 

Fit h 

sf .where a is the ve\m\ty of 

a a 

projmgafcion; that k to say, until the 
sphere of radius mt cuts the plane OD. 

TO' find the value after the sphere has 
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cut the plaru‘ OD hut net ihi* plarn* A/i hi fie* «4’ 

B(3Ction with (/,/> lx? N an<l T, Thiut at. ^ ii- i- m ijiUnir 

cxc(‘pt in a. circular .sfrij.) of iiifutifc^iiual waiHi *4' wlnrli ST n ifjn 

diameter. Kveu in this iiifiniO-sintal s!ri|> \ is fimi-*, m» ih.^! ip.. 

ri 

integrai in (10) which invulwH F' is wla n i ■. n, 

//= cunstuiitat (tvi-ry p^i-ut mI’ fln^ hph.-rienl rap ... 4 ' wtiic-h 


FQT m a section, and / ffFdM^ // 

47rij tlHJ 


4>7r . 
// 
o 


of. /*Ii. 


Tie 


from iirpiatio!! (10) I* , and m itch-prmlrnf. nf tip* p-rruiMii .4' 

Q HO long as it lies hetwt-cn the planes. When i)i»- uf 

radius at intf^rsfS'.tH b>th planes ^ 
distance between the planes, and 


i/ d , 


//i. 


a /(,t 

f’t’lt) 


ff 


0. 


Tt< iH f'IcHr thrit hIhH Ilf f liiriini'Vi d jji whii’li tliii 

irit,{iiisi(,y Ih // HpIitH into two hIiiIw of «-(jtj.*il |}iickit<>«(M m Hfufh (In- 
m.-i^rnctic inUfimity i« ///2, /iii.i tiio^c nr- {iro}wj 4 ‘>tr<i in ..jipiMS.- 
(iirectionK normal to thi* fanu.H of thi- nlnli with ilo- v.-l.ii ity n. 

'^I'hft moving Hlahn of magm-fir fom- form only {«trl of tin- 
solution of tho prohlfuij. '1 his isi-irat* hi-tamM' t!i<- K'ln-rgy of thi- 
magmstiic fiold in tho two moving slalw takoii togothiT i« only half 
of tlie ermrgy of tin- original tnagm-fic li.-hi ft m mn;.>'m:nv 
to considisr the olcotric iiit. iisit.y A* ju, woH. 

At f = (), A' =0 (•vorywli. ri-, is nof x>-m. C..j!s!.l.-r any 

rccttuighf % in tho piano of the {Mijs.r Htioh that &• frn‘o»'H ('ft 
to which Sy w pamliol. Thmi. by tho first law of i h-i tr-sfynttmir s 
confining oursolvcs fi, fho of prop.gation ,« ir«« 
which *»!, ^ 1*1 H,„l 
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sincfMwerytJiing is in(li?[K‘ndent of ;/y and th(^ work i/S// vaTiis}i(‘H 
along the right-liand side of the rcelaagle where 11 = 0. liut if 
the angle HPQ = 6, 


^ 8 A' tiff it s in O ntdO 
dt dt a-t- 


= — 27r “ d (cob 6) 


27r dM 
at dt 


dx. 


Thus 


ifdE 

m 


jj 


dx : 


27r (dE 


at j dt 


Sx and, from (10), 


^ i >=0 + 


J^ffdE 
iTrJJ dt 


d ct) ■■ 


1 fdE , 

: ^ dX - 

2a J dt 


II 

r 


Wh(Mi the sphere of radius VQ cuts both planers vve see that 
{dE 

»f j “ Zx contidbiihul by the second plane is (spial 
J dt 


the value of 


and opposite to that from the first, so that Ep agairi bccom(3H 
zero. Thus the slab of moving magnetic force if is accompanied 
by an equal electric force at right angles to and of (upial magnitude 
with JL The electric force in the slab which moves to the right 
is in the opposite direction to that in the slab which niov(‘S to th(i 
left, whereas the magnetic force is in the same direction in both 
cases. 


Velocity of Propagation, 

We have seen that th(^ conipomuits of tlKM‘l(*(‘tric and magnetic 
intensities satisfy the ecpiation = a'^V-a, ho that thmV chang(‘H 

in time and space an? such as would uriso if tiny \ver(i pro|)agat(‘<I 
from every* point with vriocity V—cldp/c. For a vacuous space 
/i = 1 and ^ == l,so that it follows that <*I<‘ctr()niugn<d.icclisturlKiuc‘.(‘H 
iirr» pro|>a.gated in vacuo with a velocity which is (icpial to c, ilui 
ratio of the electromagnetic unit of chargi,-; to the eleetrostaJlc’. 
unit. At the timi*. that this conclusion was first reaelu*d (}>y 
Maxwoll) it had not l)een shown that el(udj’f>magnijtic disturbancr^H 
Wf^ro propagates! with finitci veIo<uty, so that tin, to. wfis no oxpiU'i- 
iriental iiiaierial available, by means of which the conclusion could 
be qiiantitativcdy tested. Maxwell howtn'er {)Ut forward tin; 
which Faraday's instinct had previously led him to (‘.xprivHs 
although his rnai hemaiical limitationB Inul probably priwcmted 
him from btdng able to draliicc adc‘f|uate 4-xperimental eviclcmm: 
in favour of it, that light its(df was really an ck*ctroniagnciic 
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phenomenon. In that event. Maxwell pi'cdicted, its velocity of 
propagation should be equal to the ratio c of the two kinds of 
units. Maxwell himself carried out a determination of .the value 
of c and found it to be equal to the velocity of light through 
space, within the limits of his experimental error. At a much 
later date (1888) Maxwell's Theory was put in a much stronger 
position by the researches of Hertz* who showed that vibrating 
electrical systems such as could be set up in the laboratory 
emitted electromagnetic waves. Hertz investigated the principal 
properties of these waves and showed that they were analogous 
to waves of light, from which they differed principally in the 
possession of much longer wave-lengths. 

More recent determinations have shown a continually increasing 
agreement between the values of (1) the ratio of the two unifes 
of electric charge, (2) the velocity of electric waves and (3) the 
velocity of light in space. The agreement of the results of 
different observers is well exhibited by the following numbers 
which are taken from Jeans's Electricity and Magnetism^ p. 506. 

For the value of c, the ratio of the two units, the following 
results have been collected by H. Abraham f as likely to be most 
accurate: 

Himstedt 3*0057 x 10^« Abraham 2*9913 x 10^® 

* Rosa 3*0000 x Pellat 3*0092 x 10^® 

J. J. Thomson 2*9960 x 10^® Hurmuzescu 3*0010 x 10^® 

Perot and Fabry 2*9973 x 10“ 

The mean of these quantities is 

c = 3 0001 x 10“ cms./seo. 

For the velocity of propagation of electromagnetic waves in 
air the following values are collected by Blondlot and Gutton|: 

Blondlot 3*022 x 10“ 2*964 x 10“ 2*980 x 10“ 

Trowbridge and Duane 3*003 x 10“ 

MacLean 2*9911x10“ 

Saunders 2*982x10“ 2*997 x 10“ 

The mean of these quantities is 

2*991 X 10“ cms./sec. 

* Ann, der Phys, vol. xxxiv. p. 551 (1888). 
t Itapports du Congres de Physique, Paris, 1900, vol. m p. 207. 
t Papports du Congr^ de Physique, Paris, 1900, voL n. p. 288. 
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For the velocity of light in free aether Cornu^ gives as the 
most probable value 3*0013 ± *0027 x 10*® crns./sec. Dividing by 
1*000294 the refractive index of air referred to a vucuuni, thin 
gives for the velocity of light in air 

3*0004< ± *0027 X 10*® cms./scc. 

The velocity of electi-ic waves is known with much less ac¬ 
curacy than the otlier two (|uantiti(*s but they are undoubtedly 
all three identical in value within the limits of experimental 
error involved in each case. 

Since the velocity of propagation is the vcilocity of 

light in magnetic and dielectric nu‘<lia should be inversedy 
proportional to the s<|iiare root of the prcnluct of the magnetic 
permeability and the diedectric constant. Since it follows from the 
wave theory of light that the refnictive index n of a medium is 
inversely as the velocity of propigation of the light through it, 
it follows that for dilferent media of the same magnetic per¬ 
meability 

n^oc fc. 

This law has not Been found to be even approximately verified 
for the waves which constitutci light. In fact, a monumt’s con¬ 
sideration shows that it rmiet be wrong, since it would make n 
constent, whereas the phenomeiKm of disjatmion shows that n is 
a function of the wave-length*. The fact that is not proportional 
to is not to be regarded as an objection to the olectromagruduc 
theory of light. The theory on which it has been deduced is 
exact when applied to the free aether but its scope is not wide 
enough properly to account for the optical behaviour of rnatcirial 
media The reason for this is that material media contain 
electrically charged particles which are sat into motion by the 
eketrie and magnetic fortes of the light waves, and it is necessary 
to consider the dynamics of these particles to account satisfactorily 
for the optiiml behaviour of such media. 

If we turn from light waves to the electrical vibrations of 
■mueh lower frequency emit'ted by the Hertrian oscillator the state 
of B&im m veiy different. The period of these vibmtions is, as a 
ml#, great oompred with the iiatuml periods of the eleetrong 
in tihe mol^uiw of the siibstence, so that the motion of the 

♦ L«f. r- "M* 
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electrons is much the same as it would be under a steady field 
of the same magnitude as the instantaneous value of that 
due to the light wave. Under these circumstances the matenal 
can be treated as a continuous medium of definite dielectric 
coefficient and for waves of this character the velocity of propa¬ 
gation in different media should be inversely as the square roots 
of the dielectric coefficients. This conclusion is substantiated by 
the results of experiments. Thus A. D. Cole* found the refractive 
index of water to be 8-9 whereas its dielectric coefficient « = 80. 
With other suhstanc^the agreement appears to be satisfacffiry 
within the rather considerable limits of error of the deteiniiiiatioiis 
of the dielectric coefficientsf. 

We shall defer to the next chapter the consideration of the 
causes which make the behaviour of bodies towards light different 
from that predicted hy the simple form of the electromagnetic 
theory which we have been discussing. There are, however, a 
number of phenomena exhibited by electromagnetic waves in 
their relation to matter which are partly true for light waves 
and strictly true for very long waves. The rest of this chapter 
will be occupied with an account of some of these. 

Properties of a Plane-Polarized Eleotromagnetio Wave. 


A solution of the equation = a^Vho is 


. zjr 


provided P + m® + w^ = l. The expression on the right-hand side 
is a complex quantity, being equal to 

cos ^ {at --lx — my — nz) + i sin ^ {at —Iw — my - w) j. 

The real part of u therefore represents a disturbance of wave¬ 
length X and amplitude Uq which is propagated along the straight 
line xfl — ylm=zln with constant amplitude Uq and constant 
velocity a. It is thus the appropriate specification of a mono¬ 
chromatic train of plane waves of wave-length X. If we take 
hhe direction of propagation to he along the axis of z we shall 

* Wied. Ann. vol. lvh. p. 290 (1896). 

^ t Eleming, Principles of Electric Wave Telegraphyf p. B20. 
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have n = 1 and u will be equal to UqB iat-z) ^^^2 

part to 

UqCos^ (at — z) .(12). 

Let the real part of u represent Ea-, the w component of the 
electric intensity in the wave front, and consider the train of 
waves for which Ey = Ez= 0. The electric intensity in this train 
will be completely specified by the equations 

j2rr. . 

Esc = i^eal part oiE^e a 

27r 

or Esc — Eq coQ ~ (at — z) .(13^ 

It is clear that any equation between functions of complex vari¬ 
ables such as, for example, 

jPi {u, i'o)^Fs,(x, iy) 

involves the separate truth of the two equations 
Real part of Fi = Real part of F^ 
and Imaginary part of = Imaginary part of Fa, 

oth'l&rwise i = V—1 would be equal to a real quantity, which is 
absurd. This principle effects considerable simplification in the 
working out of problems arising in connection with the propa¬ 
gation of waves, as it enables us to work with the complex solution 
and then pick out the real parts at the end of our calculations. 
The advantage of this lies in the fact that the complex equations 
are usually simpler than their real equivalents. 

Suppose that we are dealing with the train of plane waves 
propagated along the axis of z. Each of the vectors Eat, Ey, Eg, 
Ha, Hy, Hg which serve to specify the state of the medium at any 

point at any instant must be of the form u^e ^ TJie values 

however are not independent but have to satisfy the six equations 
on p. 116, viz. 



Ci> 

1 

K 

dE, 

dy 

dz 

C 

dt ’ 

dE^ 

dHz 

tc 

dE, 

dz 

d(c ”” 

C 

dt ’ 


dHsc 
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dE, 

dx 

" dy “ 
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dt ’ 
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dy 

dz 

^Iv. 

dx 


'^Ey 

dz 

dx 

dE^ 

dy 


fi dHx 

'~c~W" 
c di’ 

y dHz 

'c ~W' 


As each of the dependent variables is of the form 


const, xe 


(at-z) 


we Lave 


so that 


. 27r 


dt 


0^ 


5:: = 


dy' 


:0, 


_0 _ 

dz 




, 27r 


.( 14 ), 


fca 




y> 


— Ey^H^ 


^.=0, 


_EBE^=Ey 


Hy=‘Ej 

c 

E^ = 0 


.(15). 


The equations above may all have a constant of integration 
added to them, but this would mean merely the superpoBition 
of a state of things independent of the time. This can huve 
no relation to wave motion, so that we may leave the constants 
of integration out of account. We observe that both JEz and JET^ 
are equal to zero, so that there is no component either of electric 
or magnetic intensity in the direction of propagation of the wave. 
The resultant electric intensity and also the resultant magnetic 
intensity lie in the wave front. Also Ex + Ey Hy = 0 so that 
the resultant electric intensity is at right angles to the resultant 
magnetic intensity. In addition ja (Hj + Hf) = k (AV + Ef) ho 
that the electric energy in the wave is equal to the magnetic 
energy. In the free aether fj, and k are each equal to unity in our 
units so that the electric and magnetic intensities are equal 

If we choose the axis of co so that the electric intennity lies 
along it, then the vectors which specify the wave are 

E„ = E. Ey^Q, B^ = Q, = Ey^—E^~-E, / 4 - 0 . 

^ ya 0 

The electric intensity will always remain along the axis of x and 
the magnetic intensity along the axis of y. The wave is thus 
plane polarized; siace its properties are not the same in referciioo 
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to two planes at right angles to each other passing through the 
direction of propagation. We shall see that the plane which 
is usually called the plane of polarization in optics is that which 
contains the direction of the magnetic vector and is perpendicular 
to the direction of the electric vector. (See p. 132.) 

It is evident that- as the wave moves past any fixed point 
0, the electric and magnetic intensities always remain propor¬ 
tional to one another and hoth vanish and also "both have their 
maximum values simultaneously. 

In the case of waves of sound the kinetic energy is measured 
by the squares of the time rate of change of the displacement of 
the particles constituting the medium, and the potential energy by 
the squares of the strains which depend upon the rate of change 
of the same displacements in space. Both the velocities and the 
strains travel together or are in phase just as the magnetic energy 
and the electric energy in electromagnetic waves are in phase. 
This may be regarded as another reason for identifying magnetic 
and electric energy with kinetic and potential energy respectively. 

The following elementary method of deducing the velocity of 
an electromagnetic wave is instructive. Let the wave ”be pro¬ 
pagated along the line and let be the x component of the 
electric intensity in the wave front. Consider the state of things 
when the wave front lies in the plane perpendicular to Oz which 
passes through the point 0. Then the lines OQ and 0 U (Fig. 23) are 
in the wave front. Describe the rectangles TO PR US and TOP VQW, 
TP being small compared with PR and P F. TP, SB and W F 
are perpendicular to the wave front, PR and ST are parallel to 
OU, the axis of x,and PF and TW are parallel to OQ, the axis of y. 
Consider the work done in taking a unit magnetic pole round 
the rectangle PTWK The work along the part QFPO of the 
path vanishes; for the electrical disturbance which constitutes the 
wave has not yet reached this part of the path. The work along 
OT is equal and opposite to the work along WQ hy symmetry. 
The net amount of work is equal to x Ily, But this is equal 
to 1/c times the total current embraced hy the path. In the 
present case the current is all of the displacement variety, so that 
^ it must he equal to the rate of increase of the flux of induction 
through the circuit, in the units we have been using. The 
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change in the amount of induction through the circuit arises 
entirely from the forward motion of the wave so that, if a is the 
velocity of propagation, it will be equal to kEx y. ax I W per unit 
time. Thus 

TWyHy = TWy'^Ea, 



Fig. 28 . 


By considering the work done in taking a unit electric charge 
round the circuit TPR8 we find 


It follows that We also see that if the electric force 

at any instant is along any particular direction, let us say the axis 
of a?, it will always remain parallel to the axis of a?, and the 
magnetic force will also always be parallel to the axis of y. 
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Reflexion and Refraction, 

We shall bow consider the behaviour of a train of plane waves 
incident on the boundary TRU between two insulating media 
whose dielectric constants and magnetic permeabilities are fCi, /jli 
and fct, respectively. The con<litions which have to be satisfied 
by the components Ey, of the electric intensity and the 
components iiaj, Hz of the magnetic intensity at the surface of 
separation are: 

(1) The tangential component of the electric intensity must 
be continuous in the two media. 

(2) The normal component of the electric induction must be 
continuous in the two media. 

(3) The tangential component of the magnetic force must be 
continuous in the two media. 

(4) The normal component of the magnetic induction must be 
continuous in the two media 

Let us take the bounding surface to be perpendicular to the 
axis of then these conditions will be satisfied if, at every instant 
of time. 
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where the suffixes 1, 2 refer to the two media. These six 
equations are not independent. For if the first two are satisfied 
the sixth follows since the equation 

dx dy c 9^ 

must always hold in each medium. The third equation follows 
similarly from the fourth and the fifth by means of the relation 


K dEz 
' c dt 


dHcc 
dx dy 

Thus only four of the six boundary equations of condition are 
really independent. 


Waxe 'polarized in the Plane of Incidence. 


We shall now consider a wave propagated along OP and such 
that the resultant electric force in the wave front is per¬ 
pendicular to the plane of the paper. If the angle OPV is 
PV being the normal to the boundary, the vectors which define 
this wave will all be proportional to 

2»7J“ 

where Oi is the velocity and /?i = —. They may therefore be 
represented by 

= Ey = Q, 

Ej = -^ sin 

UlMl 

since these expressions satisfy equations (1)—(6). 


The simplest way in which we can hope to satisfy the 1)01111(3417 ^ 
conditions that the tangential electric intensity and the normal 
electric induction should be continuous is to make the y and m 
components of the electric intensity vanish for the refracted and 
reflected as well as the incident wave. The refracted wave will 
therefore he given by 

Ey^Q, Ez^Q; 
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iT*' =0, Hy = — coa 

IJJ =- — sin 0.. 

(ta/Xa 

and the reflected wave by 

AV' = H /4" = 0. " = 0; 

/// = 0, Ily" = coa 


IL"= - - ' ain 

itllfLl 


Since the houndary conditions have to bo mitisficd at all vahic^^s 
of the time, the tirnci factor in these expreasions iniiat be the same 
for all of them. Tims ^lUi = Also the v( 3 locity a is 

datennined by the medium, so that ai =* ag. Hence ^3 = ft and 

fta»2!ft^ The boundary conditions must be satisfied also for all 

values of y, so that the* 4 ‘X|x)i:utntial factor in y must be common 
to each of tlie veetorH. Thus sin 61 = ft sin 9,^ —ft sin 6 ^^ /9, sin 6 ^, 
Therefore sin 03 = Bin0i, so that the angle of reflexion must be 
equal in magnitude to the angle of incidence. Also 


sin $1 ft On, 
sin ft ft Ot 


(17). 


Thus the refractive index or the ratio of the sine of the angle 
of in.cidene «3 to the sine of the angle of reflctxion is eqiuil to the 
ratio of the velocities of propiigation of the light in the two 
media. Also with the convention as to tlu 3 signs of and % and 
of sin ft and sin ft which m here a^lopted, in conformity with 
general usage, cos ft.« — cos ft. 

The bomidaiy conditions will now be satisfied if 



+ . 

.(18), 

0 

coe 6, (X, - X,) - — Gosd.X . 

.(19), 

Ol^i 

a,fi. 


t 

01 

Bin (X. + X,) - ® Bin^.X,. 

0* 

.(20). 


9—2 
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Since sin 0,/sin = equations (18) and (20) are identical. 

Solving equations (18) and (19) we find 

, 2 sin 9^ cos 9i _ y { 9 ^\ 


sin 6 ^ cos 6^1 + ” sin 8 ^ cos 8 ^ 

P '2 

cos i 9 i sin 6*2 - ^ sin cos 0 ^ 

X,= - ^ .( 22 ). 

cos 01 sin 6 i + — sin 0 i cos 83 
p 2 

For all media on which experiments have been made which 
would serve to test these equations we may put fii = fHy that 

.( 2 :.). 

Sin ( 6^2 + c/j) 

Since the intensity of the waves is equal to the energy per unit 
volume multiplied hy the velocity of propagation, and since the 
magnetic energy in a wave is always equal to the electric energy, 
the ratio of the intensity of the reflected to that of the incident 
wave will be 

rsin 

\xj ““ Lsmr^;+^^7)j ^ 

where sin 6 ^ = Uj/aa. The values given by these exprcBsions 
for the intensities of the reflected and the refracted ray in tenns 
of the intensity of the incident ray agree satisfactorily with those 
found experimentally when the light is polarized in the plana of 
incidence. This shows that the plane of polarization is the plane 
which contains the magnetic force and nob that which contains the 
electric intensity. 

Wave polarized in a Plane perpendicular to the Plane of 
Incidence. 

In this case the magnetic force is to be perpendicular to the 
plane of incidence (the plane of yPz). We may therefore repre* 
sent the incident wave by 

sin h-z cos jpj-^ s=s 0 • 

— 0, - — COS ft h-zw h) 

JC^Oi ^ * 



sin «o» h) 
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The expressions for the refracted and reflected waves are obtained 
bj replacing the suffix 1 by the suffixes 2 and 3 respectively. 
As before, the exponential factors must be identical when z = 0 
since the boundary conditions are to hold for all values both 
of t and y. It follows that 

Og- ai, sin 6 ^ = sin and aj/o.. = ySs//?! = sin ^j/sin 0 ^. 

From the condition that the tangential magnetic force is con¬ 
tinuous, we have 


The continuity of the tangential electric force gives 

ATitti /CgClg 

and the continuity of the normal electric induction 


Oi (la 


As before, the first and last of these equations are identical For 
1 we have = a.//a/ so that the second equation may 
be written 

sin $1 cos 01 (El — Ilg) = sin 0 ^ cos dg . /Ja. 


Solving for Mg and i/g we find 


TT_ 2 sin 2^, 

^ sin Wi -p sin Wg ^ 


,(24) 


E. 


( 2 sin i6i 


sin 01 cos 0, *~Bin ft^cos 6 g 
** sin 01 cos $1 + sin 0 ^ cos \ 

_ tan 

tan(6^2-P0i) ^ .. 


.(25X 


When 0f¥0%^irrf%, ten + Qo; that for the particular 
value of the intensity of the reflected wave is 

mm. This angle is known m the polarizing angle. When 0i 
©xeteds 0p^ Eg becomes negative so that there is a sudden change 
of pluMe at the j^krmng angla 






lU 


ELEOTfiOMAGNETIC WAVES 


These formulae are found to be obeyed by light waves polarized 
perpendicularly to the plane of incidence for all angles except those 
in the immediate neighbourhood of the polarizing angle. It has 
been shown by Airy* and Jaminf that although the amount of 
reflected light becomes very small in the neighbourhood of the 
polarizing angle it never actually vanishes, and the change of 
phase which takes place in that neighbourhood is gradual and 
not sudden. DrudeJ has pointed out that these differences 
between theory and experiment disappear if we suppose that 
the transition from the one medium to the other is gradual and 
not discontinuous. If there is a layer of very small but finite 
thickness in which the properties of the medium gradually change 
from those of the first to those of the second substance, the amount 
of reflected light never quite vanishes and the change of phase 
becomes a gradual one. The layer of transition may be small 
compared with the wave-length of light. It is probable from 
the existence of other physical phenomena, such as surface tension 
and the tenacious retention of surface films of gas by solid 
substances, that such transition layers do occur. 


Conducting Media, 

In those cases in. which the medium affected hy an electro¬ 
magnetic disturbance possesses electrical conductivity, the dis¬ 
placement current will not be the only current which is set up^ 
■ There will also be the true current of density j. Thus the 
Maxwellian equations suitable for this case are 

■ ( 1 ) 


(2) rot^ = -i|£. 

c ot 

Now if the medium is isotropic and <7 is its specific conduc¬ 
tivity, y — (xJ£, so that the first equation may be written 


rot H 






* Camb, PkiL Trans, Tol. iv. p. 219 (1882). 

t T *’• 2®® lim.yoLxx^. p, m (1850). 

T l^eliabuch der Optik, Leipzig, 1900, p. 266. ' ' 
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Let us suppose that Y^aves of frequency p impinge on the 
fc^otmdaiy of such a medium. We shall see that the houndary 
c^onditions of the problem can be satisfied by means of a trans- 
ttiitted and a reflected Yave both of which haYC the same frequency 
p. The time Yaiiation of all the yeetors can therefore be appro¬ 
priately represented by the common factor 

Let us first consider the propagation of a wave of this frequency 
inside the conducting medium. The electric and magnetic forces 
haYe to satisfy the equations 

^ , . ly P' dll 

and Tot — - -7:^. 

c ot 


0 

Since 57 = tjp for the wayes under consideration, these equations 
ot 


are eqmyalent to 

rot 




and 


rot E = — 


c dt • 


Thus the results which we have obtained for a non-conducting 
medium will still hold if we replace the dielectric constant of 
the mediiim k by the complex quantity fCi = /c + cjip. The com¬ 
ponents of the electric and magnetic vectors still satisfy the 
equation 


3% 




but the constant a® is now complex and equal to (r/cp), 

Corifiiiing ourselves to the case in which the waves are propagated 
along the axis of 0 , since everything is proportional to the 
equation of propagation for this case reduces to. 

fjb. V 3V 

<^0p<r-2^K-)n = ^. 

The solution of this, appropriate to plane waves, is 
<« + ^ (ipa--p’/c), 


where 
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so that 


fJ.p^K 


a»_^a = - 

V/ 

2o/3 = liferjc^ 


.(27). 


Eestoring the time factor e'?*, the complete expression for m 
is e‘(p<*/3s) This will represent two waves, one propagated 
in the positive and the other in the negative direction along 
the axis of a Confining ourselves to the one propagated in 
the positive direction we see that the vectors which determine 
it are given by m = . This shows that the wave is 

periodic in time t= ^Trjp and distance Ihus if X is the 

wave-length in the conductor /3 = 27r/X. The occurrence of the 
real exponential term shows that the amplitude dimini.shes 
as the wave progresses, the law of diminution, or “absorption,” 
being that the amplitude falls off in equal ratios whilst the 
distance covered suffers equal increments. The quantity a is 
usually called the coefficient of absorption, but sometimes also the 
coefficient of extinction. 1 /a is the distance in which the amplitude 
falls off to 1/e of its initial value. 

Solving (27) for a and /3 we have 


and 



The formula for a shows that the coefficient of absorption is 
higher the higher the conductivity or of the material. In other 
words, the higher the conductivity of the medium the more rapidly 
is it able to transform the energy of the electromagnetic waves 
traversing it into energy of other forms. If in (28) we put for 
cr the value of the electrical conductivity deduced from measure¬ 
ments with direct currents, the values of a which result are higher 
than those which would be obtained from measurements of the 
transparency of metals for light in the visible spectrum. Thus 
in the case of copper, and sodium light, we have approximately: 
0 = 3x10*“, fi = l, p = 3xl0“ (r = 47rc?x6xl0“* k = 1 and 
u — 3"3 X10* cms.“*, whereas the value of a deduced from optical 
measurements* is 2’8 x‘ 10* cm8.~*. The particular value assigned 

Of. Drade, Lehrbuch der 1st ed., p. S3& 
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to fc in calculating a froin c‘2-^) imy iiii|H*s'' 

influence on the resoii The formula tli* 

olserved diiferencein colour hetw^sai th»* aii*i 

light. Thescj diBcu’epmcics iirise from tin* fhiit ih^ ruti^u^ 
is carried by discrete doctroiis^ with ih** lii^it. Imfli 

<r andM*e functions of |). Tli«* ronaon tor this wil! 
dearer m. the 8ec|tiel; we shall now ooruiidor tlio wiiir'li 

attend the reflexion of light at a coiidueiiiig 

3feifi lit c u n, 

The problem of rrioliillie n*th-xum m vory similar y* tliat, 
fiimished by the 0 nM'j of reflexion at the teojiidiiry 
insulating media The miuw eoiaiitirifis m U* mutmuity of 
teiigenfcial electric and magm-lie ftmum mid of the iioriroil 
and tjcmgnetic inductbriH Ivm* to be miisfiisl in tmlh lip- 

difference arises from the comhieting p»wer of ni«4allm iiiedmisi, 
md we have seen that itio ty|Mt of ikmtry }ir<'t|if*r u$ an tmoil/iting 
medium accounts for thi* pr«|«tgiilioit of wnvm in n 
medium if we replm?#! the fliid«^r‘tric mmUmi by tlir' 

<}uant% where o* lii the eoiirbietlvily «f ilm iip'flmio. 

^ itedkdectric cmiflicient iinci p the fri^ijinuiry of tbo fi. %n 

natfiml Iherefbr© to mm if tlie hmtnhry mmliiuim mmmi liiiril 
by the method previously mhpUHl, ih*! only elmngp Imnu 

that the rml quantity /e, in ilm former firoblem if« rejilfirpd ht 
the complex quantity whm$ h'; tn ihe rent tbrb^rfiir 

^ffieieni We shall mmmkr horn mly the mmj of wiiven 
Ill. the plane of inciclence. A tnon-i ii*uiiplote 1114%' te*' 

tod in I>r«d.-. UhM Jnr UrlH ,,,. m ’ 

The incident wave btfing 

ii- ^ 0. 
ir«-0, M, 

%Pi * 

rt G * 

- ill 

tl# reflected wavts will b# given tiy rf,ifilliif fit* 

pwfifias ffiOi the suffix I wplaond by the winseii t 3 
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3 have ai» = ai = cV/^i and «»• Thus 

X so also is ttg. Since 
= and Asindi= A8in<?«» 

ilso complex. The factors involving y and t being 
independent equations yielded by the boundary 

+ .?s — 

f*.OS di . .rr \ COS 9 ^ XT 


uw -Tf — A / - ^ a 

cos (/\ If cos 

IS complex, and may be put in the form a + tyS, where a and y3 are 
real. Then 

X 3 _ 1 - (g 4- i^) 


(I4af4^" • 

The complex fraction may be put into the form 
= p (cos e 4 ^ sin e). 


where 


Thus E, 


will be the real part of 
p^i e ^4 «co8 
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wliere pXj, j8i , di, and e are all real quantities. There will there¬ 
fore he a diference of phase e between the incident and reflected 

waves. 

Experimental measurements of the ratio of the intensity of the 
reflected to the intensity of the incident radiation for infra-red 
radiation, in the case of normal incidence, have heea made by 
Hagen and llubens^. In this case = 6?2 = 0 , so that 


and 

Hence 


aifii cos 02 
cos 0 i 



Hi 

H \«i 


a). 

/ia Ki 


Even in the visible part of the spectrum <rjf is a large quantity, 
although p ia of the order 10'* and /ti, Ha, and axe all com¬ 
parable with unity. Thnaa/e is much larger than To a 

fust approximation we may therefore put 


a:- 


fh-iTa 

^/iapici 


amd, £x>m (31), 



= 1_2 .(35). 

Th« lesults of Hagen and Eubens are expressed in terms of 
til® reflecting power JS of a metal. This is defined as the per- 
omtage of the incident intensity which is found in the reflected 
boMa. Thus in. terns of our notation 


je = 100/>« _ 

mA Lm-R = 5^00xJ^^ ..( 36 ). 

V /liCTj 

The following table exhibits a series of values of(10O- R) x^Ja-a 
^jund by Hagen and Bubens fox a numher of metals. We observe 

* mt*. ier JCon. Akad. dtr friatenach. Berlin, p. 269 and p. 210 (190S); Atm,, der 
J*%*. rol, t3U p. 878 (1908) ; Phil. Mag. [6] -vol. tii. p. 167 (1904). 


■ fc''--; .. 
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that for all the metals investigated, although there is a consider¬ 
able range in the value of 100 — li, the product (100 — li) is 
very nearly constant for each particular wave-length. Tho con¬ 
stancy is, on the whole, more marked tho longer the wave-length X. 


Metals 

sj<^2 

\=4x 

(100-R) Vva 

XsBx 
(100 » II) 

(100-iO 

.^ 

X = 12x10- 
(100 ««il) 

Silver . 

7-85 

14» 

9*8 

1*15 

9*0 

Copper. 

7-56 

20’6 

lO'O 

1*6 

12*1 

Gold . 

6*43 

21 -9 

17-4 

2*15 

Kl*8 

Platimim. 

3-04 

25*8 

14-() 

3*5 

I (HI 

Nickel . 

2-92 

23*9 

1.3*6 

4*1 

121) 

vSteel. 

2*24 

27*3 

15*7 

4*9 

11 *0 

Bismuth . 

0*916 

(22*7) 

(161)) 

(17*8) 

: (1611) 

Patent Nickel P . 

1*95 

15*4 

14*6 

5*7 = 

1 IM 

Patent Nickel M . 

1*71 

14*8 

11*1 

7*0 

12'0 

Constantan. 

1*43 

16*7 

10*6 

6*0 I 

8*i 

Posse’s Alloy . 

1*44 

16*6 

13*0 

7T ; 

10*2 

Brandes and Schu-\ 
nemann’s Alloy...j 

1*22 

15*7 

12*3 

9*1 1 

11*1 


The values of are those at 18® C., which was approximately tha tcmpemtttr# 
at which the experiments were carried out. 


The numbers in the preceding table were obtained by a direct# 
comparison of the reflected and the incident radiation. This was 
furnished by a Nemst filament and the different wave-lengths 
were obtained by dispersion through a fluorite prism for the 
range from 10“* cm. to 8 x 10~* cm. and a sylvite prism for the 
range 8 x cm. to 14 x 10“^ cm. For longer wave-lengths this 
method was unsatisfactory owing to the small intensity of the 
radiation thus obtained. An indirect method was therefore iiiiftti 
instead. This consisted in comparing the radiation, emitted 
normally, from surfaces of the different sutetances with the mdi- 
ation from a “ perfectly black body ” at the same temperature (see 
Chap. XV). The theory of the emission of radiation from hot 
bodies shows that the radiation emitted by any surface is to Ih# 
f radiation emitted by a similar surface of a perfectly black bcidj 
y\ at the' same temperature as^ the radiation absorbed by mtm 

l body is to the radiation incident upon it. Since the reflected 

? radiation is equal to the incident radiation the mdiaiicm 
absorbed, this method enables the reflecting j^wer of te 

be determined with accuracy. 
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Tlia fallriwioi^ tfilila gives the values of the product (1,00 — ii)<T4, 
cihtiiiiiefl by tliin iiiefchod for the residual rays of wavc-kuigtli 
2I5*I> X lO'^cut wliic4i reuiain after succeBsivo reflexions from sur- 
faeeg of fluorite. CuiiHidiunng the smallriess of 1,00 — the agreo 
iiieiife of the exjHU’iiueiital and ernupufccMl values is remarkably good. 

j : Eoi{f4«ion>|w)wr*r - E) j j 

j far X-^2a A x 10^^ (un.juui 170 j Product | 

j Miialn 


j Bilvur __ 

i .. 

f llcdd . 

i AliimHiitiiii 

Zinc .. 

, Ciidriiiiiai 

^ Fktimuii ....J 

, Hiekti 

Tin .. ...i 

i Etml .............,J 

Mtreury 

liiisiniith .,.J 

! J 

■ Mftngiiriiti. ***..... 1 
C,kii«Uiiiiim .... J 
: IktPiil K Idee! I *! 
: Itorit Nickel i/ 


Them are two resuite of this investigation which are of special 
inttresl. In the visible part of the spectrum it is known 
liiat the riifkcfcing power of metids does not agree with, the 
preilictioas of Maxweirs Theory in its simple form, so that the 
proient experiiiienti determine the boundary of the region where 
©Ihtr considemtions have to be taken into account. The experi- 
fiitiital riitilte are in accordance with the simple theory when the 
wavedoiigth of the mdiation is equal to 26'5 x 10"^ cm. ■ 

Tie other point relates to the magnetic qualities of metals* 
The Ciiffiptited values in the tablet have been obtained by putting 
and for all the metals. We see that th# 

agreement in Ihci mm of the magnetic metals and alloys such as 
nickel^ steel and so on is just m good as m‘ the ease of the non- 
magnttie metals. It follows that for osdllations of the firequency 
of lh«© eiprimented with, the magnetic metals behave as though 
they wei^ non-inagnetie* 




Camptjtad l>y ^ 
Vimmihi (Bli) I 


Mr* 
1*27 
l-rc! 
l*flo 
2'27 
2'7*3 

rein 

3’23 

mm 

7*r*r* 

lOCHI 

2*73 
4-09 
5 05 
3'77 
4'28 


Okervttd 


M3 
117 
1 5fl 
11>7 
2*27 
2-55 
2-82 
3*20 
3*27 
3*CIB 
7m 
(25*6) 

2‘70 

4'63 

6'20 

405 

4*45 


[iin/ 

tak(‘n frarti 
column 2 


Mean 

7*33 


Mean 

7*41 
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DISPERSION, ABSORPTION AND SELECTIVE REFLEXION 
Medium containing Electrons. 

In the last chapter we have seen that there ans a number of 
-'consequences of Maxwell’s Electromagnetic Theory which are 
satisfied by electromagnetic waves of very long jMfriod, but which 
are far from being borne out by the waves of much hight*r fre¬ 
quency which constitute the visible and ultra-violet Ksgions of the. 
spectrum. We shall now show that the rcsison for this is that we 
have neglected the part played by the inertia of the cleetrrms. 
When that is taken into account we shall see that the results of 
the experiments, even on waves of very high frequency, arc in 
veiy satisfactory agreement with the consequences of electro¬ 
magnetic theory. 

We shall suppose the matter under consideration to be mad@ 
up of a large number of similar units which we shall call 
molecules. Each molecule contains a considomblo number of 
electrons. In the absence of external electric force the electrons 
are to be regarded as establishing themselves in fixed piMitions of 
stable equilibrium, or in configurations of stable orbital motion. 
In the presence of an external electric field the electrons will be 
drawn away from the positions of undisturbed equilibrium in a 
manner similar to that discussed in Ohap. IV. Owing to the 
inertia of the electrons their behaviour in a field which varices 
with the time is not so simple as that in the case of a steady field, 
which we have already considered. 

Our first concern will be with the behaviour of an ideal 
substance which in all probability is somewhat dmpler in its tmjra- 
stituticai than any real substance occurring in nature. We shall 
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sapprwc that under the action of an electric intensity E the 
different electrons in the nioleeulo denoted by the suffixes 1,2,... n, 
undergo disitl.icernents a;,, w.^,... from the equilibrium configura¬ 
tion. Thcfeo disidiiccmnnts are Hiipposcd to be all in the same 
direction, which is that of the. applied intensity E. We shall 
ftupprtsj* that when a di.splaconient Xi, for example, takes place, 
there is a forcft of restitution calhid into play which is proportional 
and pirallel to «•,, and itukipendent of a-j, ...Xn, This assump¬ 
tion that the force of rostitution, which we shall denote by x^jX^, 
is independent of «„ Xn,...Xn, can only be justified as a rough 
approximation, since it is clear that each of the displacements 
is equivalent to a doublet of moment e^Xt,... CnXn, 
where the e’s are tins chargtts of tho respective electrons, and it is 
evident that cwjh of these doublets will give rise to a force on the 
electron «, pmjjcirtional to its moment. The case in which this 
approximation is not mad© will be considered later (p. 169). 

In iwldition to the forces of restitution each of the displaced 
eleetrtms may, in general, be acted on by one or more forces of 
each of the following ty^ass: 

(1) The external impressed force. This arises from the 
external electric intensity E, and it might be thought at first 
sight that its mnguitudo would be given by Ee^, Ee^,... Ee^. The 
<»se here is, however, identical with that discussed at the end of 
Chapter IV, and tho argument pursued there shows that the value 
of the actual fiireo of external origin acting on the electrons is 
given by (&’+ a/')e,... {E+ aP)e„, where P is the polarization of 
the medium, and « is a constant, which, if the medium is suffi- 
cientiy syinmetrical, is equal to one-third. 

(2) There will also be forces of frictional type tending to 
©ppaie the motion. These forces may be represented by a term 
proporthuial to the velocity, which in the case of the ath electron 
for example we may denote by — where is a constant. 

The prtjcise mechanism of these forces is not yet properly 
andembjod. W© shall see later that when an electrified particle 
m aocelerated it emits mdiation, and the emission of this radiation 

pv» rise to a reaction (®®® P* For a simple 

harmonic vibration proportional to this is equivalent to a force 
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provided /3.= u^eiy .... ‘ 

will always be mesent in the case of vibmtinfr In nu..t 

cases hoover they seem to be incapable of um.nntn.g for inoro 
than a minute part of the term - m the obsorv.-r! abHorptiou 
is, in general, much greater than that to which the luctiuiial ioice 

-« vvould give rise. 

Ottc® 

liorentz* has suggested that the frictional term arises through 
the disturbance of the motion of the oscillating particU-s 

of the molecules. At each collision the mioIochIh 
profoundly shaken up that the regular ft-n’csl 
converted into irregular motions. Tlie avemge 


by the impacts 
is regarded as so 
oscillations are 
result will clearly he of the nature of an absoqition of energy. 
In fact Lorentz finds (loo. dt.) that if t is the avemgw in- 
terva.1 between two collisions, the average result is the same as 

if there wer© a frictional fore© cK|iutI to — th iiciitifj If 10 

electrons, where m is their mass. Unfcirtimatiily tlib mmn 4mm 
not seem to be large enough to account for the ob»i*rviMl effiefe 
It is found that the values of t calculatc‘d from iibmirfilitiin phii- 
nomena are much smaller than those deduced from lti0 kinetic 
theory of gases. 

It seems to the writer that the following view of the mccliiiiiiiiiti 

of the absorption of light has much to temmmmA ii In the 
majority of cases it is probable that the rciistfincii to tli© iiwtioi 
due to radiation, and to the effect of intermolccular colli»ioiii li 
small and comparatively unimportant. It is pnibabb tliiit ill thi 
neighbourhood of one of the principil periods of the 
the ' absorption of energy by the eleetremi eontiniiiii iititil llit 
equilibrium, of the vibratmg system, becomes mnstobli. If Iht 
energy absorbed is sufficiently great, the eketron will bo 
from the molecule and photo-electric phenomena will b# eilibtei 
Nevertheless this need not necessarily be the All list ii 

necessary is that there should be a tompowiy f««iinp»eol 
among the electrons inside the molTOuk. dtib«r #twl ^ 

* Theory of 1^0 
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energy of the resonating system will be converted into energy of 
other types, and that particular degree of jfreedom will possess 
comparatively little energy when the original system is reformed 
The general results of this view are in qualitative agreement with 
those which follow from the assumption of a retarding force pro¬ 
portional to X. They show the same gradual change in phase in 
passing through an absorption band, and indicate a maximum 
absorption and a refractive index equal to unity, when the period 
of the light is approximately coincident with the natural period 
of the substance. 

In view of the facts that absorption does occur, and that its 
mode of occurrence is still doubtful, we shall for the present 
content oursdves with the assumption of a term, in the expression 
for the force, proportional to — i?. This term is to be regarded, not 
as the expression of a fundamental truth, but as a simple and 
convenient mathematical approximation whose consequences simu¬ 
late the observed effects. 

(3) In general we shall have to take account of the effect of 
the presence of a magnetic field. We have seen (Chap, vi, p. 68) 
that a magnetic field of intensity JET acting on a moving electron, 
charge gives rise to a force whose components are 

C 

c 


The total force acting on the electron will be compounded of 
sdl the forces mentioned, and, in the most general case, its equations 
of motion will be 




t\g 


m,'^ = e,{Ey + a,Py)- 


y> 




dt c 
df ■ c 




R. FL T. 


dt 

dx, 

dt 


■E, 


dt/ 

dyt 


r Sy.V 
“ dt) 


..( 1 ). 

10 
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There will be three equations similar to these, but with (lifferiuit 
coefficients, for each of the n classes of electrons. The Hc^hition 
of these equations under the most goiuml conditions lends to 
very complicated expressions, and does not load to any of 

physical importance which cannot be obtainetl rnoic 8ini|)ly 
wise. We shall therefore consider the operation of the difico’ent 
forces separately, in so far as they can be sepai'ated physically, 
and thus find out the kind of effect which arisen from c‘ach caiifie. 
In particular the effect of the last two tcrniH, wliiedi <lepond on 
the presence of a magnetic field, will btj d(;ferred to a later 
chapter, which deals with magneto-optical and HpeetroHC!Opie 
phenomena. We shall also confine ourselves to tlm case in whicdi 
plane waves, polarized in the plane of i/Oz, art! propagated along 
the axis of since all other cases may be made to dt!|K)nd on this, 
if necessary. 

i\ro FricAion. 

It seems desirable to treat this case Bcparatcly, althoiigli of 
course the same results are obtained if we incimh* friction and 
then in the final expressions put the coefficients ^ ecpial u> 

The chief advantage of thus lengthening the tn*atmr*nt is that 
effects due to resonance are then sharply marked off from fehoni! 
due to absorption and are brought out mom simply than wheat 
the two effects are considered together. In the ease iindor con¬ 
sideration the equation of motion of the #th ty|)e of electron is 

= {Eie+agP gj) — ^ ****.*.•.....,.(2), 

or, dropping the subscripts for the* present, 

=‘{E + aP) 

if the frequency of the electric wavou is p and s £ and P are 

constats which represent the tnaximnm electric intensity and 
el^tnc polarization in, the wave. Our e<iU8tion is a linear 

erential equation of the second order and the comptetnentory 
nmction is , t j 

. 
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wlioro AI atifl are urbitniry constants and po —(Xw)"’^ is th(^ 
frt*cjuen€j of the natural vibrations of tliis electron. The particular 

integiui is 


r (E i aP) 

m /V p' 


(4). 


The criinpkte solution is tin; sum (4* the expn^HsieiiH (3) a,nd 
( 4 ). The arbitrary constantH and are to be deUnunimal, in 
liny |mrticular cast*, by tin* givmi initial conditions. If x and x 
ari.^ /4‘rij when the waves begin to fall on the* tdeetron the nat/ural 
vibmlirins have tin* same; initial arnplittido m tlnr. 

forced vibrufeions of fre(|uem;y j;, ami in any event the arnplitudoB 
ef the vibrations of fnajinaicieB p*, and p are initially comparable. 
There is liowevtT a very inarkcul dilFerenco in the bidiaviour of 
the two vibriitions as time; progresses. The energy of the vibia- 
tionii of frcc|ueiK!y |4 will*gradually disap|smr owing to radiation 
and lifter u time their amplitude will become negligible. On the 
other hand any loss of energy from the vibrations of frocpnuicy p 
m wrtinuiilly made goml by the action of the waves wdn'ch have 
llie iWfetni |a.^riod and the same or opposite i>ha8e. These con- 
cliiiiofia can be establislied quite strictly if a small corjfficiimt j3 
of friclional tyfsi is introduced into the ecpiationH. It is them found 
that the coniplementiiry function contains a factor w^here a is 
m p^itive constiinl, whereim there is no such term in the particular 
integimL This shows that afk^r the lapse of a sufficient interval 
the vilimlions will b<i rcqr(?seritcd by this pirtieular ink?gral only. 
The itudeni is rccxarinieridftd to work out in detail the case in 
which there » a snmll frictional term and the initial conditions 
are, let lift nay, ir » 0 and il» 0# 

It follows that when iiifficient time has ekfBed for the system 
te have got into a. steady condition^ the value of % is given by 

■i"h 


lO—S 
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Let V, represent the number of particles of type h per unit 
volume. Then the polarization 

s=n p \ V 

-Paj = 2 v.esCCs = (^05 + a r^) ^ 


Therefore 


5 

7 p; 

1 


ana I>^ = E^ + P^= 1+ 

1 — a 2 —y—- ■. 

From the symmetry of equations (1) it is clear that in genornl 

Ey Ez E 

Now the equations which determine the propagation of tlm waves 


rot JT== 


l^^;cdE 

0 dt 0 dt * 


1 ^ IdB fidll 

and , rot ~ -a- == - 

c dt c at 

The velocity of propagation is oj^jj^tc and the refractJvr» iiiflex 
m = \/fjuK. Since we may put /4 = 1 for practically ail diHpiir«ivti 
media, we have 


m® = l +. 


1 

1 


m® — 1 


~iMp?^ . 

a 

For substances which are sufficiently isotropic (w« p. 72, 
Chap. IV) the value of a is one-thiri Formula (6) thou becoinas 

1» p,e» 
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-AuS the density of the medium is made to change, by compressing 
iti for example, the only quantities on the right-hand side which 
altered are the z/’s, each of which is proportional to the density. 
Tile right-hand side may therefore he written in the form Gp, 
where p is the density and (7 is a quantity which is constant for 
€tny given substance and wave-length, but which varies from one 
smlDstance and wave-length to another. The formula 


— 1 


= Gp 


( 6 ) 


Was first deduced empirically by L. Lorenz^ and was subsequently 
alxown to be a consequence of the electromagnetic theory by 
B[, A. Lorentzf. The most exacting test to which the formula 
has been put is that of calculating the refractive index of vapours 
from that of the corresponding liquids. The following figures, 
given by Lorentz, show the extent of the agreement which may be 
obtained in some cases:— 


Material 

Liquid 

Vapour 

Density 

Refractive 

Index 

Density 

Refractive Index 

Observed 

Calculated 
from (6) 

Water . 

•9991 

1-3337 

•000809 

1*000250 

1*000250 

Carbon Bi-sulpbide 

1*2709 

1*6320 

•00341 

1*00148 

1-00144 

Ethyl Ether. 

•7200 

1*3658 

•00332 

1*00152 

1-00151 


It is to he borne in mind that comparisons of the kind here 
discussed are always to be made with light of the same wave¬ 
length. 

It will be observed that in the deduction of formula (5) 
tiiiere is nothing which compels us to consider the medium as 
^ chemically simple substance. Provided a has the same value 

* Ann, Phya, Gkem, vol. n. p. 70 (1880). A rather similar formula (see p. 166) 
l:&ad been derived from theoretical considerations much earlier by Maxwell, 
Cfamhridge Calendar (1869). Of. Lord Rayleigh, Phil. Mag. vol. xlviii. p. 151 
(1899), and Sellmeier, Ann, der Phys, vol. pp. 399, 620 (1872). 
t Arch. Nderl, vol. xxv. p. 626 (1892). 
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for the electrons in all the ditl'erent kinds of inokjc'iiles pU'sent 
the value of 

wt»- I 


will consist of the sum of a scries of t<;nns each of wliieh mmhin 
of the product of two factors. 'rh« first fncrtor is the niiinher r.f 
particles of given tyi»i per unit volunie aii<l the sectiul i« a 
function of the freqvusncy which has a deliiiiU! value for each 
tyj)o of particle. Thus th«! value of 

- 1 

for a mixture may bo caloulatod by mu!fi|)lyiii^ ttio viijiio of ttiii 
fraction which is charackiristic <>f oimh of tiio profioiit, 

by the proportion of the Hiilistanco in th** iiiixfciin*. ihiiliiig 

cx= I this result may be written 

where denote the valui?s of m anrl p fi»r tlji? #fch c«n»litii*Uit 
present and/«is the mass of it in unit imwis of the niixiiin*. This 
formula has been found to fairly siitisfm^iory for iiiiittari*fi of 
different liquids. 

It is found that this inlditive law of refnic'!livil.y in not eotiflnod 
to merely physical mixtures. Bomething of iho mtnii kind hoick 
for the individual atoms of which difforciiit iirti cofiificwioL 

Supposing that a has the same viihiii (|) for iittiry titnctrirti tio 
matter in what atom it may hap|ain to be* ciprowioii (S) may Im* 
written 

-1 1 X 

wt« + 2 " 8 Lt t wt.(i7“ip*) ■” ’ 

where a,, b„ eta represent, for each atfirn A, //, eta, the nmuher 
of electrons of given type per unit velnme, iirul the wjjwirale 
summatione are for each diatinot kind of atom present, 'fhiia 

2 —_£_£—18 to be taken over all tlie electrons ha wi atom of 
the first element A. Ifm«i 8 the reftaetive index of the element 
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A (supposed liquid) then, if the refractive power is independent of 
the state of chemical combination, 


m^^~l ^l|a d'e? 

-h 2 3 1 mg {p;- -f‘) ’ 

where is now the number of electrons of type s present in unit 
volume of the liquid element. If M is the molecular weight of the 
compound, A,B,G ... are the atomic weights of the elements, and 
if a molecule of M contains q atoms of -A, r of s of C and so on, 


then M=qA — 

If the density of the compound is and the densities of the 
elements are pa, pi, pc> etc-> then 


^8 _ Pm A 


a, 




h. etc 

■ Mpi’ • 


W 


So that 
Thus 


Clo 


m- 






M Pa 3 1 


, etc. 


— 1 M _ rria^ “ ^ I _ 

4- 2 pwi ^ + 2 />6 


+ . 


The quantity 




lif . 


2 p^ 


is called the molecular refractivity of the 


ma^ — 1 A 


compound and the quantities —r—^-, —-—^ 

^ ^ ma^4-2 Pa pb 

called the atomic refractivities of the elements. 


1 B , 

—, etc., are 


The fact that the molecular refractivity of different substances 
can be calculated from the atomic refractivities is quite important. 
It shows that the mechanism which gives rise to refraction is an 
atomic property and is so deep-seated in the atom that it is almost 
uninfluenced by the changes of configuration of the atomic con¬ 
stituents which take place during chemical combination. This 
certaihly seems to be feirly true in a large number of eases 
of chemical combination. It is not, however, universally true. 
Thus in the case of the compounds of carbon, the carbon atom 
is found to have a suflSciently constant atomic refractivity in 
all the so-called saturated compounds. If^ however, two of the 
parbon atoms are united by a '‘double bond’’ it is necessary to 
assign to them a quite different atomic refractivity. Again, the 
value of the atomic refractivity of oxygen is quite different for 
hydroxyl oxygen and carbonyl oxygen. These several differences 
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are so distinctive that the magnitude of the molecular refractivi*^ 
is regarded as a valuable aid in determining the constitution 
organic compounds. On the whole, the general constancy of tl4« 
atomic refractivities, and the definiteness of the changes who^' 
changes do take place, supply us with striking evidence thi^* 
the structure of the atoms is not very profoundly disturbed by 
chemical combination. 


Dispersion, 

We shall now consider the way in which, according to oil*" 
formulae, the refractive index depends upon the firequency or wave¬ 
length of the incident vibrations. Formula (5) may be writteiA 
somewhat more simply, in the form 

1 ^ 

where (X =-Now since the incident vibrations vary as 

a 

and the natural vibrations as etc., they are respectively 

periodic in times 27rjp, ^irjpi, 27rjp^y etc. If X, Xj, etc., denote* 
the corresponding wave-lengths measured in the free aether (not 
in the substance traversed by the waves) 

X = 27rc/p, Xi = 27rc/pi, \ = ^Trc/pa, ^tc. 

— 1 _ 1 y y^g/X^X/ 

-h a 47r^c^ (1 H- a) i mg (X® — X/) ’ 


But 


. . V . 

X^-X/ 


so that 


47r^c^(1 + a) 11 mg i^-»(X®-"X/) 


» JJ Q 2 ^ 4 

Now when X is infinite X —= 0, since every term in th© 

summation vanishes. But when the wave-length is infinitely long 
and the period is infinitely slow, the case under consideration 
approaches continuously to that of an electrostatic field. Thti 
quantity k, which enters into the equations of propagation, musi 
therefore become identical with the dielectric coefficient as measured 
by electrostatic methods. Hence for infinitely long waves = % 
the dielectric coefficient of the medium. We therefore have 

fc 1_ 1 ^ yg^a^Xj® 


(n 
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and 




■1 fc-1 




.( 8 ). 


-ha fc-ha 47r‘^c®(1 + a) i nig (X^ — X/) 

1^8} ^sy '^8 and Trig are constants characteristic of the material under 
consideration, so that (8) may be written in the form 


m^-ha A; + a X^-V X^- X^-X^^ 

where Ci, (72,...(7^ are constant quantities characteristic of the 
substance. There will be one of the terms O^, etc., correspond¬ 
ing to each of the natural periods. 

In the case of transparent colourless substances the natural 
periods must be either in the infra-red or in the ultra-violet part of 
the spectrum. If they are in the infra-red the synchronous wave¬ 
lengths Xr will be large compared with X, and if they are in the 
ultra-violet the will be small compared with X. Thus, as an 
approximation, we may write (9) in the form 

l _ /g —1 ^Gr 
-ha K-ha X^ 


= Constant 4- 2 — , approx..(9 a). 

Ar 


-\i yji 

In these formulae we have neglected the fractions — and — 
compared with unity. Since the refractive index m changes 


roughly in the same way as 


m^-ha 


, it follows from (9 a) that for 


these substances the refractive index will increase continuously 
as X diminishes, in this region. Since the transparent colourless 
substances were the first to have their dispersion investigated, 
this type of dispersion is said to be normal As we shall see, it 
can only be said to be normal provided we are a long way from 
the natural frequencies of the substances. 


The behaviour of formulae (8) and (9) in the case of light 
whose frequency is close to that of the natural vibrations of the 
substance is most interesting. When for example, then 

X=Xa, and the corresponding term in (9) becomes infinite. If X 
is slightly less than X„ then (7,/(X® — X/) has a large negative 
value; and if X is slightly greater than X«, then C>/(X* — Xg^) has a 
large positive value. As X approaches X, from smaller values of 
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X, ^ 1- 1 approaches - oo, and as X approaches X* from larK<‘r 
+ a 

values of X, approaches + = 0 . Then; is thus n smld.-n 

m“+a 

change in the value of - ■ - from — cc to + co at i he 

° m^-)rCb 

1 

synchronous frequencies. If we plot ^ or(linat(‘H figaiiisl X 

as abscissae the curve will have two branches, oik'. eximuliiig to 
minus infinity, and the other returning from plus infinity ni eiieh 
of the values X = etc. Thus in crossing an iiliHiupfifiri 

band in the direction of increasing wave-length, th(j minmiive 
index will suddenly increase, and the rays close to the band cm 
the red side will be more deviated than those on the violi*L 
This kind of dispersion is said to be anomalous. It was dis¬ 
covered by Leroux* in experimenting with a priHin filkal with 
iodine vapour. The later investigations of Kundtf showed tluit 
it was related to the presence of absorption bands in the* wiiy 
indicated by the type of theory now under considemtioiL Wii 
also observe that if X is less than every one of the viiliien 
Xi, X 2 , ... X^, all of the terms C'l/CX® — Xi®), etc., are of the SfUtie 
sign. Moreover in all the cases known at prescuit I is 
positive, and all the other quantities which make up the C/m are 
essentially positive, so that each of the tenns A/(X* — etc?, 
is negative when X is less than each of the valiius Xj, X,, ate 
Also if X is greater than each of the quantities all 

of the quantities Ci/(X®--Xi®),... (7«/(X®---X»®) are |K>iiiltva It 
follows that for suflSciently short waves m always less llimii 
and for suflSciently long waves m* is always greater than In 
the case of the latter assertion it is necessary to maktj one rctservii* 
tion, since clearly approaches the value when X bf*eoiiio« 

infinite. On the other hand, it follows from equation (5) Ihiil 
as X becomes zero and p becomes infinite m® approiiehos the mliMi 
unity. This is in accordance with experimentel rcfsiilti, mmm 
I the Eoentgen'Rays, which, as we shall see, may bo IcKikicd ii|icm #iM/ 
J electromagnetic waves of very high frequency, are nc^t detiafeJ 
in passing through a prism, 

.■A great .vmany dispersion formulae, that is to say, fornniliii 

* C*jR. vol. LV. p. 126 (1862). 

t 4m. der Fhys, voL oxi/ii. (1871), and later paj^rt in ttift ««ia# J#mraaL 
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which cciiiiiect the rofriicjl-ive index with thcj wav(‘»lc^i:igth or 
ftei|iM*ricy cif the transiiiifctai light, have beeii in vogue from titnc 

to time, Caiichya fVuinuIa 

nyi^ A. I .A 4* ylgX"”^ 4* * • * 


wtis ttic* first to have a theoretiail juntificatioii. Ciuudiy d('‘velopc‘{l 
il froiri general con.sitlerationH of wave thc^ory on tlie hypothoHis 
that the c:liHf4inee hetAveen the vibrating particd.(^H of the medium 
eoiilii not be rega,rded im eoinplekdy iu‘gligiblo when compared 
with the wiive-iciigth. Tint formtila thus obtained give.s a fairly 
imtwfiMUi'iiy repri.wiikition, when thnte terms ant uhchI, of tint 
diafieniioii a imtid)er of Hulmtanei^H. Ah it makes tint refraettive 
index iriereiise contiimously with dirninishing wave-haigths (t!m 
cciiiatiii'itji are all |Kmitive), it fails ubHolutely to account for 
iiioiiialoiiB riispftrsion. 

The iclita that tiiiie rathitr than htngth was the determining 
wtnrtion factor of the light, and thf* rnatt<*r which gave rise to 
cUilwniion, apiHinrs to have ciccurred first to Maxwell*. Maxwell 
i«p|xiied that when tlie atoms (wet should mm say electrons) were 
forces of reHtitiitifUi ^vito ctalled into play, and that 
ihenj mm also a resistance to their motion. A similar idea 
necurwtd atiiiiewhat lator to SellmeiiT, after whom the formula to 
which this theory gives riwt is usually named. In the case of a 
siiiglii iiiiicJe of vibration fiml in the absence of friction, the ease 
coiitoifiplatol by Bellmeier, the fiatnula is 


Tir 


»A 4 * 


H 

i?- k/ 


ifhem k i« tlie wiivadength of the? light, and kg that corresponding 
III Ihr iiAtiiral vibriitioii of the* siibstrince. In the case in which 
t f p. 7*i) » (I, Ibriiiiilii (5) k:feami*s 


fii« is 1 4- S 




1 






•X/) 


.(lOX 


» thal Sell IIIeiiir^s fortiiuk can lx* reburied aa the particular case 
of formula (S) which ariiis when wa put a * 0 and » — 1. 

It in iiill an oficii <|tifistioii whether the best dispersion fomomla 


* Irfirtl C»U» JPapmrw^ toL w» f. 4li. 
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is the Lorentz formula (5), or a generalized Sellmeier formula 
(see p. 176). It is however pretty clear that formula ( 10 ) is 
unsatisfactory, since, other things being equal, it makes m® —1 
vary as the density of the medium, and this is a great deal further 
__ 

from the truth than —7 -« p. Both (5) and (10) give the same 

general kind of behaviour of when any one of the zeros \ = 

A = As) is crossed. The infinities of 771 ^ are however in different 
positions in the two cases.. Thus in a formula of type ( 10 ), viz. 






+ 


A, 




in the neighbourhood of, let us say A = A^, we may put 


m^ = q8 + 


As 


the rate of variation of the terms not involving A^ being com¬ 
paratively negligible. We observe that is negative from A = A^ 
/ A / 1 -4 \ 

to A = A / -^ = Aa (1 - Q ) approx. Thus there is a range 

V \ ^ Aa 

of wave-length 6 Aa = -4a/2?«Aa for which m is imaginary. In the 
case of a formula of type (5) we may write in the neighbourhood 
of an absorption band 


or 


where 


— 1__ A 

,_(l+a5)(X>-X,“) + ^a 
‘ (l-g)(X»-X,“)-4 

.(n). 

A;^=:Aa^-i-.4/(l~g). 


It is clear from (11) that changes jffom 4- 00 to — 00 as A 

crosses from A > Aa' to A < Xg'. then becomes continuously 
smaller numerically, but remains negative as to sign until it 
reaches the value zero, which is determined by 

^ (1 -f- a) 


l + aj-h- 


= 0. 


(1~3)(V-.A/^) 
or A^ e= Aa^ - -4 a/(l 4 - aq). Thus m is imaginary from 
X = {X/ + .4/(1 - g)}^ to X == {X/ - Aajil + 
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Eipppfc in thf^ immediate neighbourhood of an absorption band 
lilt value! of the refractive index is practically the same whether 
Wif misuine a disHipation term or not. Moreover the general 
ehiiracifT of the ladiaviour in the neighbouidiood of an absorption 
band, iw cHifelined above, is the same in both cases. It is import¬ 
ant ti*l»f*iir in mind tliat the quantitative rcHults are not the same, 
and iiiiiiij of the foregoing formulae are therefore to be taken as 
illiistmtive rather than reprcHentative, The same caution is to 
lai tibserved in regard to the following treatment of residual rays, 
which neglects absorption. The more complete theory will be 
eonskicred later. 


The Remdual Rays, 

II is now necessary to interpret the imaginary value of m 
which, ii8 w© have seen, arises in a certain range of wave-lengths. 
If m is the refractive index of the material, the vectors in a plane 
wave propagated along the axis of z may be represented by 

i * 

e ^ 

Itm is itiiagifiary, let m supixise it to bo equal to where 0 is 
a quMitity. The expression now becomes 


If 0 IS pfwitive this represonts a <iiHturbanco periodic in time 
wliich iiik off iiidefinitely in amplitude m z mcrmmm. If 0 is' 
it tmremim indofinikdy* As tlie latter case would 
reqtiirt infinite energy to maintain it, it may be hdt out of con- 
iifforatioii* As 0 varies from oo to zero and X is small, 0/k will 
1^ largo oviT most of the range, so that the obvious interpretation 
of onr rtiiill is that light of the wam4mgth$ for which the value 
tf m is imagmory w inmpabh of entering the medium. It is not 
iflitrcfly that lliii light k absorbed by the medium when it gets 
i»id% m 18 the mMB for example m most coloured liquids which 
»I#W hdf colour. It is altnc^t unable to enter the surface, 
la itel all lie light of the wave-length under consideration is 
rtflicteii from the surface of the substance, even when the 
itttidtficii i» ttonnah For light of this particular range of wave- 
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Many of the aniline dyes exhibit phenomena of this chameter 
in the visible spectrum. In fact something similar ariw.-H when¬ 
ever the medium possesses intense absoiptioii; ho that it will bo 
more convenient to consider the case of the aniline (iy<.s when the 
theory of absorbing media has been discussed. It i.s clear fn»m 
the considerations which have been urged that it i.s not nea’xmnj 
to have absorption of the type which is accompanied by degrada¬ 
tion of energy for the rays to be unable to traverse, the misliutn. 
It is only necessary that the period of the light vibrations should 
agree with one of the natural periods of the inedimn. 

The best examples of this type of j)lu>nom(*non have been 
found in the behaviour, in the infra-red region of the siK.ctnnn, 
of a number of insulators which are quite transpannit to light in 
the visible spectrum. The most conspicuous examples arc rpiartz, 
rock-salt, sylvite and fluorite. If the reflecting pdwur of quartz, for 
example, is examined, it is found to bo small, for normal inci¬ 
dence, for all wave-lengths from the visible spectrum up to about 
7‘6/4(1/4 = 10"‘cm.). 

It then begins to increase rapidly as X increases, until at a wave¬ 
length in the neighbourhood of 81 fi quartz is almost as good a 
reflector of radiation as a metal. This state of things continues 
up to about 9/i, when the reflecting power begins to diminish. 
The transparency varies in the ojiposite way to the reflecting 
power. In fact between 81 and quartz is so opat|ue that 
Nichols* was unable to detect any radiation through a layer of it 
only 2'5 wave-lengths in thickness. The relation between the 
reflecting power and the transparency of quartz is exhibited in the 
accompanying diagram (Fig. 26), which represents the r^ults of 
Nichols’s experiments. 

Since the rays which correspond to the natural periotb of 
substances are incapable of entering them, and so are always 
almost totally reflected, we are furnished with a new moans of 
investigating the optical periods of substances. This methwl, due 
to Eubens, consists in submitting a beam of radiation from some 
source, such as a Nernst glower, to a series of sucowiive reflexions, 
at incidences as nearly normal as possible, from surfiio^ of the 
material under investigatioiL The rays which are obtaiuel after 


• Arm. der Phyu voL fix. p. 401 (1897^ 
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a sufiicieat number of reflexions will consist only of those which 
correspond to the natural periods of the substance. These rays 
have been named by Eubens, Reststrahlm or Residual Rays, 



The wave-lengths of the residual rays for a number of substances 
are given in the following table: 


Wave-length of 

Substance Residual Bays Authority 

in 10“^ cm. 


Quartz (Si02) 

Fluorite (CaF2) 

Sylvite (KOI) 

Rock-salt (NaOl) 

Wulfenite (PbMo04) 

Sch^lite (OaW O 4 ) 

Oorundum (Al^Og) 

Potassium Bromide (KBr) 

We have seen that according to the theories of dispersion with 
which we are concerned, the refractive index between certain 

Log. cit, 

t Ann. der JPhys. vol. lx p. 418 (1897). 

X Sitz, Preius. Akwd. Wiss. p. 26 (1910), 

§ Jahr. der Mad. val. v. p. 1 (1908). 


81—9, 20*76 

24*4 
62, 70 

45—48, 50—56 
10*8—14 
10-8-13‘2 
10*6—16 
76, 87 


rNichols* 

(Rubens and Nichols t 
Rubens and Nichols t 
Rubens and Hollnagel J 
Rubens and Hollnagel j 
Coblentz§ 

Coblentz§ 

Coblentz§ 

Rubens and Plollnagel J 
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limits of wave-length is an imaginary quantity. We shall con¬ 
sider the phenomenon of reflexion under these circumstances a 
little more fully, limiting ourselves to the comparatively simple 
case of normal incidence. Referring to Chapter vii, p. 132, we see 
that if the electric intensities in the incident, reflected and 
refracted waves are respectively Xi, Xq and X 2 , then 

^ 2 sin ^2 cos ^ 

^ sin ^2 cos + sin cos 6^2 


^ cos 61 sin ^2 ““ sin cos 6 ^ ^ 

and -A 3 — 2) =-7i-- 7\ -TT -A I , 

cos dx sin dsi 4 - sin 6 x cos 6 ^ 

where Ox and 62 are the angles of incidence and refraction, and 
the magnetic permeabilities ^2 are taken as unity. In the 
case of normal incidence all the angles are vanishingly small, sp 
that we may put sin = m sin ^2 = Hence 


and 


X2 = 


m-H 1 




Xa = -^™ when 0 = 0 


,( 12 ). 


When m is real the intensities of the light in the incident 
reflected and refracted waves are cXl^ and mcX^^ respectively, 
and we observe that mcXi^oX/= cXx^, as is required by the 
principle of the conservation of energy. Calling the corresponding 
intensities Jj, and I 2 we have 

J2_ 4??^ ^ — 

Ix'^imTiy Tx~[^l)^ 


Let us consider the change in the ratio of the reflected to the 
incident light as m travels over the range we are considering. 
When m is real and of the order unity, as in most cases of refrac¬ 
tion in the laboratory, /g is of the same order as Ii but is alv^ays 
less than Ji. As m increases to the value -foe, J 3//1 becomes 
equal to unity. When m becomes zero, Jg is still equal to Ji. 
Now consider what happens when m has the imaginary values 
which it takes between + 00 and zero. We may put 
where ^ is real. Then 
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Let m put this into the form p(coB0'htmii0) — pe^^, thc*n p'-* 
will represent the ratio of the eornmponcling intermitieH, and will 
measure tint diflereiice ed* phase of the two beaniH uinler cum- 
parisun. We have 

1+^1- 

, . (I-»■>'+-UP , 

and ■ ■ , . = 1. 

Thus the iritonsily «»f the rcdli-eitul light is f*(|iial to that <jf tln^ 
incident light for fill tliif inmgirmrj valtn-n <T m which inUawmio 
between *f ^ find (>• It is clear that the interinity of the trans¬ 
mitted light rriiiHt lie zitru throughout ihi» Hamo rangi* of wavio- 
length. Thin is iit oii«::e evident for the limiting values 4- oo and C), 
from the eiiiiession 

11 (1 1* mf* 

The width of rergions ii|i{Mmr.H to he qidto eonsideraWi* 

and is differtuii M^cordirig to the iyia.? of liispm’sion formula imifd*. 
For a formula of tlici Hidlnieier type, we have seen (p. loO) that m 

is iirifiginiiry fr«mi to A.a XThim thif residual 

my» ninge from X, to X« appri#xiniately. Using the 

Lomite ty|M,! c#f forsnida (p. ifati, m in imaginary from 

X « A />/ + r ^ \/• 

\ ^ I - V * I 4- ftq 

Thus the wiiitli cif the renidmil rays is approxirtiaUdy 

4114 ^ n) 

Wt iliiil! illiisfrate these resiilis liy coiiifidtudiig tlw 
furnished by r<4:k*«4ltt* FiwditftiJ hii» shown that llio refriii^tifo 
index of r«if!k-wilt mn tin mpmimmUtd mm the riirige from, *1H^ to 

1 il . » 2' . I . i fc* .41 • ...... 


» i# o * tf » 

w*« e+.. + ~v- + , 













162 DISPERSION, ABSORPTION AND SELECTIVE REFLEXION 

where 6^=5‘680137, 

ifi = *01278685, V = •0148500yL62, 

Jlf2 = *005343924, V== •02547414/z,^ 

12059*95, 

[In the expressions above, and in the remaining formulae of 
this section, the values of the constants which are given are such 
that the values of the wave-lengths X in terms of the unit 
^ = 1 X 10*^ cm. have to be substituted.] 

This gives two natural periods in the extreme ultra-violet and 
one in the infra-red at about Xg = 60/^. In the immediate neighbour¬ 
hood of the latter we find 5*680142-l-12059*95/(X2-3600). 
This gives for the lower limit of X which corresponds to an 
imaginary value of m, the wave-length 38*4/^. Thus the residual 
rays from rock-salt should extend from 60/^ to 38*4//.; since the 
value 60 fi corresponds to the natural vibrations of that substance, 
according to the dispersion formula given by Paschen. 

A dispersion formula of the Lorentz type has been given by 
Maclaurin*, which shows an even better agreement with the 
experimental values of the dispersion from *48//. to 22 / 4 . This is 

— 1 __ a : — 1 Gi 
wFTa /c + a “^X^- X/ ’ 

where a=5*51, /c = 5*9, 

(7i = *00191605, Xi = 0*12652/4, 

(72=683*816, X2 = 51*3/4. 

In the neighbourhood of 7^, 9 ' = 0*169652, and the upper 
limit of X which gives an imaginary refractive index is 

V{V + Gjf{l - q')} = 0*1353 fju. 

The lower limit is fi. Thus in this 

region the residual rays would cover a range of *0226/4. In the 
infra-red the value of q^ is 0*429449 and the upper limit is 
X = V{V+ W -c?;)} = 61*9/4. 

The lower limit is 

X= V{X2*— CbG^H^ 'h “ 38*9/4, 

In this case total reflexion should occur over a range of 23/4* 

* Boy, 80 c. Proe. Jl, voL i^xxxi. p. B67 (1908). 





















DISPERSION, ABSORPTION AND SELECTIVE REFLEXION 163 

The experimental results on the distribution of the energy 
among the different wave-lengths in the residual rays are not in 
accordance with the theoretical conclusions which we have just 
deduced. There is no evidence of the existence of finite stretches 
of spectrum in which the reflecting power is equal or nearly equal 
to unity. In every case the curves show a very sharp rise to 
a definite maximum, which is sometimes followed by a rather 
similar second maximum. The reflecting power at the maximum 
is generally comparable with 75 7©• There is no evidence of the 
existence of an extended region showing a reflecting power near 
to unity. It is probable, as we shall see, that this difference arises 
from the fact that we have omitted to consider the resistance 
term in the equations of motion, which corresponds to absorption. 

Ahsorhing Media. 

We have seen (p. 144) that absorption can be accounted for 
in a general way by the introduction of a fictitious retarding force 
proportional to the velocity of the vibrating particles. If the 
component, parallel to the axis of oo, of the force of this type 
which acts on the 5th particle is — the equations of motion 
become 

+ .(13), 

with similar equations for the displacements parallel to the axes 
of y and z. We shall suppose as before that the impressed electric 
intensity E is parallel to the axis of We shall leave out of 
account the displacements along the y and z axes, since in an 
isotropic medium, if Ey and Eg are equal to zero, the mean values, 
averaged in space, of y^, Zg and their time derivatives will also be 
zero. Dropping the suffixes for the moment the equation of 
motion may be written 

(mB^ + /3jD -f 

If Eoi — Ee^* and the forced vibrations (see p. 147) 

will be given by 


♦ 


-jx-e(E^ + ciP^). 


11—2 
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Thus the displacement of the 5th electron is 

_ ^sjE^raP) _ ...^' 14 )^ 

(p/ — p^) + i^sP 

The polarization is equal to S where Vg is the 

number of electrons of type s per unit volunuL and the Bunirnation 
is extended over all the electrons in the molecule. Proceed ing* in 
exactly the same way as before (p. 148), wo find tliat the square 
of the refractive index is now given by 


771^=1 + 




.. 


% 

1 — a 2 - 7 —: 

1 WsCV 






or 


m® —1 


l + a(m^ — 1 ) 


= 2 


v.e,- 


1 +Ay 


1 m, ( 2 ^*“ - f) + ifinP 


n 




•cm. 


In all the important cases jSgp is small compnnal with —p^) 

except when p is very nearly equal to pg, So tliat except in the 
immediate neighbourhood of the natural frecjtiencdcs of the 

substance we shall have =-— _ = v —^ _ yj.,.y m-urly, 

1 + a -1) 1 m, (jV -p^) 

This is the same formula as we obtained previously on the 
assumption that there was no damping. Thus tho intr<Kiuction 
of a dissipative force has practically no infliietwo on the phenomena 
save in the immediate neighbourhood of an absorption band. 

In tracing the phenomena in tho immediaU; nnighbonrhtKx} of 
the natural frequencies, it is desirable to efibet a simplification, 
otherwise .the formulae become too cumbersome to manage. We 
■shall suppose that in the immediate neighlKiurhofal of p, wo can 
treat the contribution to the right-hand side of (15), which arises 
from electrons other than the ath one, as a constant quantity q 
independent of the frequency p. This will be legitimate if p varies 
over only a small range in the neighbourhood of p,. It would 
probably lead to erroneous results if it were applied to a wry 
broad absorption band. This difficulty, however, might be avoided 
if q were replaced by a few terms of an expansion in |>ower» of 
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p, sufficient to take account of the normal dispersion caused by 
the more distant natural frequencies. 

With this restriction then, we shall have in the neighbour¬ 
hood of p = po, putting 7?^o for the refractive index and dropping 
unnecessary suffixes 

rrity^ — l 1 

l + a(TOo’‘-l)”^TO ~ .OO- 


•p'^ + i — p 


Thus ri«_ - «) + TO - p°) (1 + g - aq) + i^p (14- (? - aq) 

° m (po^ ~ p^) (1 — a^) ~ (f “ ^i) 

and is complex. Let us put mo=n{l — ifc), so that 

rrio^ == 71 ^ (1 — fc^) — 2in^fc. 

Both n and /c are real. The vectors which specify a plane wave 

. 2 n' 

propagated along the axis of 2 will be proportional to 
where X is the wave-length measured in vacuo, c is the velocity of 
light in the free aether, and 27rc/X=p. Thus the vectors will be 
proportional to 


As in the previous cases in which it has occurred, the real ex¬ 
ponential represents a decay factor. The extinction coefficient 
Stt 

is therefore equal to tik, and the medium exhibits absorption. 

The second factor shows that the phenomena are periodic in a 
distance equal to X/?^, so that the medium behaves otherwise as 
though its refractive index were equal to n. It is clearly of con¬ 
siderable importance to deduce the values of n and me from 
equation (16). 

After rationalizing the denominator in the expression for 
and then equating real and imaginary parts we find 

..(18), 

.( 18 ). 

.here 


• TO (po® 


\-uq’ 
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B+'iAB'i , ^ , Ih r^yx\ 

Thus = ^ + -T?:!: ga"' + + g.*. 


/.^JP + 2ABy . By 
= V^“+“^+ 8 a . 


Feeble Absorption. 

There is one particular case, which is of importance in nature, 
in which a considerable simplification of these formulae rnay be 
effected. A Large number of substances exhibit absorption in 
varying degree throughout their volume, and are said to pfisscsH 
body colour. This is the case with most coloured solutions and 
minerals, and in fact with most coloured substances which are 
transparent to a considerable proportion of the visible sinjctruin. 
In these cases the absorption is small in a distonce cornpsirable 
with the wave-length of light, although it may be considerable in 
a distance comparable with 1 centimetre. 

Consider the behaviour of waves for which p has a value such 
as to make y = 0. We see from p. 165 that the absorption causes 

the amplitude* of the light to fall off as e * . In a distance 

^ it will therefore diminish in the proportion of to unity. 

Since the absorption in distances of this onler is very small it 
follows that 6"”^ must be very nearly equal to iiiiity ; so that tm 
must be a very small quantity. Turning to formula ( 22 ) we sea 
that n/c will only he small when 70, provided that li/S is a small 
quantity. It follows that 8 is a large quantity eoiii|mrfrd with Mp 
and also that it is large compared with 7 within a roiwonahki 
distance of the value of p corresponding to 7 « 0. In thin regioni 
we may use, as an approximation, th© Ibnaula 

— .(28). 

2AS<7* + S») 

At the frequency for which the abaoqjtion is a maximum. 

9 / V .t_... _ d / S 


d / S \ 

g^(n«) and therefore vanishes, 


H 0 IIC# 


mjpo* 


s_ 


I — 02 


- mp*’ 




mpi 


gp^ 

1 - 02 


+ lirri^ 


m 


‘ ®bEa intmsitp wil h# pof^itfoail U mp, - 4w 
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By putting p=Pb on thf right-hand aidn aa an approximation we 
see that tho abHorj)tion maximum lies close to 


F=P« 


i 

ml— aq 


m® 


4K 


jL 

vnl — aq 


(24). 


Near the iiaiiiral frequencies of a gammons substance wa can 
put ^ « 1 , a « f) and (). In this aisc* it may be shown^ that 
satisfactory approximiitioiiH for n and n/c are 


and 


» 1 “f* 


2 (7^-p a") 




7^ + '^ 


.(24 o), 
.{24 H 


If W6 neglect the variation of B comfmred with that of 7 in 
|24i), we see that the maxitntun absorption is givcm by 7 » C) or, 
to this orcUjr of approiiiiiafci«in, by p Thime relations liiive 

been iitiliml in interpreting (jertain «|Ka 5 tro«ts>pic and magnate- 
optical expcrirnenta (Of. Chap, xx.) 


The Itmidmd Rmjn from Aheorhing Media. 


If we are to iliseiiHH the phenomena which eharacb'irize the 
rcfsidual rays it is evidently iiec(*asary to consider the hehavionr of 
the formulae for a and k when Bjh is not small S«>Iviiig for k- 
we find 


m 



“■' ■“' m ..11 




aiwl treallrig S as eonstiinl 


dfc 




Aii^ + ^^+B'fs^ _ ^ +“e£r/i ’7 



This vanishes when •jm-BjiA. and whnn 7 »±oo. Tmating 
n® rad similarly we find that the itinximittii and ininiinutii 
values of both vf and n*«* aro routs of the cubic iM|iiatiott 
4^7* + - 4d » 0. 


* 0C S, k, tmm^f Tk*m^ #/ IM, Sit. 
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Let US now turn our attention to the intensity of the H^4.t 
reflected at the surface of the medium under conmderatmn. 
'Confining ourselves to the case of normal inc.u i.ik.o am fellow ing 

the method of Chapter vii, P- ««« 

reflected to the incident electric inteiisil.y is 




1 -e 
‘l+6’ 


where e = 


0, 


(7, /a, cos 
’ a,fH COM 0 


o,/<, 

Os/At* 


For all the reflecting media that we have to deal with - 1, 

and since Oi = c/Vp^i “ c/V/tj/ca, wu have 


02 V ATi 


nif 


so that 


t Ji t i > wi /•»» 


X, _ m-l 

Xl "4“ 1 IfCfi "t“ i 



. 72® -f — 1 

pco8 6> = -^- _^ 


and 



so that 

(n“ + nV - 1 f 4- 4/(%* 

0 ~ [(w 4 1 f 4- 

..{26). 

and 

.. 

.,(*27). 


As before, 0 measures the change of |ihf«i m mfleximi, iiiicl 
p® is the ratio of the intensity of the reflcietel ittid tticiri«»iil myt. 
The expressions which result on aubstitiitiiig from cfi|tsalioi» (21) 
and (22) are very complicated, and there ii«» ririt apjtf^ar to lirs 
any suitable approximation of a gmmil ehari4i*ti*r, mine* cif 
p® can. only be obtained satisfactorily by c*«iii|)titef inti 

after the constants in the formulae have berui Tli« 

character of the graph of p® as a funefJoti of p will \m 
after the theory of dispersion has been coiiiifiori?il frntii a fiillwfr 
’^^ore general standpoint. In the saniit plnitii wo nhafl nlno rciviow 
of the preceding resulte for filmorbiitg inifiiii, s 

der dispersion formula, (Hm p. 17B.) 
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Generalized Theory of Bupet'sion. 

In offlor properly to n^alixe the limitations and approximations 
to which the forctgoing tlieory of dispemion is subject, it isdesirablc 
to couBidcr it bricdiy from a somewhat wider standpoint. From 
what has been said it is ch‘jir* that dispcirsion is essentially a 
dynamical problem in which the macliinttry is detennincHl by the 
funrlameiital structure of the atom. Unfortunately we know very 
little about this structure, so that the rH*ees8ary data cannot be 
stated very explicitly. Fortunately the methods of generalized 
dynamics enable us to find out a good deal about the behaviour of 
such a system even when we do not know nitich al)out its exact 
constitutiorL 

III order to deicuTnine the motion it is necessary that certain 
functions of the state of the system should bo known or, at least, 
be ca|mble of definite specification. These are the Kinetic Energy, 
the Potential Energy, the Dissipation ^Function and the function 
which is equal to the work of the external forces. Let us consider 
these briefly in order. 

Eegarflcnl as a dynamical system the optical mcHlium consists 
of a system of eiectr<mH which may be treated as point charges 
subject, when undisturbed, to unknown conditions of equililirium. 
The ef|uilibrium is not a static one but may involve 

motifui in i.?rbit«. 

In any event the expression for the kinetic energy is quite 
sini|flf*,Hiriee it is ecpial Ui the sum <if the energiftsof the individual 
electrons. If thf*re are n elrfctrons in any sufficiently large cilement 
of voliime of the medium the kinetic energy hT which belongs to 
this element is 

h? « I 'i* m, W + y.* + i.«) .(28), 

where is the rnftss and and 4 denote the components of 

ths velocity of Itio tth electron. 

To obtain an expreHsion for the potential energy is much more 
complimted^* If the cajuilibriuiii sfcak? involves steiwiy motion, the 

* Tiili in only lra« ffmkM c|yf«mie« i« 4om|)tet#ly to aoeouat tor th# 

btbftfloijr Ilf afeitii la tlili Tlii« |»oinfe In mw doabfcfnb tut, fit iciait, it m 

of to tiiffllo# tti« r^tilti to wliteh dymmioi teadi. 
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potential energy will involve the velocity ns well iih thi? 
coordinates. This makes the analysis consir!r*ralily more mm- 
plicated. As the present discussion is inieiKh-cI to he |iiirely 
illustrative we shall forgo generality to the extcuit of 
the undisturbed equilibrium to be a ntatic one or ai leaat urte 
which can be treated as though it were Biatic on fiho aviiriigc!. 
The effect of orbital motions has been conaidorcd to sointi ext43iit 
by Larmor^. 

Under these conditions the most important term in th© 
expression for the potential energy of any pariimiljir elorfron 
(suffix s) will undoubtedly be of the form 

« -b y/ + 

where a is a constant and Ws, yg and Zg are the eorrquinoiiiH of I lit 
displacement of the electron from the ecjiiilibriiitn jRwitioii. Tfiii 
term represents the work done by the force of rentiintioii 0111 ■* 
templated by the former theory. If all the elecirniiii lilwiiys 
moved similarly and preserved similar gcometriwil retiiliriim in fill 
the motions contemplated, the whole of the pok^rifJiil uiiergy cfoiilcl 
probably be represented by a single conatitutive terni of ilii?* kiiifl. 
But even when forced oscillations alone are ec-mnicleri^i the relative! 
displacement of the different kinds of e!i*.ctron« is by Ilit 

frequency of the vibrations, so that it is neccfswiry to coriieidiir ihii 
influence of the separate electrons on imh oilier* Mow im 4 
electron lies in the field of force of the cioiililiitJi whie'li art 
equivalent to the displacements of the other cileetroris, m$ tliiil Ihi 
complete expression for the potential energy of arty {Mirliniliir 
electron will contain terms depending on the disjiliietaiieiils of til 
the other electrons which lie within somc^ eorifikieriible iif 

it. Consider the part of the potential energy of ilie «tli eloiftroii 
which arises from the displacement of soma ntlter i*|aflroti 

which we may denote by the suffix a. I^t the line jiiiiiiiig % U 
the undisplaced position of be r, where 

When eg is displaced an amount Wg, r will kicoins 
r' = {(a! + a!,)» + ys + *»ji. 


Phil. Tram. A. toI. oxo. p. S86 {1W7J. 
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Tho potential cnnrgy of e, in its undisplaced position, <lue to the 
doublet arising from e* the momont of which is 6®%, is 

9 / 1 \ w 


The ccHTCspoHfling quantity for the dinplaced position of is 


0 gBtQ,X(l 


d 

dj‘a 





X -h Xg 

^ * 


There will therc^fore bo a in tho potential energy of due to 
any other electron, which is of the form 6) whore /('r, 6) 

depends upon the undisplaced positions of the electrons in space. 

Similar remarks apply to the y and z components of the 
displimemenis of the electrons, so that tin? completci expression for 
th€i potential energy of the element of volume may be written 

rmfi 

S If « S 2 {Ar,Wr^g -P B^yryu "h Cn^r^n 

rmlgml 

•b Fr$^ryg "b On^r^n "b B[r$yr0^ «• *(29), 

where the coefficientB A, B, (7, F, 0, H involve tho fundamental 
atnictimt of the medium, but are independent of the displacements 

Xff 2/r •.. 


The n/itnro of tlris exprension for the potential energy calls for 
a little fuller eon.siderafcion. 1'he cross coefiicitintB Arg etc. arc 
prejKirtional to the inverse cube of the mutual distance of the 
eli'ctrons involved, so that they are small except for pairs of 
eleetnms which are quite near one another. On the other hand 
the ntirriber of elect.ronH at a distimee between r and r + otr varies 
a« fVr; but, on acetnmt of the periiKiic diameter of the phcinomena, 
the distarit cdectioiis are in layers which exert opposite and 
approxiffiatoly equal etrecte. Thus the contribution to the potential 
eii«*gy of a particular electnm, which arises from the cross terms, 
will come almost entirely from other electrons in its immediate 
ii«%hljotirliooi!; in other wonls the whole of this potential energy 
may be cofisiderod to arise from Icxml causeH. It is therefore 
legitifiiate l<i express it m a summation over the ehuaent of volume 
if this is bikcfi fairly large. Unfortunately the sis^e of the 
appropriiiici elemeiifc will dejMmd to f4ome extent on the period of 
the vibmtioiw, to this prcK:e« mn only be reganled m an apjiroxi- 
fiiiitioii after slL 
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The summation in (20) can be split into two parts, one involving 
electrons in the same molecule and tint ofin^r rc»preHenting ih«i 
influence of the electrons in the extcu-nal mo]i‘Cii!i‘s. Tlic? c^flect fif 
the last named part is repn.NSontc^d by the term aP in ef|njitions( 1). 
This part of the summation will clearly vary witJi ehangf*s in tin* 
density of the medium. The effect of part nf the Bimmmtkm 
which deperids on. the other electrons in the Hiiine inolecnilr! is not 
considered in ec|uationH (1). It is not likely to Im inHutmeed much, 
if at all, by changes in the density of the meiiinin. 

The cliscuBsioti on p. shows that we dt» not kric.m» much abont 
the nature of the forces leiuling to disHipaiion of luiergy in syst,turi« 
of this kind. It is therefore desirable make ftorne fairly gerir*rii.l 
assumption about it and we shall Kn|)j#ose that thci iimiimtkm 
function SF is a quadratic function of the vclocutiefi of tiio eliiclrniiii. 
The consequences of such a Hupposition liiive not, as yet, been 
shown to be incompatible with the results of c^xperimtuste. 

An expreHsion for the work function Sf/ iiiiiy be foiiiiti by 
considering the mwrgy of a dielectric medium in wdiicdi an electric 
field residf^s. If the electric inUmsity is F tin* lUti^rgy per unit 
volume m ^DE ^^E{EP). The term mn be iiiterpretitif 
as the energy per unit volume of the «{iaci.t oeciipiifd by Iti© 
dielectric, leaving ^EP m the work ciorio by the field on tlin 
electroim The work function is therefore 


SU^ 1 er{E^Xr+ E„yr+ .OO). 

rail 

If we conHi’der only plane polarized wmm in wliieh the eluctrie. 
intensity ia parallel to the axis of w we can put 

Ex *» E, Ey » A’,» 0 


ra» 

sr- 2 €yX«r 


The efpmtions of m»)tion hecontm greatly wiinplifiijd when the 
functions T, W and F (dropping the Fh ) hecoinc sunw of «(pi,iim 
It is well known that by means of a linear tnwisfonnatitni of 
coordinates any two of the functions T, iV and F ran Iws trans¬ 
formed into sums of srpiares of the new varinblim ojirh multiplied 
by an appropriate coefficient. But w« are unable to <Io this 
simultaneously for dll three even when two of them hkj airriidy 
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sums of squares, as is tlie case now with T and possibly also F. 
For instance suppose we replace the variables by 3/? 

new variables, gi, ... qm which are linear functions of ^i, yi... -s^n- 
Let 


Xr = ay}- qi + a/q^ + a/qs + ••• + 

yr = hr qi + hrq2 + ^3 + • • • "t qsn ‘ 

Zr = C^q^ -f Or^q^ + Cr^g3 + + Cr^'^q-in^ 


(32), 


'where the (^nj- coefficients ... Cy^'^ are constant quantities. The 
condition that this transformation should reduce the expression for 

r to a sum of squares is that the ^ equations between 


the 9/?.^ quantities etc., which arise when the coefficients of 

the cross terms in the new expression for T are equated to zero, 
should be satisfied. In a similar manner the functions W and F 

will lead to —~ ^ equations each. As soon as we have more 


than two functions to reduce, the number of equations exceeds the 
number of variables, and the transformations will only be reducible 
if a number of the equations happen, on account of relations 
inherent in the original coefficients, to become identical. In the 

0^2 977 

present case where we have three functions, - ^ of the 


equations would have to be alike. There is no reason to expect 
that this condition can be accurately satisfied with the kind of 
systems under discussion, so that we really ought to consider the 
general case in which T, W and F are any homogeneous quadratic 
functions. We shall do this very briefly later (p. 177). 


Nevertheless there is one case of simultaneous reduction which 
is well worth considering,—that in which the kinetic and potential 
energies are converted into sums of squares by an appropriate 
linear transformation and F is assumed to be equal to a sum of 
squares of the velocity coordinates so obtained. There are two 
reasons why this treatment may be considered plausible. In the 
first place we are quite in the dark about the real nature of and 
in assuming it to be expressible as a sum of squares of the 
coordinates which enter into the normal forms of T and W we are 
really making the simplest possible assumption about it. Secondly 
there are a large number of cases in which the dissipation is small, 
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, . , XT ,^vTf^r>Ti outlinwl will prolniWy give a 

and in these cases the assumption ouuu* j f, 

close approximation to the truth. 

Introducmg the ..riablee ?„ "‘““ly 

like (32) the kinetic energy becomes 

f=:^ 2 . 

£f = l 


where /3, = 2^ «V («/ + + 'V*'), 

provided that for all values of I and m bctw.^eu 1 and 3/,, except ing 


when Z = m, 


2 mr {a/ar + W" + Cr'c/") = (>• 


There are |^(3a-l) such relations between tlm iW eocfRcients. 
Turning to W we see that since 

XrX,==(a/gx + ar% + ... + ar^qm) («»’'/■ + “•‘•h + -. + 


Xrl/s = + a/ ?2 + • •. + a/’* 'Im) Q>t <h + '/ -• +'••• + /v ”'/»» > 

etc., we shall have 


1 


where 

+ F„a,>h/ 4- ar,»;rj + //.. Vc/f 

provided that for all values of t and ajccc^pfc I « u, I iiiici 

2 2 {Ars{ar^a,^-^aiar^)^Br,{hr%^^^ 

r=l 

+ Frs {ar%^ + a/6/) + Otb {a/Cg^ + Ct/Cr“) + i/ff 

3n 

There will again be -^(3n — 1) of these eiiiiatioim 


We also have 


where 


U — 2 sss 2 •!»*•#«<#»•*#• 

.. r=®l #»| 

n 

rml 
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and we assume 


1 3n 
^ 5=1 


where the e’s are constant coefficients. 

The equations of motion are given for each q by the extended 
Lagrange's equation^ 

d(d^\_dT dF dvju 

dt\dqj dqs dqs dqs dq^ .^ 

They are therefore 

= .(38), 

and if X varies as the forced vibrations are given by 

+ . 

The natural vibrations will be obtained when the external 
electric intensity X is equal to zero. Those con-esponding to the 
displacement q^ will therefore be determined by the equation 

= 0 .(40). 

They will be proportional to where tt, is a root of 

— + 7a = 0 . 

Evidently tt, is complex and if we put tts = ps + ikg, will be 
the frequency of the corresponding principal period and kg its 
decay factor. Since 

tt/ = pj^ - Icg^ -f ^ipskg 

we have — — ka^) — ^ska + 75 = 0 , 

and eg = ^^akg^ 


Hence 




S» Bn n 8^ 

s-- 


* Lord Bayleigh, Theory of Sound, voL i. chap. v. 
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and selective reflexion 


The summations in the expressions 


above are to bo extmided 


,, , , • „r,Tr fliiffieient v firL'o clement, of voluiiio. 

over all the n electrons m any suthcienwy la ^ 

If I-is the number of such elements in unit volume the polaiuatioii 
will be 

n 

jP^=2 VQy.Xf 
r=l 

n_ Zn a/ _ 

sss If 'E 6r ^ ^ 2 ^ .. 

(jP/ - jP‘") 


3n 

= X 2 - 


...( 43 ), 




■where 


XS,' = va, Se,.ffA 

r*! 


Thus for a medium of uxiit magnetic permc*al)ility tlic coinplc^x 

refractive index m is given by 

8 / 

= 1 + 2 -- a .. 


.s» 

= 1 + 2 




•where 


Ag = 1/ f 2 2 -f- 2 Wr (a/* + h/* + c/*) 

\r=i r«l / 

t/ = 2>/ + (I mr («r*“ + + tv*"))* 


c 6 « = -f- 2 m,. (a/ + 6 ^^ + o/) I 

' r=l ' 

It is evident that the refractive indoic imtHt \m 
71 and V except in the combination np. The pfirticttliir iif 

71 and V are arbitrary except that n hm to bo a niiflitnefilly litrgi« 
number. The product np is equal to the iiiiiiilHir of idectroiiH tii 
unit volume of the substance and ii thoreft^re » cdinraeterkiJc 
constant. The requisite independence ii seeiireil by lltii fad thiil 
when n is large the constants which enter into (44) kifofi on 
repeating themselves for different values of $. T!itt« thee niiiiiiriiilion 
■ in (44) is really a summation over the different iiritici|»I iiiotlis of 
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•vibration in wliicJi each moxh in multipli<Kl hy the number of times 
it occurs in unit volumes ^Flie total number of terms, (*.(»!m;i(k‘nfc 
or otherwise, is c^ffual to tliree times thu number of ehictruns 
2 )reseiit in unit volume. 

Formula (44) is of tin* Helhn(*if*r tyj)e except for the Iru^uHion 
of the diseipaiicui tenm With imt^rgy functions of thf* now 
Tinder conBideratiori, the nlatiori bittvv<*c‘n thcT nlnu’tive. index 
and the density of thti Hul>staii(M* is not an obvious om*, since 
the constants A,, and will involve the* <lensity in virtin*, of 
the relations on pp. i7:i—175. A ffu*riiula of tlui Lon-ntz typcj 
would, howi*.ver, arise if we iissmiie that the only |«irt d* tlu! force 
on an electnm wliich depends on tlu? dtnisity of ilm im‘dium is 
= al\ where a iu a constant and P is the polany.5ition. F<u*nmla (441 
then becuines 

_ ..... 
. 

where the constants are now somewhat ditTi*rent. A/ is |)i*o« 
portional to t!ie Tiensity of the sabstancts and yfrj and are n(*arly 
independen t of it- 

In the geiutral case in whioh the functions W and F am not 
simultaneouHly reducible lio siirn.H i>f sipiarcH the vaimjH of eU;. 
are the eoliitioiis of Ihi siitiuIfamaaiH linear luptationH and can lie 
written down in ilie firm of itoterininantH. <JonHe<|m*nily thcjHii 
detemiiniiiitH enter iiiki the expresHion for the refractive index and 
make it difficult to finiidle «*xc**?pt liy approxirnati^ nti*thodH. In 
general the syniiiieiriciil coelli«*ietiis which lie tdong tin* axits of 
the detenninariis nre large €iim|Mi.rcd with thu reiriaining uiisyin* 
metrical eocfliciiuils; mt iliiifc tlic deteriiiiriants eari bo expiindud 
ns a ierifts of mum of pvmhmiM which decrei-tsii progressively in 
magnitiickv In iliis wny it curt Is* shown that the and 

Sellnieiar %yim of fenritilnc.! n.?si'i!t in virtu© of approxitnation^ 
which a,re c*t:|iiiviileiit to ilu! fiftysiiml awtiinptiorw which liiif# 
already been iiiinle in iledtteiiig them. 

W© shall now pdiirn to tliu behaviour in the niiighboiirhooci of 
an absorption biiiici anil the rmuhml r»y% using the fttniikr Ibnaula 
(44)iniieiMlrifCI5), 


R s. ft 


IS 










178 JUISPERSION, ABSORPTION AND SELECTIVE REFLEXION 


Ahsorption and Reflexion near the Critical Frequencies. 

In the neighbourhood of one of the natural periods, say 
we shall have, as a sufficiently close approximation, 

.W 

Putting m — n{l'-Lic) where n and k are real and positive we 
find, as on p. 165, 


where 


,. 

+ S*') J 

A=q^, B=A, ^ 

7 = - P*. S = <f)i,p / 


...(50). 


V 7 " + 0 “ 7 ^ 4- 6 ^ j 

When the absorption is small in a distance compared with one 
wave-length we get, as before, to a first approximation 

BB 

nK __ _ 

24^ (7=> + 62) ’ 

Substituting the values of A, B, 7 and 8 we find —vanishes 

if 

In the fi-action we may put yfr/ =p'‘, as a sufficient approximaf 
tion. Thus the value of jp for which the absorption is a maximum 
is given by 

.. 

Thus the corresponding true natural frequency is the frequency 
for which the absorption is a maximum. It is somewhat less than 
the constant i/r/ which enters into the dispersion formula 

We shall now turn to the problem of the intensity of the 
radiation reflected from, a surface of the substance under con- 
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sideration at normal incidence. Denoting this by considerations 
already brought forward show that it is given by 

^ 4 - — 1)^ -|- 4*71^ fc^ (1 + /c^) — 2n 

^ + K^) + 2n + l ‘ 


Substituting the values of n and tik found previously, we 

get 








where 


+ 

(52), 


J 


4- 




.(58). 


We have seen that for substances which exhibit the pheno¬ 
menon of body colour n^/c^ is small compared with unity, and for 
this to be the case for the particular value 7 = 0 it is necessary 
that S should be large compared with B, There is no guarantee 
that this will be the case with substances which give rise to the 
residual rays, since Nichols has shown that in the case of quartz 
the amount of the residual rays which are transmitted through 
a slab of the substance only two to three wave-lengths thick is 
incapable of experimental detection. The value of the extinction 
coeflScient, tik, for such substances, may therefore be of the order 
unity or greater, and this corresponds to a value of B at least 
comparable with that of S. It does not seem likely that there 
is any approximation of general application in the case of the 
residual rays which leads to any very marked simplification of 
the formulae. It is therefore necessary to evaluate the formulae 
in each particular case and this is a troublesome process. The' 
constants A and B involved are obtainable from the correspond¬ 
ing constants in the usual Sellmeier dispersion formulae and so 
also is (f= 7 Ap% Determinations of S fi:om the experimental 
results do not seem to have been carried out as yet, but the value 
of B is' the most important factor in determining the maximum 
proportion of the incident energy reflected. 


12—2 
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The precise nature of the curves which express as a iiiiu-tiu!! 
of 7 or X depends upon the values of the various cons,an s. 
Nevertheless they always possess certain common fi;atur<-.s w uc ^ 
are exhibited by the example in the accompanying hgun;. Iho 
ordinates represent the percentage of the incident energy which 
is reflected, i.e. they are the values of 100 p®; abscissat} 



Fig. 26. 

are the wave-lengths (\==27rc/jp) of the incidenit mcliiif ion. All 
the constants except fpa have the same value in ea#ch of ilitt grii|iti« 
1, 2 and 3, The common constants are:— qg = 2*05, A, » 2*5CIS x 10* 
and '^/=4*53xl0“. In graph 1, <^^=0: in graph % 
and in graph 3, 1-42 x 10^*. The vertical line at 

indicates * the value X, of X which corresponds to tho eriliatl 
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frequency f'g. The {huiRh inarkc^tl ihii.s: x, are Ni(*helHH ex}H*ri- 
mental ineaBunuaiUitH of 100 p'^ for cjiiarfcs?. If we call 
wave-length <!(>rreH|>on(liiig te “ifrg an<l to the value 7 = 0 , will 
be equal to tlie consiant wave-length whone H(|uare (mU*rH into the 
denominator in the mxud Selhneier diH[H‘rHion formula. It in 
UKually asHumecl that X« in identical witlq or, at any rate, vt^ry 
close to th<‘ wave-leiigtli for whif^h the en(*rgy in a Uiaxirnnm 
in the residual myn. It in evident from t\m figures tdiat tluB 
assunqdion may l>e fa.r from being justified. 

Starting with valuen cT X whieh are less than X# (7 negativi^) 
has a small value wliieli grnfiimlly deereaH<'H to a very Htnall 
minimum. From this it rines very sharply to a rnaKimmn hi^ynnd 
which it again diminishes, but nioni slowly than it ros«j. Thus 
the curves are far from being symmetrical nlsmt the ponition for 
which is a maximnin. Tin.? maximum value tairn^Hponds to 
a value of X which is distinctly less than X,. 'fhe {KwitionH of the 
maximum and minimum may of tamrsr? Imj obtainetl l>y difleren- 
tiating the expression for with respiict to 7 , but the e<pm,tion 
which results is of to«i liigh an onh*r to bi* of much prattfaeiil use. 
It happens, howevf»r, that tin* position id’ the minimum in very 
easily obtained wdth snflieieiit approximatifiri, sinc<? it is practic:ally 
coincidiuit with tlie minimum value of the* iiumi‘rat#or in If 
we multiply the Dqi and laitiian by 7 ® 4 -S’* thei marntnitem re- 
maining is 

({/! 

B , 

The tninimum vahif* of ihia is at 7 *a«- ^ - . The mrre« 

s|Kimiing minimiiiii viilim of p^ m given very a|i|iriixitiiately, 
provided S® is rather liiiial!^ by 



Thus the fKpition of this itiifiimtim and ihe eorretponding 
value of (f shiiiilfl give an itii|M#rteiifc dtmk m% the eori»tiint» in th© 
flis|M3rsiciii formiilm 








CHAPTER IX 


THE FUNDAMENTAL EQITATmNS 

The fundamental equations of the filoetnui t<hff>rv iiimj' iie 
regarded as a generalization or abstraction fi-om lint r»:i»uJtH of 
Chaps. Ill, V and vi. The electron theory nR.siiui(*.s that matU-r is 
nothing hut a distribution of electrified eloriientH of vidurno in 
space. There are thus no magnetic chargew in the sense in which 
there are ultimate electric charges or elefiroiis. 'rho magnotio 
fields ■which occur in nature arise entirely from the niution of the 
electrons. The simplest assumption which we can mak«? m U* th© 
nature of the universal equations of the lifid is that they ar© 
identical with those which wc have derived for the free adher 
containing electric charges. It is important to realize that this 
is an assumption, as it is sometimes regarded as seif-evident. 
What we can be sure of is that the fundamentnl eqtiatimis must 
degenerate into those for the free aether at jaants not in the 
immediate neighbourhood of material particles; hut thin is a 
very different thing from being sure that they are valid in the 
anterior of an atom or an electron. The a^uniptifui of their 
universality is a hypothesis which will only be justified if th# 
conclusions to which it leads are in agreement with dcdtielitm* 
from experiments. 

We therefore assume for the universal equations: 
div 


...(I). 
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where the mechanical force on an electric charge whose velocity 
is V relative to the measuring system is, per unit charge, 

F = £! + l[VJI] .(5). 

It is necessary to show that these equations, which are asso¬ 
ciated with the name of Lorentz, are not inconsistent with any 
of our previous results. Looked at superficially they do appear 
to be inconsistent; since, by simply writing average values in 
equations (1) to (5) we do not arrive at equations which are 
obviously identical with those which we found to comprise the 
behaviour of dielectric and magnetic media in Chaps. Ill, v and VI, 
It is to be remembered, however, that the vectors defined as the 
electric and magnetic intensities and inductions respectively, in 
those .chapters, were all average values of the true electric and 
magnetic intensities but formed in different ways. When this 
difference is taken into account the discrepancy will be seen to 
disappear. We shall now consider the equations in order from this 
point of view. 

Equation (1) is supposed to apply to any element of volume 
however small. The corresponding equation div jD = p is an 
equation between average values, and only applies to an element 
of volume which contains a very large number of electrons. In 
order to compare them let us integrate (1) over any suflSciently 
large volume. We have 

///<’* -///i'#+f 

where En represents the normal component of E at any point of 
the surface. But we have seen that the induction is the 
average value of the force in the flat cavity perpendicular to 
so that the normal induction is nothing else than the average 
value of the intensity E taken over a surface perpendicular to it. 
This identification is only strictly true provided the surface is so 
large that the excess of polarization charges of a given sign 
inside it is negligible. In other words, of the doublets whose 
axes are cut in two by the surface the difference between the 
number which leave their positive and those which leave their 
negative ends inside must he negligible. On the other hand, if 
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the surface is not big enough to satisfy this condition, the m.-aning 
of the induction becomes indefinite. 

In any event we saw at the end of Chap. in. fcliat; div 
always, provided that p represents the total averagi* thmily of tlie 
charge whether it arises from conduction or polarization elertroiin 
or both. The apparently inconsistent equation div /> •= is only 
true provided the part of the volume density of the I'lc’etrificfitifiii 
which arises from the polarization electrons is left out of 

Equation (15) of Chap. V, viz. divB^O, is an efiiialjori over 
average values, and is consistent with div // = 0 for prifeisidy ilii! 
same reasons as those which establish the consistr*ncy of (1) anil 
div i) = p. In this case we do not need to consider thr* possihilily 
of an excess of magnetic poles of a giviui sign biaiig sitiiaf tal 
inside the surface. For as the chunentary fnagin*ts lairisist of 
electric charges in motion, it is irnpossibht to cut them in t wo in 
such a way as to separate the equivalent charges. The <lidailt*d 
formulation of the magnetic properties of bodies from this piiiifc 
of view will be left to a later chapter. 

The equations obtained in Chapter VI also refer to avf*ritge 
values of the dependent variables. The equation which in efjtii- 
valent to (3) is 

.. 

c dt 

In order to show that these equations are eonsiitent it is 
to consider their geometrical interpretation. l?^h of theiii ii sii 
analytical expression of the fact that the lino iiitogml of Iho 
component, parallel to the contour, of the vector on the htfl#, roiiiitl 
any contour, is equal to the integral of the normal coitipmoiit iif 
the vector on the right over any surface boiimled by the mmm 
contour. Thus the B of (3 a) is the average valtiii of ilip fnti- 
■gential component of the electric intensity taken niiinci ilip 
contour. It js evidently equal to the avomg# value of the E of 
(3) because E when derived from F w in Chapter iv is ciqtia! In 
the average value of ^ in a filamentous cavity. We have alreinly 
rseen that the average value of over any surface i» oqtial to tin 
'.average value, of jEf^ over the same .The tqtialiojns (S) 

Jnd (8 Of) are therefore (X)nsistent with one anotifcier# 
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Quite similar considerations apply to (4) and equation (17) of 
Chap. VI, which we may write 

. 


The average of the tangential component of H round a contour 
is evidently and the average of En over the corresponding 
surface is clearly so that these equations are also consistent. 
There is one point which is worth remarking in this case. In 
interpreting (4 a) it is desirable so to choose the surface bounded 
by the contour that none of the electrons cross it during the 
interval under consideration. Otherwise there is a contribution 
to the pV term owing to the motion of the electron. (4a) then 
becomes inconsistent with itself since the surface integral does 
not have the same value over all surfaces terminated by the same 
contour. This difficulty may be overcome either by choosing the 
surface so that the polarization electrons do not cross it, or by 
taking the element of time large enough to include the average 
value of effects arising from such translation. This is zero because 
the motion of an electron across the bounded surface is equivalent 
to the creation of a separate doublet with its like charge in the 
new position of the electron, and its unlike charge in the old 
position. The creation of this doublet introduces a local term 
in the force which just wipes out the effect of the motion of 
the charge across the boundary. These remarks are pertinent 
to equation (4a) only. Equation (4) is always consistent with 
itself, and is consistent with (4a) when the latter is self-consistent. 

In comparing equation (5) with the corresponding equation 

S' = E+\[V.B-\ .(6a), 

the agreement of the first term on the right is clear enough, but 
the second requires fuller consideration. Here we have to deal 
with the average value of E taken along a line to which H is 
normal. It is difficult to see how this may be done directly, but 
an indirect method may be employed. Considering the case 
where = 0 (at least so far as average values are concerned) let 

us apply the universal equation jF = ~ [F. jff] to find the force 

c 

acting on any circuit carrying an electric current embedded in a 
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material medium. If the strength of the cnn-erit is i, (B) gives 
for the resultant force on the circuit the value J i 

round the circuit By an argument similar to tlmfc in r 'linp. v 
p. 83, it follows that the force is cipial to ^/c tiine.s the rul«* of 

change of over any surface having the sanm cmitonr. 

The in kis integral is, of course, the normal component of the 
universal magnetic intensity. But, as we have seen, 

jjsnds=Ijn^ds. 

Thus it follows that (5) and (5 a) are consistent and, incidontnlly, 
that the average value of if taken along a lino norma! to fch« 
direction of if is fiH — B. From this the analogy betwocn the 
electric and magnetic vectors would lead us to expect that 

= j ^E,,ds = kE D, the suffix n denoting that thu vector is 

perpendicular to the direction of integration. 

By dividing the space up by means of tul)f!.s of iiidncfion, jfc 
is clear that the average values of the univemal expressiona 
and for the electric and magnetic energy <Ien«if ic‘H respec¬ 

tively are equal to ^kE^ and ^n'lP. This is only true provided 
we neglect constant terms which may be reganied ns reprif’sontisig 
the intrinsic energy of the electrons and of the molecular mugoetia. 


The Eifferential Equations satisfied hy ths Vectors when 
Charges are present. 

In Chapter vii we were concerned with the solntiim of cstpia- 
tions (1) to (4), and the extensions of them, which have Juafc bmn 
considered, in the cases in which the density p of the eharges wan 
everywhere zero. The results thus obtained naturally applitfi to 
the propagation of electromagnetic efiecte in insulators, including 
the free aether as a particular case. We shall now considtjr the 
nature of the solutions in the more general ease, wlien electric 
charges are present and contiibute to the resulting phenomena by 
their motions and the forces they exert 
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The new equations, analogous to which are 

satisfied by E and H, may be obtained rather more easily than 
would otherwise be the case if we first prove the general theorem 

grad div A — = rot rot A, 


which is true if A is any vector point function. The components 
of rot A are 

dA, dAy 
cy 'dz ^ 

dA, 

oz ex * 

dAy dA^ 
dx dy 

So that the x component, for example, of the rotation of the 
rotation of A is 


(dAy 



/dAx 

dAx 


/dAy 8 -^g\ 

\dx 

dy / 

' dz 


dx . 

)~dx 

V 03 / dz ) 



-A/ 

^dAx , 

dAy 


(d^Ax , 0 



dx ' 

—- + 
^dx 

dy 




dy^ 


dz^ 


d^A, 


)• 


dy^ dz^ 

Since a similar result follows for the other two components we have 
grad div A — V^A = rot rot A .( 6 ). 

In order to obtain the differential equation satisfied by JE we 
differentiate equation (4) with respect to t and obtain 

d^E d , , dH 

Substituting the value of H from (3) we get 

^ +1 (p V) = - c=“ rot rot E, 
whence, from ( 6 ) and ( 1 ), 

^ 1 d^E T 19 / Trv 

:. 0 )- 


In a similar manner, starting with (3) we find 


1 d^H 1 . 

~ = --rot(pF).(8). 


c® dt^ 
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Each of these equations is a vector equation and is equivalent 


to three separate equations 


between each of t he three components. 


Thus if the components of E, H and F are A*, hy, h^, JI„ iiy. 11,. 
F», Vy, F* respectively, the x components are given hy tlie 

Cartesian equations 

P ^ ^ - (p Fr).' 

aai^c-ar^ 


.( 10 ). 


and V.J? . 

ana V ^2 g^2 c | f)?y I 

There are four other similar equations for tho otlior eraiipfUioiifH. 

The nature of the solutions of equations (9) anti (lU) luiy; lici 
discovered by considering the e(juation 

. 

where w is a function of y, ^ and t In the eleetriavl probleiiii 
which wo shall have to considei* is a given function ol thcfni 
variables. The solutions of (11) have a certain degree of rtmmt- 
blance to the potential in the theory of attracti<uia Hic {Kiteiitiiil 
V satisfies the equation />, where p is the dciisily of tlifi 

attracting matter, measured in suitable units. As is well known 
the integral of this equation is 


i///' 


^dr . 

r 


Thus the potential at any point F is obtained if w« take th« 
element, pdr, of mass at any point, divide by 4jrr where r is the 
distance from P, and integrate throughout spico. We shall wmj 
that a precisely similar result holds for the functions which are 
the solutions of (11). The only difference lies in the fact that in 
calculating the values of we replace p in (12), not by the 
instantaneous value of a, the function on the riglit-h.iind side of 
(11), but by the value which this function had at thi* ptdnt of 
integration at an instant r/c previously, where r is the distanca* 
from the point at which or .S' is to bo calculatisJ. 

If in (11) we introduce a new independtuit variable the 

equation becomes 

pt ^ ^ 3^ 
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The left-hand side would be the value of in rectangular 
coordinates in a four-dimensional space; so that the problem of 
finding the solutions of (11) can be looked upon as the problem of 
finding the potential in a four-space. (11) is an example of a 
number of electromagnetic equations whose symmetry is improved 
when the time t is replaced by the imaginary variable u = ict 


Kirchhoff^s Solution, 


A very complete discussion of the solution of (11) was given 
in 1883 by Kirchhoff* in connection with the theory of the pro¬ 
pagation of light. As a preliminary to solving (11) let us introduce 
an auxiliary function % which satisfies the equation 


0^.2 ^ 0 ^ ^2 0 j ^2 


,(13). 


This is the equation to which (11) reduces when the right- 
hand side is put equal to zero and is a function only of t 
and the distance r from a fixed point. If we put ^ = (13) 

becomes 


d^(f> 

dr^ ” df 


(13 a). 


The most general solution of this equation is (see p. 117) 

^ 4 - r/c) -F(t- rjc), 

where F is any function whatever. The two terms correspond 
physically to disturbances propagated in opposite directions with 
velocity c. We shall only consider one of them and take 

= i? (]t 4 - r/c) 

giving . 

where F is a perfectly arbitrary function. 

Next consider the integral 

.(15), 


Ann, der Phys, und Chemie, vol. xvm. p. 663 (1883), 
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Fij?. 27. 

the iiorma.la being directed into tho «ncIrfNi‘(j viil)iiii««. We idso 
have from (15), (11) and (111) 


P(;(» cIt + 


From (16) and (17) 


J]f +/l 


This is true for all values of t. L-l tin iiil.grate il with ifch|»BC| 
to dt between limitos i, and f,. W« then get 
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Let us now return to the consideration of the function F. 
This may be any function of the argument t + rjc. We shall 
suppose that it is such a function that it takes the value zero 
for all values of the argument except those in the immediate 
neighbourhood of the particular value zero. We shall then have 
F{a)) = 0 unless x lies between, let us say, ± e where e is a very 
small quantity. We shall also suppose that 


j'^^F(a;)da>=l .(19). 


Since F{x) is zero unless x is between ± e we evidently also 
have 


f F(co) dx= f F{x)dx^ 

J —00 J —e 


If the value of r is fixed 

Ch f r\ Ch-^rfc 

I F(t-{--)dt= F(x)dx — 1 
Jti \ C/ J f,+rlo 

provided > e and ti + rjc < — e» Moreover, if we make e in¬ 

finitesimal but still suppose F to have the property J F {x) dx^l 
we shall have, if x is any function of r and t, 

coF (t + + = .(20), 

where is the value of ca at the instant ^ — r/c. This follows 

since, except when t lies between ± e, jP = 0 , and throughout this 
infinitesimal interval ca may be considered constant. 

Now let 4 have a definite positive value and 4 a very large 
definite negative value, — 4 being so large that for all points in the 
.enclosed volume 4 + < — €. Then the values of % which occur 

in the integrated part of (18) all vanish. So also do the values of 

since the derivatives of are also zero except between ± e. 

We may write the term containing co in (18) in the form 


-///r 


^o,F (t+^Jdt. 


This is equal to — j j | ~ where a/ has the same meaning as 
in (20). In a similar way 
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where denotes the value of ” at the ptjiiit of 

(distant r fi'om P) at the instant t = r/c. eorr«'i^|iaiiiliiig 

integral with respect to do- may be similarly treatecL 


We also have 


(1 


dn dn \rc 




/>//+ 




=//a4© 

where is the value of at the point of iulngnif ioti at tliB 

instant < = — - . The right-hand integral may be iiitegjaJcd by 
c 

parts, giving 


since F{t^'^ vanishes at the limits. Here th« 

d-xlr » f*' 

value of “ at the point of integration at the iriitnnt im ^ ^ in 

accordance with our former notation. 

The left-hand side of (18) may be treated similiirly, 
rise to 

Now let the surface o become coincident with m »plimm #f 

infinitesimal radius p about the point F. Then, - « !*■ iiurl lh« 

m tip 

left-hand side becomes 
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When p in miulc fc<) bccdiiK! very HnuUl the terms in l)ccome 

r •< a 

infinitesimal compared witli . So that the I(‘.ft-hnnd side 

p 

becomeH identfical with 47r'^F, wlua-e in tln^ value of at the 
point F at the iiistant 0. Hence, we liavo 

-=- ^y//" - HI mi - L c) ey} ^ 

.( 21 ). 

Now let the siirfiica S reer-de to an infinite disianee and 
suppose that at infinitely distant points the funetions and 

all have the value z**ro until a <hdhnte time then when 


r becomes infinite the lime te which 


a„J 

\onJ 




in the surface integral refer, is a!ways less than T, bo that every 
element of the integral is zmrK ThiH siipiKmition is legi(4mate 
physically since wc; always pr«*Hup{M)se that physical phenomena 
are independcuit of pani. or present oceurrenceH at an infinite 
distance. We ihim see that th<» valuct at tin; point 1* at the 
time t is cipuil to 

-Hir:' 


f/r 


.f 22 ), 


where the integral is taken throughout Hpace, and thi! value of 
to for each dmimuh oi' volume that wtiich it po.sscBBcd at 

the instant II — • 


Th§ Pm/rnffm-tsd Pidmitiali, 

Thf^ fihywcal ifilerfirid.atioti of the rewiilt we have just oMained 
is vtfiy siifijili?* It ifieiifia that tlie values of the electric aad 
rniignetic iil iiiiy }.iarlieiilar |a*int F at iiriy iiiitarit 

not, in giiiiffral, deieriiiinod by the «iatei of the «i«t of Ihci field at 
that jiiirikiiiiir iiwiitril, but by pmvimii histey. The efieoti 
at P, III «o far i« f tuty fliie to a imrtietikr eicnmnfe of volume 
dbtuiit r from clepeiiil iiiniii the state of tlwit cictitciifc of volume 
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at a time r/c earlier than the instant conM<l.-ml Ti.is f im.- r V ii 
equal to the time vvhicli w-uid ho roquhv.i for h^d.t, Lu i.ra v-i tr.-m 
the distant element to tho pcdrit 1*. 'J’ho Jmlmv of l.h- 1»'H 
is therefore such as wonhl arise if each p.»ri mn oi ti, wtnvcniishttdly 
emitting disturbances which were in-opaijatal jra>a it in all d<nr. 
tions with the velocity of light. 

When we come to the actual cak-nlaf ion of the valnr.H *.f /;' 
and H in particular cjusoh it is fmni<l tljat .-.iiwfimiH (7) isiel 'H) 
are unsuitable owing to tho valnes of w. given by the rigiit, hand 
sides of them, being somewhat cumplicafed. 'rin* ealculut iouH may 
be simplified by the intnMluction of two n> vv fnnetioiiH, the seolar 
potential <p and the vector |H>tontial b, iiom which Ju nnrl Jd may 
afterwards be derived by ap])ropriatf operjili«ms. W\! hlmll n.*w 
prove that 

^ H^mkU .(*2M). 

and " c 'bt ' ^... -2 

if <j> and U satisfy the equations 

... 

.<-“>■ 




We sTiall prove firafc of all tluifc a U nhvii^^m rnmM 

that jfcf = rot U. This function In in faet 


For if (27) is true we have 


rot // 


.< 27 > 




a# /" 


Now the values of H in the integral refer Ut tli« iliffen iil 
points of integration and not to the js/int at which U is nnowiiiofl 
Let X, y, z be the coordinates of the point at which U is j 

and a, h, c the coordinates of the element of vohiino dr. 'rheii 
r^=s(a!-ay + (y — by‘ + {z— of and tho equation above m q. f. 
written morq clearly as 

rj. _ 1 fff f'^de ^ffb\ dttdhde 
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and 


(rot TJ)^ = 


dU^ dUy 

dy dz 


= -(- 
47r \dy 


dHb _ dHa \ ^ fff dr 

da db ) r dzJJJ V 0c da J 




4}'ir 


dill 
. 00- 


dB'a\ 0 
06 / dy 


dr ■ 


= Surface Integrals 


d^ 

da 




///(' 

///( 


•a£„ 

do 


da 


d^a 

do ■ 


djla\l 

da ) do 


h(^) 

;C-) 


dr 


dr 


47r 


T/ 




db\da db / r 


dc\ do da J r 


after an integration by parts. The surface can always be chosen 
so that the surface integrals vanish, and thus 


rot U = 


m 


rot rot H] 


1 


dr 


~ ^ /// ^ 

Now the divergence of H is always zero so that 


rot TJ 




V^H 


dr. 


.(28). 


4i7rJJJ r 

By comparing this with the equation for the potential 

we see that the right-hand side of (28) is equal to JT, This 
proves the theorem, which is seen to be true for any vector whose 
divergence is always zero. 

Having proved that a vector U such that H = rot U can 
always be found, we substitute the new value of H in the equation 

IdH 


rot = — 


c dt 


and obtain 




IS—2 
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3 jj 

This equation is satisfied if E + is the gradi.-nt df 
scalar quantity - So that wo may put 

JU _ (ri'Jld (h. 

C at 

This is the same as equation (‘2-t). It will he dhservcfl, h*nv*'r» r, 
that U and ^ are not completely (iotcnnined hy tin- i-oiiKiil. 
which have been brought forward. The only conditimi wo Ion** 
imposed on U except (24) is that it should satisfy tint eipiutiou 
S" = rot U. Also ^ may be any scalar qiiunlify. If and 4t.. 
are particular values of U and ^ which satisfy the equations uu«!»*r 
consideration, they will also be’s;if,isfin<t by 

U= Un — grarl ^jr and ^ ™ f .< 

where ^{r is some scalar function. We shall ileteriiiiiie ^ by iniikittg 
it satisfy the condition 

divl/ = -~^f .(not 


.W. 


It is necessary to show that this condition can aiwnv»« lie* 
satisfied. Substituting the valui^s ( 29 ) in l•nuntioll (ffO; w»« gi*t. 

There is always some value ^ wiiich will ilik 

so that (30) can always be satisfied. 

We have 

1 3 

p = div(div U) — diV gnwi 
whence making use of (30) 

^ c* dt^ 


We also have 

Substituting from (23) and (24) 

rot rot 17= grad div U-V*U 

^If Id^U .1 
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and 
so that 


m 


c dt ’ 


U- 


Id^u 1 ^ 


Thus (25) and (26) are the equations satisfied by the scalar and 
vector potentials respectively. Conversely if ^ and [7 satisfy (25) 
and (26) the vectors E and E will be given by (23) and (24). 

In the light of our discussion of equations (7) and (8) it-is clear 
that the values of the potentials are 


and 



where the dashes denote that in carrying out the integrations the 
values of p and pV, respectively, at the instant ^ = —r/c, previous 
to that for which the integrals are being.evaluated, have to be 
substituted. 


Electron at Eest and in Uniform Motion, 

As an illustration of the results which we have just obtained 
we shall consider the case of a single electron. If the electron 
has always been at rest then Y is always zero; so that the vector 
potential U vanishes. Moreover p becomes identical with p for 
every point, since the position at any previous instant is the same 
as the instantaneous position. Thus the scalar potential is identical 
with the ordinary static potential, the electric intensity is identical 
with the usual value of electrostatics and the magnetic force 
vanishes. The solution in this case is identical with the results 
of the usual electrostatic theory. 

Next consider an electron which is moving and has always 
moved with a uniform velocity w in b. straight line parallel to the 
axis of z. Consider the values of the two potentials at any point 
Pi at an instant They will not be determined by the instan¬ 
taneous state of the electron, but by its state at some previous 
instant ti\ wiU in fact be given by the equation 

ti' ^ti — Ti Jc, 
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where r/ may be called the retamlfjcl niditiH. It is nf a 

definite function of the instnntarieouH riwliiiH thc! vri# 

the velocity of light c. It is not, however, neeifHsary for «mr fiu 

purpose that we should evaluate r/ explicutly. Lii ii?* 

the potentials at a point 1\ such that J\I\ m pantl!**l t«> ili**' 

of Zj and at a time 4> - wU4““ 41* Mi** 

electron and the point P have moved forward in Hp;a*M a 

equal to and nothing eke in thii prohii-in In'ip 

The potentials will have the same valutas at J\ ai the iiiHfaiit 4 ;m 

they had at P^at the instant 4> Hince they nuist h** 

by the relative positions of P and the moving ohfirgf' aud, 

depend' on their absolute j)osition8 in spice. Hiiih iht^ field fim 

to a uniformly moving electron is curried along with it tm llioiigli 

it were fixed to it by a rigid frumew^ork. 


P 



Fig. m. 

If Q,0 repreannts the direction of motion it in el. /ir fo»m 
symmetry that the jmtentialH will have kloiiticul v«!u«* 4 « «t «|J 
points such as P which lie on a circle of given ttMiiiiN 
a point 0 on the line of motion. T^it <2,0*^ and 
Qi being the instantaneous position of thc electron at the time t f.*r 
which the potentials at P are Ireing calculated. Tim {s.ter.liata 
wiU be functions of r, and t only. MorcoviT the r. wiliimt 
velmty hes along the axis of s, m that the m and »/ <:om|«,nenKt 
of the vector potential vanish. Wo may therefore i>uti 

^-/(ar, r„<), 
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where / and F are functions which it is not necessary for us to 
evaluate more explicitly at present. 


We have 




IdU 

G dt 


grad q!>, 


, d6 X df 

dx t^otF 

^ dy 

c dt dz 
c dt dz Tidvi* 


Thus the electric intensity may be regarded as made up of two 
components, the first parallel to the axis of z (the direction of 

1 dF df 

motion of the electron) and equal to — ~ ^ and the second 

C (jt oz 

directed along the instantaneous radius and equal to — ^, 

The components of the magnetic intensity are 

n dUy_ydF 

dy dz 


JEL = 


dj. 

dz 


du,__ 

dx 


X dF 


and 


TT _ dUy dUg: 

^ dx dy '' 


0 . 


Thus the magnetic intensity is tangential to circles whose 
centres lie on the axis of motion and whose planes are perpendi¬ 
cular to that direction. The distribution of magnetic force is to 
this extent similar to that arising from a straight current lying on 
the axis of motion. 


Accelerated Electron, 

We shall next take an illustration in which the nature of the 
motion alters during the interval imder consideration. Let the 
particle be at rest at the point Qi until the instant ti ; let it then 
be suddenly accelerated so that it acquires a finite velocity in an 
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infinitesimal interval of time; then let it move with unifenn 
velocity in a straight line until it reacliOH I Ji<- jHiiiil Q ,; at Jt i# 
stopped as suddenly as it was st-artod at ; l<'t tlw nteppage Jw 
complete at the instant t,. After the instant, h lh- parliele 
remains for ever at rest in the, position y,. Cuiisnl. r the held at 
P and let FQi = and P& == 

The field at P at any time t in not l-iy tlm 

taneous position of Q but by its position at thi? limy 

^ r'jc, 

where / is the retarded radius. Up to f]ii> insfiint wln^ri Q 
to move was fixed and to Ti, ho ihiit I ii*it 

the inequality 

nfe, 

or ^ h + TijCf 

the field at P will be that due to ii sbitie ehrirgo at 

the instant 4 the radius r hwHum priimtiontly i:*iiii.il l«i r# m 

that if 

or 

the field at P is that due to a atotic ehargci at In f.ln* 
between t = ti + ri/c and ^“4 + n/c the field iit P pimm l!irwti|;h 
three stages: (1) that due to a partielo nitwiiig witli ii in-milivif 
acceleration, (2) that due to a pirtide iwiviiig willi tifiifomi 
velocity, and (3) that due to a pirtick nw^viiig witli ii iiegnliif# 
acceleration. 

We shall see in the sequel that the fielfl due an fteeelertleii 

electric charge possesses novel features of grmi iiilernttk 
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THE ACTIVITY OE THE FOIUTCS 


We nliall tmxt, th<t at, which work ih ch^no by tlu? 

forces in fche fichi or, if wo pri'fer thin lacKic of ejcpimsif)n, by the 
aether, on th© chiirgefi in any given encloHed vt^hnn© r. The? 

mcchanicfil fore© on a unit charge! k ^ L whc're K k the,! 

velocity of th© charge relative to the irmtfuinent im(»b in rnc?afiur” 
ing //. The force iiclJrig on the ehictric charge in an cloment of 
volume dr is therc,^fore 

p(A’+!|F//l)f/r. . 

and the rate at which wv^rk is being done by this force at any 
instant is ef|ind to the st'alar prf«luct of the rcHultant velocity of 
the clem«,!nt by ttici restilinrit force acting <>n it, '^riK‘ rate cd’ 
working of the forces in the fit?ld on all th© charges present in it 
is therefor© 




Nciw this pftrt of the flliKilrorrmtivn intcmHity - [ F/l] is alwaya 

parpjiiidkuliir k» the plane (umtiiiriing F and // and is therefore 
always perpendicular to V. ,Thua (F (FM}) is always zero, so 
that the activity of th« forcfw nwhicfs to 
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Replacing rot // by its (Jartcsiaii (‘(jiiivnleiits cliiH iHi-ninf* 

li d 


\ n.K 


’■■ M I 


III id 


If we collect togetlier tln^ tcnriB coriiiiinirig 
Hpectively and inUigmtc eacli tf^na by partH this bucniiiiss 

- c jj dydz{KyIls - f dzdx (Ah//* /4^4) 

•f* dstly I A,I fiy Ay //4r-) 






^ c.<; «/y oy 




Jj 


oz 


J-: 


uj 


dr. 


If I, m, n are the directiiai ermines cif iiri eleirieiifc cif siirfitcp iiM 

of the boundary of the volume r we have dydz » IdH, dsds^ 
daubj^ndB, and mm 

the X, y and z com|K>n(3ntB rrmpoctividy of the vecicir [A7i j* Tlini 

the integrated part m ecjual to 


5 


where [Ef[]„ flenotes the r<'Hi>lvmi fwirfc of thi* vector [EIE} nhmff 
the normal to the elenuitit dS. The voIumhj itite|<ml, alloi* m- 
arrangomout, becotnee 

/dK. dE 

Hz 




(dE^_m 

. is 


') 




and, iince rot A** 
written 


1 d!l 


+ — *. 

\ m 

^ ai«J if *».///4- liy* + if/# tliii may 

-///Iliro+W^T. 

Thus + 


I., *■ 
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Now Is till? iiiagniitiie vnargy piT unit volumes of tlio 

aether awl 1the oh-eiroHiatie energy per unit volume,. It in 
to 1)0 home in mimi that tlie /i nud H of thin inv(?htiga,tion are 
tlie iiriivt?rsal va!ui*H of the foreeH intro(lnca?(l in the hmt c*.lmpter 
and are not tin? Hainc imside. maU'rial media m i^itlmr of the 
avcaage vahir‘H \vhieh we have previuuHly defimnl an the inteusitieH 
and indtieiiiinH in hiieli media. The mean value, over a region of 
the iijipropriaie dimeriHionH, of the pr(?Hent A in ide.ntical with 
the former ||.*//'^ or |///^ or IP 12 fi, mid the mean value of the 
prt'Heni I/f® is iileriiic-al wn*tli tin? former or ^/iJ) or D'‘j2ic. 

Whmi E mid // are the univer.*^a! fuuetiouH 

repri,»*^ent'H the riif.c* at whieh Cinergy in hmt by tin? mother, or Hpacr), 
within the litiiiiefl regitm t. Thun the whole? <d* the work dom? hy 
the? foreew of the field on the edeeferie chargi'H in not i?overed by 
the imergy kmi hy the nether in the immediate neighbrnirhooil 
III gejrif?ral wi:* have also to eormidm* the quantity represented by 
the surtfiw! intf^gral Binee the left-hand Hide of the activity 
iqiiiiiion is the rate at which work ia done on tlie electric c.harges, 
ami the volume iiit4gral reprCHent-H the rate of Iohb of energy by 
the iiiTirmmigmiim fiidd in the itncloned volume, the Hurfacc 
int.i'grul which ia eepm! to their diflbrenco must reprenent the rate 
at wliieti iTOTgy Hows int<» the region r from outnide. Any 
jKiftsililii alierrii-itivcf to this cottftlimion w<mld involve u denial of 
the pririciplfe of the Coiinervaiion of Energy. 

Pmjuiimfn Thmrmn, 

The oi?ciirr«rieci of ihii »urface intifgral c//[/?iy]«fl^ in the 
cifiPdivity of tfie tmtm wm fimt remarked by Foyntirig*» 
wild gavi! to it a voiy deintbi phyaimi inierfiretation. Ho pointed 
out tliiit tiiii lieliiivioiir of the tiidd could lio explained by tbii 
tiiiil at every {Miiiit thero mm a atremm of energy oqml 
|Mfr unit area to c{A% //J, thii direction of the itrimni laiiiig »iri- 
cifleni with that iif lliss vector, and thcraforii normal to tb© piano 
cjontiiiriifig M and M. The Poytiting Flow of Eritirgy tiiiii 
wlien M and If are eoincidenfc in direction* mi hm & 
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maximum value, other thingB being e(|ual, whoii they are at 

angles to one another. This interprc'tation in, of 

with the equation of activity, and is, in fuc;t, tht! ino«f nhiiinm 

interpretation of it. It is, howevcT, not tint only inf at 

For we may evidently add to c [/^. //] any vector M w}ii«!!i 

the condition that the surface integral of its norinfil 

over any closed surface vanishes: and the i:‘fjuatif»n of actiiiiy will 

still be satisfied. We know from Gausses that thiM 

dition will hold if we have div J? = () every when*; ho that there 

are an infinite number of vectors in addition to FoyritiiigM wliich 

satisfy the equation of activity. 

It is interesting to consider to what pictiira of tlir* fl#iw of 
energy we are led in typical in.stances on the. su|i|Kmitiofi iliiit il 
coincides with Poynting's vector. In the eima of a nirnigiii wirii 
carrying a current, for example, the ek^ctrie force is inirnllel to iho 
length of the wire, and the magnetic force is in drelm abnit itm 
axis. Thus the electric and rnagnetio forces are iit right to 

one another, and the flow of energy is at right anghm to, toil I, 
That is to say, it flows perpendicularly into the wire frtiia the 
insulating medium which surrounds it. 

Probably the most convincing aise of tin* flow of energy m 
accordance with Poynting's vector is that furniwhed by thi! {iro|«« 
gation of electromagnetic wavea Consider m piirallel bmm of 
plane polarized light. We have seen that in such m btmiii th® 
electric and magnetic vectors may be repreHcrited by 

== H « 4 cos 

It is important to notice that the two vectorii aiti always in 
phase, and that they arc equal in magnitude whefi in 

the units used in this book. They are also at right anglun ti» mm 
another. Thus the resultant flow of energy m pTimmikuhr to 
both ^ and H ; that is to say, it is along the direction of 
gation of the light. It is equal at any instant to 

per un t area. Its average value over a single o? ottr May 

very large interval of time, is 

I f’* 

r Jo |a4i 
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Now I is the mean energy present in unit volume of the 
wave, so that Poynting s Theorem represents this energy as flowing 
along with the velocity c. Since this is in accordance with the 
results of observation the application of Poynting’s Theorem to 
questions relating to radiation evidently rests on very solid 
grounds. 


Forces exerted on the Charges^ 


In the last section but one we have considered the rate of worlcing 
or activity'’ of the forces acting on an enclosed electrical system. 
We shall now consider the value of the resultant force acting on 
a similar system. On the electron theory of matter the results 
will be applicable to any material system since, on this theory, the 
force acting on a material system is the aggregate effect of the 
electric and magnetic forces which act on the electrons which 


constitute it. The force exerted on a unit charge is - [F/J], 

c 

where V is the velocity of the charge relative to the system of 
instruments used to measure the forces. The reason for this 
particular specification of V will be clearer later (see Chaps, xni 
and xiv). It will be observed that it is not inconsistent with 
the deduction from the magnetic properties of electric currents 


1 . 

which led us to include the term - [Fif] in the expression for the 

c 

force on a charged body (p. 114). So far as any evidence which 
has been considered up to the present is concerned, we might as 
well have taken V to be the velocity of the charge relative to the 
aether, which we might suppose to be absolutely fixed in space. 
When we come to consider the electrical and optical properties of 
bodies in very rapid motion, we shall see that the assumption 
that V refers to the velocity relative to the measuring system 
effects very important simplifications. 


The charge present in the element of volume dr being pdr, 
the force exerted on this element of volume will be 


dF=p(E+^iVEfjdT, 
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and the force on the whole volume will be given by fhe ve«;!<tr 
equation 


divA’. [I\, dr, 


since p = diyE. But 


rot//= ' :''/; + pv\; 
C i, t’t ) 

p V^crni. 

(<l 


and F= jdivE.F+ . [ c rot // .I/]- 


IfV'/? 




//! dr. 


cl if j) 


' , id/ 
'' ht 


= |jA7/it.c[A’.r..tA’j. 


hence F = ■ 


rot = - [rot, E,K\, 
div// = 0; 

fi d r . . nr ... .. 


[EH] dr + J//{div K.E i^ frot E. Kf, dr 
+ JJj {<liv H. If + [rot //. H jj dr .. .(2). 


This is the total force on the volume r. floriNider the m i»«m* 
ponent of F due to the thin! term of {2). (hill if, ,V„. Tlum 

= fffjff -H If 1, IT ^“^4 J tt 

JJj r* 9.. - lx - ^4 + //, 

“ III{^ ~ "^4* - ^ (i4 /4) f- If «)j «/t 

= + jjdS [l (if** - Hi)] + + „ /4 f4). 
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where* I, n an* thij eo.sincfS of the outward drawn 

liin'iiiii! t.'*i ill*'* of jiO‘a </*V of tho fucloaing Burface, 

Till* thin! 0*1111 of (2) will give.* rino to Hiuiiiar expn*HHic)nH for the 
coiripaii'iitH of loroe para!I«*l to tlio // and s axea .If wo treat the 
second terin in l,2| in the name way we^ Hhall get Biinilar cix- 
prcissioiis ihrii the eompftni’nt.H of the iiiagiH.*tic in'tonsity 

are !iy eorri%Hpundiiig ccaupuneiits of the electric 

iiitfunity. If we |Hit 


- -I: A'/ - /v - a;/’ /// -ffr- //,! , p,.~ t^y - K, a; f ii„ /4, 

l>n “ h : ~ /-n i /// - //,“ - //.."I, p . K a; 4- JLJIr., 

p. -iiA?" AV • /^*/4 P^^:Py^=^A:.AJy+IIJI„ 

the roi'ij|i<iii«U'itfi of the IiiHt two ierriiB of (2) may ho written, 
Bcleciing tlio m cniriponiuit m an example, in the form 


dS. 


Tlie last two i&nm tlier«'.jfiiri) reduce 'to surface integralft over tin*, 
boundary slid iint, in fact, irlt.-ntical with the forcoH dijuj to th(.5 
Maxwell sireme.H «.ti«mwBed in Chap, n, except for th<^ addition 
of riiagiietJo ii.rrm« whicl'i wt.ire fi(,>t tficn being conHidcred. 

Wo now milieu a v<*ry important differenr‘e betwecu'i o'ur 

prevalent prolilcfIII mid the BtaiicouiBc conHiderc.;d in Chap. 'H. Thci 
resiiltiiiifc of thci frirees acting on thc.5 volmrn^ from w.il.h<,)nt, an 
ealciiklecl froni ||.M'i .Maxwell ac*roHH the bournIfiry, is no 

longer cM'jiiitl t4> tiici foree temling to accf*Ierate th«3 charges on- 
clc^ed by llw boii..riilnry, the former being the greater by 

Th»i», in thfl ftliwiiRo of cilcsitric chargoa, the rcmiltent foreo 
tlttf! to 1 he ovi'f tho boitruliiry ik«!8 not vanish uiiless the 

valui» of ihis voiiitiio inttgnil is zero. Tho most natural inter- 
pitUatioii woiihl K«*i-jri to be the following. In atatio cases, con- 
aiilering tlt« actirni between th« ehargoa enclowjd and the region 
exlirna! t.o the Iwanwiing surface, the resultant force on the 

exterittti regitm, given by the Maxwell atresaea, is equal and 

oi>{H)«it«t to the resultant force on the charges enclosed. In 

geneml, however, the action and reaction between the charges 
and the oxteiiial ^•«.‘gion are not equal and ojjpjwite; but part of 
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the reaction to the force exi.-rted on tho exfcrtml rerrfon fiiUn on 
the aether enclosed hy the surface, the ainoiiiit oi tli jn I'l'Ot’twn 

1 pi 

per unit volume being [iJ'//]* There am two oific»r it‘f« 

which are deserving of consideration. We may oitlic-^r 
applicability of the Newtonian law of aidJon and oi i?» 

electrodynamic systems or wo may cii*ny tfio phj’KiejiI 
of the Maxwell stresses. Of tlieso two alfiamatives tin* i?* 

to be preferred, at any rate from the siandpuiiit of tli«! 
theory of matter. For if we are to ri’gard material an 

electrodynamic systems (which is the oh'etroii theory in n iiui* 
shell) it is essential that tlui Newtonian laws Bhoiiltl l:ie iritci 
for them to the extent that tlmy am trim for material nymimm* 
That is to say, they must be exeeoflingly cIoko approx it iifttieirm tm 
the truth in the case of systems thc^ |iartH of wliieli hiivc^ veloeitiei 
which are small corn paired with tliat of light* 

It happens that we can retain thc^ law of af*f inn and reaetdrifi mvl 
also the physical existence of the Maxwell if wt* iitla.?rfir«il 

the vector [EE]lo as rnomentnm per unit voluine of the* riiiyeiiittm 
In that case equation (2) shows that the streMHiJS ae.ting’ llie 

boundary of the region are equal to the force tetplirig ta mnve llitt 
charges within the region plus thcj rate at wdiicsh moitiofiiiifii m 
communicated to the enclosed iiiecliurm Tl'iii idea €^f c'd/ectni* 
magnetic momentum was first siigg4*Hied hy J. J* Thcirtiurtti^* Tli# 
momentum per unit volume is vc?ry closely rcdiitol to 
vector, g[EII], being, in fact, eqtia! to the latter clividt'tl by tlie 
square of the velocity of light 

We shall see that this idea of eirfci.rriiiiagitetic iiiottit*ril4iiit m 
extremely useful in enabling u» to roakc mlciiliilhuw fibiftsi 
mechanical effects of light and of moving Ai ttiii mutm 

time it suffers from a serious disuiviiiitiigii in no far $m we linvit $m 
satisfactory conception of any mode of motion of tlin jat*tlif^r ki 
which it corresponds. Thomson has suggiistolf that it 
the inertia of tubes of electric force. Themt mm by ititii 

to have a definite concrete physiail existtuico. l&udt inli«t l« 
supposed to be anchored at one end to the eicfclroii U> wlikili it 

* Becent Ee8mrch$$ in MkcM 0 iiif mud Mm§mti$mf Jp. li 

t Loc. cit. 
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hdmgH, wiiilHt th« othi^r v.ml nxirndn to an indefinite distance. 
Ill 1 % nwnt jiafw'r ThoniHoo Inm examined the conscqiienccjH which 
would IVtIlfw if the inmihpr of nuch tnbes attiiched to each electron 
won,! f'|iiil.r» .Hiriiill It will be ol).S(‘rved that this theo,ry atbichoe 
the ifiiTiia iii roality to the electrons rather than to the rnedium 
in which tlw^y ifioV'e. 

Tlit^ rri«mi iriifMoliiiit iq>p!iaition of the idea of electromagnetic 
iiioiiioiitiiifi is fc<i thi! dynami<!H of a moving (dectric charge. We 
shii!!, Iiiwever, dofiT that (|nosiion until the next chapter and 
weupy mimdvoH for ilm present with the (piestion of the pnjssiirc 
exertcsl by light and cither c,dectroniagnetic wavt^s. This subject 
affonls extadleril illustnitioris of the application of the ideas both 
of electrciiiiagnetic iiiomentum and of the aethereal stresses. 

The Premuw of Radiation. 

W© shall eon«id«!r the pr«*ssiire of nwiiation first of all from the 
point of view nf the Maxwell stresses. Let us apply equation (2) 
to imy chmd surface contoiriing matter or electrons and considcT 
the avenigc! mlim of the? quantities (Kjcurring in the equation, 
token over a comiderabk^ intijrval of time T. The ave,mge value 
of the left-hand side will l>e the average force exerted on the 
nmttiir or ijlcieiroiis. Thcfra are im|>ortant cases in which the 
avemge eflfct of the Maxwell strides can b© very easily arlculated 
aiifl in which tho volitme integml vanishes. Considerir,)ig the hist- 
iiariifed term ito average value over an interval of time T is 

—.y/Z/tw/]*!."- 

This expression is equal to zero when either of the following 
conditions holds:— 

(1) The voinmo integral has the same value at both the 
time Hmite. This will b® the case when the electromagnetic 
actions are periodic and is an integral multiple of the periodic 
time. 

(2) The volume integral fJflEH] dr is finite throughout 




a B. T, 


fMl. Mag. wl. xnt. p. SOI (1009)., 
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the time considered and T is an interval of iiirit? an grout lliiifc il 
may be regarded as infinitely largto 

It is evident that the elpctrornagrndic! .rnrimorif nin in roliitivoly 
unimportant except when rapid changes are taking place in iMm 
state of the electromagnetic fudd. 

Let us now apply our resultH to flii^ case nf a |)larif* 

wave of nionoehnaiiafil* Jighl 
incident rionnally *»ii a nmikm 
which iilworlm it 
Ixft A BOD ri*pr*‘Meiif-. tlp'" iil>- 
Borlnng sii!iHtanc*t% the liglil 
hfiiig inciflent mi it in tlm iJi* 
rct^lJon of thii arrow wliieti i* 
I'Kiralltd til the z iwin. Ijil tl|« 
electric intcrif^iiy in iiglil 

wave lie along the axis of m and he eijinil to mm pL Tlirn tli« 
components of the electric and magnetie inlen«iyi*« iim 

E^ eoH pt^ Eff »0» E^ » 0^ 

Hx == 0, Hy = Ex Ea COH pt » // a* E^ lig KS 0* 

Applying equation (2) to the cylinder whone tjrosn mmimm liy 
the plane of the paper is EFGII and iriti?griiiirig over ii 
period, we see that the part corning from Ifie voliinio inlegriil iiii 
the right-hand side vanishes. The lefidiiind sidti in to t4e 

average force exerted by the light on the iiiiittcT in A BCD hy 
which it is absorbed. The coinpoiietite of tliu lliiiwuli 
are:— 

i^vy = i ^ ///--if / j * 0, 

Pzz=^^ {AV -- AV - AV + /// ^ /4« ///^ » E% 

Pxy ^ Pyx ~ Ex Ey 4“ i/flj tty * 0* 

Similarly 

Thus there is no stress on the cylindrical siirfaw of wliiVft KM 
and EG are sections, since this siirfiice is every where jumilltd to 
the axis of z. The stress VMiishts over (ill siiicu tlirrii ii p# 
light there. The only part of the sitrfnce over which lit#? Iliigwell 

stresses are effective is the end Ei\ and they hum tt|iii¥afoiil 
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to a {MT unit an*a. Thun the force exorif^I by the 

light on the o}«i*|iii? .Htirface i» a pruis^Huro which ctiual per unit 
arc,*a ii.i 

I /i 2 fit -r- f pt dt ^ . 


The t'liergy jtrr iiiiit Vf»hnne of the btnun of light is 

«(> that Hie iiif«"riHit,y of tin* light, which \h c(|uu 1 to Hie averages 
iinioiiiii of energy traimporiml acro.sH unit urea in unit time, in 


I 

f. 




TIhib in the of liglit incidrmt nornmlly on a perf<‘cHy 

ubHorlufig Mirfkc#' ihc! radiation proHKure in ecpial to the intciiBity 
of t!i«* light divifieii by itH velocity of propagation. 

It iii clear tliiit in tlie caKc of a {M^rfectly rtdlecting surface*, 
the value of the riwliaiicm prcHstiro will be dotibled Hinee the? 
intimity of iha liglit at EF will lie twice as great m with a 
p'»rfcr'l!y abmirliiiig Hiirfaia*, wlien the incident intennity is the 
mini*. Hiricc thise rimultw are indepfuahnit of the {ilano of polari- 
Mtion of the light they will also be true, at nornml incidence, 
when the light m iiri|wilarix«a'i It follows, on similar grounds^ that 
ihry are ato true for light of miiced frcciuenciea 


Imdnrpk llndintion, 

KcxI eoftnirfor a |Mrfi*ctly itjfleeiing enclostiro filled with isotropic 
imriiatiori. % i»otro|:iic radiation we mean radiation which is being 
propagiitel in nil diriiefcioiis in inch a manner that the probability 
of the fliri^ticin of prcifwigatioii ol any ray, sali^ted at random, being 
ftiutiii witfiiii II givi'fii solid angle is proportional to- that solid angle. 
The thermal ripJiitikiri wdiich wu-iild fill the enclosure in the final 
state of eijiiililiriiiiti which ensues when there are materifil bodies 
wdtliin it k ol thin ehiiraeter (sea Chap. xv). Consider an in- 
fiiiittmimiil m*m%d8 of the reflecting enclosure and apply equation (2) 
fo a cylinder, Hiinilarly situated to that in Fig. 29, but whose height 
is iiifinitoiitnal »tii|»red with the dimensions of its ends. As 
before, let dB be |i#rf>c*iidicular to the axis of f. We may now 


If 
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the smallness of th(*ir dimoriHioriH. 

Tim 

e<»iiijw>iif*rif ef tii* 

■ fiirrt 

arising from the 

Miixwc^ll HireHses 

th«T 



except on the 

fn 

Hit faco of the cyliiirl- 

i*r, mill ;iri' 

'MI 

respectively to 








■'"'1/ 

K/O- 

-lli~lly,d>'^> 



Py,dS^ [Ey lC, + HyII,\ dS. 

Since by hyixithi'niH the tniiim of wnvea which rnoiilitof*' th@ 
radiation are aa likely to be travelling' in any one three?ion at* in 
any other, the electric anti nm;enelie inieiiwtieH nr*- iw likely to 
lie in any one direction ns in any other nml, incitb are m 

likely to bo positive as negative. We therefore have the loHowing 
relations among the average values of these i(imntit i* tak> « over 
a long interval of time, for Uie rariiation which iTtti>.'te» the rial 
of the cylinder;— 

74“= /4“» /4» 74 ® + /4’ + V I K\ 

11} » /V .t. /// ^ jS //,“ + Hi + Hi -1 // *, 
h^Ei ~ EyEg !3= llf fl, * Jly/Jg 5*0. 

Hence the mean values of the tractions are 

pjggdE pyjd^ tti 0, 

and - - | \E* + 7/ »j is * .. J >;* dS. 

Here //“) is the mean stjuare of the electric int' t»'»ily in 
the radiation in the enclosure, Thtis in the emm of 
radiation the pressure is eipial to omothird of the ♦•iiergy iw ttiiil 
volume ol the mdiation, 'lijis ri'sult has att itn|Ka taut a|ip!»&»(Min 
to the Thonuodynamics of radiation, 

Radialiun Premure md Mnmmtnui. 

lUt us now consider the pKs»«ire of r»Mliati«ii from the fioifit 
of view of the electronaagnefcio momonturn. Confmmg our mm- 
tion first of all to a plane wave of plamt-jMilariaseil 
radiation, we observe that this ctmsists of an alternating ohwtrie 
and magnetic field which travels forward with the uniform veloeily 
of light. As we have seen, the electric and iringiictic i»}ioHsri}«i 
OTe always at right ang!<» te each other and to l fm d»r,-cti#i« 
of propagation of the beam. In our units they are ««pmi ta 
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at iiriv jiai’tic^iilar imint at any instant, and for the same 
ill harrnmib functions of the time. If E and 

/fan* tin* vali!«*s of tin- two intensities at any instant it follows 

tliiii iii»‘ elriij-iiiiiagnetie nioinimtiim per unit volume is 

j EH I ■ EH - E^ ^ ^ Eq^ 

Ti'itiH n jilrifio wnvt* (wliolien* poImT/.(*d or not) of light of frequency 
P/2 it may tw* regardt’d m a stream of monicmtiim which moves 
through ihr^ irieiiiiim with the velocity of light. At a fixed point 

1 

in till* iiif'ditiiii the moiTirtiifunri |»'r unit volume is " coh“ pl5. 

c 

This is iihvays in the direction of propagation of the 

lights, siiic*"* E arif! // nlways have tlie sarnie sign. 

X«iw iliaia train of plane, wavers, such as we have been 

foiisideriiig, falls oonrifilly on a jMU'fectly al>Borbing Burfimo. All 
of the? nidiatJon disufipeam so that there is a constant stream 
of momeriiiirii flowing mio ttn^ absorbing surfime. But interchange 
of momiuiliiiii im|»tics the existmiee of a stress. The radiation will 
thcirifforc* exert II prewiirrion the surface? which will be equal to the 
mte of ctliaiige of iiionneritutn per unit area per unit time. The 
avenig** prci^iire is tlierefore 



in agreemciit with tJio value found previously. In the case where 
the stirfei is jMirfectly rofh?cting the forward momentum will not 
mertfiy 1ms clestniyod but an equal and opposite momemtum will be 
given to tins ndlocksl wave Thus in this case there is twice as 
gmmim ratn of cliangc of iiiomentiim; so that the pressure will be 
twic«? m great as with a pcrf^tly al^orbing surface, for the same 
inkrtBity in lliii iticklerit light. 

In ihii awe when a plane wave is incident in a direction 
milking an angle 0 with the nonnal to a perfectly reflecting surface, 
it is convenient to rifsolve the momentum in the incident and 
reflecied wmmm into two part^, one normal to the reflecting surface, 
ancl the other {»milel to it. The momentum parallel to the 
normal which Wl« on unit area in nmt time is (Ifc) 8 co^ 0^ where 8 
m l%ii img% victor o [ AWJ. The momentum in the same direction, 
which leaviM unit mmm in unit time owing to the reflected wave, is 
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— (1/c) S cos^d. The factor cos 6 enters twice because, i I - ^ ^ 
place, the resultant momentum is along the direction of ^ 
tion of the wave and we are dealing with the coin{>^ 
an angle 0 with this direction and, in the second place, 
of the radiation falling obliquely on the surface, unit 
wave front will be spread over an area 1/cos 9 of the ' 

rate of change of momentum normal to the surface is 4 
(2/c) S cos® 9 per unit area. Thus there is a normal * 

average value is (2/c) cos® 9 S — cos® 6. 


M 


,1 ■ «-* I 

The momentum parallel to the surface lies in tlio 
incidence. The amount of it which is incident on unit ^ ^ t 

time is clearly (l/c)iSsin0 cosThe amount leaving 
in unit time is also equal to this, since the direction of tlii^ J 
the momentum is unchanged on reflexion. The rate of 
the tangential component of the momentum is therefoarc^ " f ^ 
that there is no tangential stress, even when the radiati^^n 
dent obliquely, at the surface of a perfect reflector. It * 

that this conclusion is no longer true when part of the i 

absorbed at the reflecting surface. There will then bo a 
stress which is proportional to the difference between it# 

tensities of the incident and the reflected waves. 


When light is incident at a transparent surface, we hF4V#* f * * ^l***;^! 
with a refracted as well as a reflected beam. Let 0x 
angles of incidence and reflexion and 02 the angle of f 

In this case we are no longer dealing with the free aothcfr# i%«.* t 
we have to use the expression for the momentum per tiiitf. 
appropriate to a material substance. By making the chaniti 
argument oxi p. 205 which are necessary when dealing wi^li 
whose dielectric constant and magnetic permeability a#ro 
to unity, we see that the general expression for the 
unit volume is [DB]/o, where D is the electric and J3 the 
induction. Denoting the values of this quantity for tho 
refracted and reflected waves by and G^ respecti v#*l t f 

clear that the instantaneous value of the normal pressures 

Fi (Gi + (Jg) cos® $1 — Fa(?a cos® 02 , 

where F a^nd Fg are the velocities of radiation in the twf^ 

The instantaneous value of the tangential stress is 

Vi (Gi - G-s) sin 01 cos 0i ~ Fa^a sin 0a ccns 
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Here sin 6^= Ti/V^ and the values of Qi, G 2 and ffg are pro¬ 

portional to the respective instantaneous intensities of the beam. 

The ratios of the average values of these can therefore be 
obtained from the expressions for the reflected and refracted 
intensities found in Chap, vir, and ivill depend on the plane of 
polarization of the light. 

It remains to add that the pressure due to electromagnetic 
radiation was predicted hy Maxwell* * * § , as a consequence of his 
theory of stresses in the medium, in 18T3. It was first demon¬ 
strated by experiment by Lebedewf in 1899, and later inde¬ 
pendently by Nichols and HullJ in 1901. Several of the more 
complex cases of the effect of light pressure have recently been 
examined by Poynting §. 


Isolated System, 

An interesfcingapplicationof the theorem expressed in equation 
(2) arises in the case of an isolated system. Take any surface 
surrounding the system, the dimensions of the enclosing surface 
being so great that the field at any point of it may he considered 
negligible. Then the Maxwell stresses vanish over the boundary 
and we have 

But the left-hand side is the force acting on the charged bodies in 
the system and is, therefore, equal to the rate of increase of (sup¬ 
posedly) material momentum of this part of the system. Calling 
this momentum M we therefore have 



or the momentum gained by the material part of the charged 
system is equal to the momentum lost hy the electric field. Ve shall 
see in the next chapter that if matter is made up solely of electrons, 

* Treatise on Electricity and Magnetism, § 792 (1873). 

t Arch, des Sciences Phys, et Nat. (4), vol. vm. p. 184 (1899); Ann. derPhys. 
rol. VI. p. 433 (1903). v * 

t Pkys. Rev. vol. zin. j). 293 (1901). 

§ Phil. Mag. vol. rx. pp. 169, 475 (1905), 
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M coriBists of a distribuiitm of in t lic! field of the Harno 

type in reality as G. From thin pniiit of view thi? of the 

forceps on thci partB of the HynUan rnay l>e rijgarfic.fd im giving rine 
to a rearnuigciment of the (deetn>magnetic mom«;nl4im in the fndd, 
the total amount remaining connlant throughout the cdianges 
which take |)lace. Thin result is only true providtai thi» iiKif ieiiH 
may be regarded as quasi»sUtionary {see p. 262); otherwise 
momentaun will be lost i»y radiation (*ver the hournlary. 

At present wc^ can only be ci*rt4un tliat matter in imwlf* up in 
part of electrons. If this should turn out to ulf Jiiiaiely irne we 
should have to say that during quasi-staiienary dyniirnieal aeiimis 
the electromagmdiic mouHUitum of thft field is craiv«*rieci |Mirl Iy into 
the electromagnetic nminentinn of the indiviflual electnuiH and 
partly into maictrial rnonientuin» tli*' total iiaanentiirn being 
unaltered 
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CirAttOEI) HYHTBM IN UNIKORM MOTION 


We iiavf! that a churgcid system iu uniform motion 

carrieH its Bold akmg with it us thougfj it wcirt: rigidly attached to 
it and that the potentiiilB and forces are given by tlio equatioiiB 


1 m 

"^W'' 


-Pc’ 


• gnid 4>, 


H r. rot U. 

We shall siipjwwj the charged system to he moving along th(? 
axis of s with the nniform vehs-ity w, and that it is symmotricKil 
about the axis wf ntoti<)n. The equations above refer to axes 
fixed relatively to the observer, past whom the system is moving 
unifoniily with velocity V » w. If w«s consitlor axes which move 
along with the system wo t»«i take mlvantago of the fiict that the 
field is invariable relative to fwnnts tjieasuretl along these axes. 

If 2 ^- denotijs the rate of change of any quantity with respect to 

time at a j»infc m, y, s fixed with reapect tf) the moving axes, them 

B B , B . d 3 

whers 0^ diesoto rfii€rc?at»lio,ii at a jKiint wifcli respect to 
the fix^ mm, awl t, w, w the irelocity eompoaeiits of the 
mmmg iix®i. la tl« «§© there is m change with time 


CHAlttlKi) HVhTKM iK IIKiFottM MirrifiK 


far li pniiit with t-h«* iiiuvnig lliiii — We 

niHt) havif S»» that 


lliilft till* flirt iliiti thf* firli! in riirrii’fl iilniig liy t-hr fiieving gyHfein 
m tlwtigli it wrri‘ rig^lly in it riifihl**!^ m in «*li»iiriatc» 

ihi! tiiiif* frnm ilw fnr im*i IL iJu milmtiiiiiing for 

fp 

-..fi I ef|iiiiiinii« ihr ^ iiiid IJ Unnmm 


(?4> 

dj* 


-t ( i • 

f *>' 

“* Pi 

ipn 

Pf’U 

♦ (1 - 




t'f 

-m - 


whf*ri? ii;fe lly r’-hfuigtiig viiriiilihm k$ j-|, %v}irT».i 

!h - V I - 

iiiiiy Iw^ 

r».A ^ 

.: » 'i' •« « a ^ .{1 1 

* "T i *,iii W * 1 # @ r • 


Cl#|* 

V./;.. 

‘ ’ 3*^1* t'.*.* 


0P ..(2). 


ThfiW! i«|iiB.fci«ii« an* »if 4h«( IV»nn m l*«»iit»«»n'N (Yiuatinn. 
Thus bh»? scaliir imwI visifctir tsiUnUtAls liiu* t*i a aharawl 


thffurcnt «yst<!rii at n*sl. The tmnsfnmuiti systoin is i»h»ttin«*ii 
fr 

moving Hyston iMimllei to tbs direetsen i»f mol inn »n I he r«t«» 
I to Vl-4*** Thi* tyim of hnutsfornMtion was first ohtoins'd hy 


I 
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proportional to <*ni: aimt loT, difforing only by the constant factor fi. 
It will thi-reforc be ncccHHary for uh tf> calculate only one of them. 

IjCt ufl now ileiiote our moving syateni by H and suppose* that 
corrcfifMinding to »S* then* is a fixcel systiun <S', whi<^ is obtairuicl by 
enlarging the dimensioJiH of the moving system /S' in the ratio 
1 : in th<‘ direction of motion. lCv(*ry point oo, y, z in the 

moving system will oorre.-^pond to a {K>int y,, si^ in the fixed 
system, when! the rehitittn between x, y, z ami y^, is that 
already given. Also, corresjMaiding <dem<*iite of volume will 
contain cijual charges, since straining tlu; diimmsions does not 
alter the quantity <»f «!lectricity present. Thus, if p is the volume 
density in the moving systean anrl p, th<! corresponding (pumtity in 
the correspondling element of volume in the fixed system, wo have 
the equation 

pdxdyds » ptdxtdyidzt. 

But dff - , dy- dyi, ami rfa » o?*, Vl -- /9*; 

hence dadydz^dxt dy, dzi d \ 

and p, sapVl— .(8). 

d’he potential of the distribution in the fixed system must 
satisfy Boissoii's equation 


i!x,‘ iiy^ fir,''* 


.( 4 ). 


But the scjilar potoritial ^ which wo are seeking, satisfies the 
equation 


m , 1^4, 
dyy 


-p, 


whence 


. .(B). 


Thus tin; scalar potential in the moving sysbsm is equal to 
1/Vl - ^ times the electrostatic potential in the corresponding 
fixwl 

It is <l«8inibl« to emphasize at this point that the fixed system 
which wc have imagined is simply a mathematical device to 


jJl 


B moving 















220 


CHAKUEJW SVKTKM IN UNIFOEM jadTIUN 


vector potentials of the moving system are relaksl in a ec-rtain 
way to tlui electrostatic potential of the corresponding fixed 
system, and it is comparatively easy to ealeiilate the value of the 
latter. 1 have meiitiomsl thi.s liecan.'-e I fin<l that stmfent.H who 
have a litth? knowledge of the principle of relativity an? a[»t to 
hecome coufu.sed as to iJie {sdnt at i.s.Hiie. 

We are now in a jstsition fo e-xpress fl»! energy and the 
electromagnetic momi-ntnm in the moving system S in tenns of 
the potential and the coordiiiatisH s, of the eorresi»aiding 

fixed system iS',. The ideetrie energy ]»-r tmil volume is 

i 1/4“ f h'/ i- /4j. 

Wo notice that 

^4* ^ ''4>* ' 'f> ^ 

iix Vi -'(? '*•'-1 ’ Vi - ^f'y«' 


1 ?)<(, 
VI fi" i’*i 


1 

1 - i'S, ■ 


We have stjen that, the resultant vector jKiteiitial i« parane! to the 
direction of motion. We thus have 


Hence .ff.- 


- f/y w>d U, » 0^, 

, _ _ fj wa- 


d$ c (I* 


v'l->oyi' 




'I’hc electric energy of the moving syatem 8 ia 

F - IJJJl AV + a;* + ^,*1 d^dydB 


•.m-h-mh 




wiK^')’ * ©’]+iW 


dm,d^^,dtt 
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1lt8 of ^ 

iJio magrielic iiiteiiHitj aro 


sa 

fs'!*. 


‘'W 



VI -Ai'-* d>j^ 


dU. 

««- ^ 


B 


hjc 

^ ox 

Vi-/3“ 



0. 



i‘V ’ 




Tho magiiftic eniTgy of is fchm-cf.iro 

T *' "*■ dxdydz 

-Jv.!-?///l(S/H^)]‘'-‘‘-‘''. 

Tho components of Poynfcing’s vector B c [/i7/ J uro 
Bm™ 0 ~~ A’,//y) 

$ 3(#>, 3^1 /o > 


"■"“ Vi - /S® 

(3 f)<^, dtf), 


-«,-%l (^:/-(^:')1 .<’«>• 

1 

We have w-en that, the iiiem«*ntmn per unit volume is so that 
the coiiii«»n«nt8 of tin. totul electromagnetic momeutum of the 

gystew* B *ms 

eVi- dz, 

- . 

. 


Og* + 
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Thc‘. roHults w(^ havt* (liitaiiipd an* Imp foriiiiy eleetriwi! nystem 
in uniform ni(»tiom Wo shall apply tliofii !»» two siuiplo vnmm 
which we sliall partly t»n the gnmud tliiur siiiijhfnty^ 

hut also he(’aus<j we may r<*asi>nahly ♦‘Xpoet that tliey 'wil! ^ivt* iih 
an insii^dit into the. hehavinur of lie* eleefron. The? mse thai we 
shall ccHisidiT lirst is that of a rigid ihiiJ spluu’ierd shell of tiiiiforrii 
elecirificatioiL 

T/w H iff id hlrdmnu 

We shall now mipfmse that t-lu^ nerving systeiu consists id a 
spherical shell of ratlins H which is niiif^undy *df'iirifled. Tin* 
thicknoHH of the shell will lie Huppoml to In* nt*g!igib!i! coriipared 
with its ratliuH. It follows from the r«»snlf.s that hiini aireiidy 
hc*en estnhlished, that the energy, moiiifiif.iiiru etc. of the fiidd 
duo to such an elcetrifnal sliell wlum in iiietifiri may he cilitiiineri 
if we can calculate the static |K)l 4 ?iiiia! of tim pprixminnulmg 
system wliich arisen when the aciniil sj-aie*,- nf ilie jir«j!i!eiii is 
strained so that all lengtlis |iiim.!Ie! to the direciiori of motion are 
increasr'cl in tlm mih 1 : Vi. - wiiilst lengths at right angles 
to this remain unc*ha.ngefl. ^fhe moving sphere will evifleiiily 
strain into an elli|)Hoid of r<‘vo!ntit.ui in the coiTespiuifling fixed 
system. The i«is of revoliiti*m of the idlijmoirt eoiiiciilcs with 
the direction of motion of the spln^rc. II111 major axis nf tiny of 
the principal alUjitic seettons is lapial ki ll/Vl - whiist ihii 
minor axis is ca|iial to the ntdiiis M of llie itK'iviiig s|i}i©rii. 

It is to be obsmw^d that them? rtsiills wil! only bo trim 
pixjvidcal the electrified splmiti is rigicl. CVrlain ex}if*riiiienti»» 
which will li© di-sctissed later, have led physicialji »tis|if*itt thiit 
the k^rigilii of bcMiiefi dr^iatnil on their veliaiiitfs ndiiiivr? U* iliat of 
tlm observer engaged in rneaunring iliffiii* If iliis kind of change 
affects ihii electron itself, m well m the aggregiite of fdect4*oiii 
which wo iiipjirmo constitutes th# iiifileriai milmiimpm, Ifie figtint 
in the fiiud system which mrn^*s|>onik to ihii nioviiig «|iftiirc will 
no longer bo the ellipsoid which wo have deiirrtbfai This foliowi 
bcimiim.j the moving system which w© siipfiowi to lie spliericat 
when at rest becoitios distor^al, and is no longer s|ihertcal when 
in fiiotion. Wo shall §m later that if the iilia|Mi of the charged 
sphere does chiwige, and if the changta are sticdi m would itaiiiriilly 
be suggested by the r^nlta of Ih© «i;|wrimeiitii» the calculatiniis 
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become much simpler than those which we are now carrying out 
for the rigid spherical shell. 

In order to make our notation agree better with that usual 
in the geometry of ellipsoids v^e shall suppose the motion to be 
parallel to the axis of co instead of that of js. The appropriate, 
changes in the formulae of the last section may easily be made on 
inspection. The equation of the ellipsoid into which the moving 
sphere distorts is 


4. iL 


(14), 


where a=i?/'\/l —and h—R are the semi-axes major and 
minor respectively. The equation of the family of ellipsoids which 
are confocal with (14) may be written 




(15), 


if J 2 -- square of half the distance between the foci. 

The spheres which bound the rigid electrified shell will transform 
into two infinitely near, similar and similarly placed ellipsoids, one 
of which is given by the equation (14). The space between the 
similar ellipsoids is filled with a distribution of electrification of 
uniform density. The potential due to such a distribution is 
constant within the region bounded by the ellipsoidal shell, the 
distribution being equivalent to that on an ellipsoidal conductor 
maintained at a constant potential. Outside the shell the eqiii- 
potential surfaces are the confocal ellipsoids given by equation 
(15)^. The difference of potential between two confocal ellipsoids 
whose equations are given by 




.is 

I 

II 

0 1 

H- 

where 

cdkjt 

'^~Jc v-c“’ 


and e is the charge on the inner ellipsoid. Applying this result 


* Cf. Webster, Electricity and Magnetism^ Chap. v. 
t Maxwell, Electricity amd Magnetum^ 2nd ed. vol. i. p. 2B7, equation (28). 
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OHAKUEI') SYSTEM iM MoTHiK 


to the ellipBoic-lH (14) and (15) luivi* A, sf |- A ■.|iMiidiiig 

to (15), X/=f/. (‘(UTi'Spuiiding U* (M-t /# fr imd 

I 1 % i X - P I l*\ 

7 i 7 a 2 ( v'/r i X - 4 '’ + i* 

By removing tla‘ oni»*r (dlipBoid to nn inlinitf*- and 

introducving a factor l/d^r onitccuiuit of I!m ditloiom*,- I,.-!4^r.,.|i mir 
(initH of electric charge and thoN» ii.^r^d hy Max wet!, ^vr fiipl tiiat 
the potential at any pt»ini in any elhp-'^fad confucul with id'If and 

given by o(|uation (15) is 

^ , \^/r J X I /I . , 

fh,.. log / 

^ Hirp \ p^- k- k -- p 

Since the potential is tin* Kiin** at i^vory point of |}-|r i41i|i- 
Boidal shtdl, t.hii tot.al eiiei-gy **!' eleeiri*i4iiitie ii*4d m 

n 4 Y’li^ - 5® 

^ MtTr IP ^ it ““ ■■ k'* 

This rnimt also he i‘(pial to 

Wft havet seen that the energy awl iiwtneiilniii «f llie ffinviiig 
system depend njaai this init^grida 

.*. 

«„d •^•"///ice . 

We thorefbrci have cme siiriple relation ladwetn itieifi, lifiiiwdy 

I (4* Jg) 351 ® ^ |fig ^ . ,11 fty 

It is necenifiAry to obtain one of theiii Hi|»iimtely by dirn'cl iiite- 

gmtioii* 

To obtain fell® value of wm use. immitriiilm Ttiii 

level siirfiieifs are 

(1) the iysti^m of nllifmwli 

« 1> Kitftto'l tlifoiigti w ***,*,♦,. Ctfl|, 
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(2) the* Hyniriii c^f 


and 




= 1, r«»tatril thnMi^di it 

/A 


i\tlh 


(ti) a KC*rif*H of phinoH jaa^ini^^ rhi’f^n^rh tin* mU *4' -r wlmdi 
make an angle ^ with iho mlainiani pline*. I1i«’ 
then X,/A ami Ah tlie [irMUhan on- *4 
need to connider a H«‘eti«*ii l>y da- pl.ne' of .rv. t** =10 

element of area in ihia jdaia' ineltid*'«l th*- 

characterized by Xami X + r/X and tio’ hy|.»'iboL-i..H n/.-d 1*;^ 

/>6and /M + dfjL. S<4virig the ellip-Hi'' am! hygoili^da 
taneoiiHly we find tliati the l.’arlonian CMfirduiair’i *4 i.hr m! 

intenseciion are 


•j 

j/ -t* X| i lf‘ 


Mb !h 




Let A BCD represent tlB rniigniti*^d. 
Let A tji, then 



dH^AILADmilBAiA 

Let the diri»f‘t4iifi mmmon uf jUj and Ali tit’s m liiiif n/ |=|, 
S|)ectively. Tliiai 



so tlmt ‘ tlH m A ii, AD (hn - f»t| 

^ (nX ## 


t. «. m 


IS 
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Fnuii thu «tKpn»HHioii.H l«»r .Tj, //j at 

S.r, ^ M f 

dk 2p X j^P A. ’ “Ip kiP - p .' 

^//l • /^ * , /'}• 

av ‘>ijV X' r'/i ‘i;» V «’ 


Wit. 


iir<; 


ax . IpV X’ 

dS - dxdp 


L7i\’ 

X I" |i 
XH/F 

Till* I'liiiiinii of viilniia? dr m i^htmn»4 liy dS alwiiit 

iliit ajci« of iiiotioih It tIii'r«'for«* giviii hy 

dr ss '‘2irpdS 

\ ■'•I- 


Irtd:kdp 


*%p vifP 4 XII - p) 


P0 • 

1\> riilraliif.i* ihi* valiio of wo riirif*iiil»*r fliat -^i m niiiMarii 


fbr any of tlio iimifoeal olU]Mioiil« an*! tliori^loru. iloi'itiplH mily iiii X, 

r-'Xi Pthi bX 

r^Xj 0k rvfi 

, !h* ^ I 

4 I 

4 X X 


7 hm 

From ih«* o*|nriiian 
Wfi llml 


Bk 




0 


fUld 




’’ i dr, 


JJ} \A*, 

«in f I (f P ^ ^ ^.a dp. 

JjitiKj p'ik + p} ^ 

Till* liitiil 4 of K »r« X « &» to X » x. With tint limitii /* » 0 
and p^p* w« CMiviT half th« ajmce, m that 

}p \dK} p' \ p i k 

By ehangirig tho variablu to m, wham ^»p* — it, and taming 
into |«rtial fmctiana we find 

fa'v^«»-.u , ,, , • , dpX'k’i-p 

I -* s/i^ + Xlwg / > . 

i« X + A* f f' '^<dpfk-‘p 












CIIAEUEIl SVHTKM IS MilliyS 


■ Since 


and Ji ■ 



J . 1 

hirp 

r4j 

#» 

eX 

Htt 


f t 

1 1 



t \ 


f 4 -f p 

4 ■ * 

■ % i- h. - p 

\p^ t K 


\ f p ‘*p ) 

I!iw/(’.'y I, ” V /> t .V /( v /* » •^' 

<.•“ I - , % /f’ i A. 4 /» ,, , , , 

I(r;r/(^ i \ p- i K p ** 

By expanding' 

Vp"fX.“p ^ %p'ix 

it cun l)c uhowii that thiw v.'iiii?’li<*» wlsrii K > /.. * Hi uil*’>*d i’lii 

p = Va'‘ - 6% b~li unci « «» A + ~ w 

~ [l “ i - ^! 

Fk^'u (19) w«,j hiiVi‘ 


■*■ ^ ^ I ,C 


whtjiicc 


I ■» /M 


We have miiii'i ilmi IIet }ifd.*?n!ia! l'*’'i#'*i.ri^*l riir-.j-;y m 


fi. 


IF * I if I — Ji t -11 •'•■ ■ 0 \i ^ J^h 
and the kinetic (umgtmiml rip-rny m 

T 1^11 0*1 ^ J%» 

The 6oiii|»iiciite nf tli«:‘ rdr^eirrnnag'nei.i** iipiiiir||ttifii 




and 


0 ..-‘ 

C i/i fluKi 


IB 
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For a HyH" 
the liiHt) two 


niid i)p[K)Hite value 


containing 











CIIAIC«*KI> SVSTKM IK rKlFHllM MnTI*»K 

charged Innly, wlii‘ii it iiiuvi-h with the velorily n, al.-ng 

with it an aiiaanii of ie .col *4 

kinetic energy Morouvor iliiH iiit»iii«’iittini and 

reioj'iin unalitaa^rl nn luiig ii.h tin* voloivify t!i«» h-*.*4y v* 

.But this boliavioiir is iiroriHC'ly wiiat ehari'M*ioi’i/.*’,^* »-*l ='* 

Ho-calhal inatorial pnrficlt* in It- frto' that ^»nt 

rosuitB 'wuuld luiv«* to !at niudira'd t»*r pjniiot'.’i inkling wiili 
veB-KutieH coinparalde wit h tho v*'!oejty «4 hglit. Beit, tlr<-y w»mhl 
ncverlhelcHH ho exaet. willtin tie- liinitH nf iM'onno'v *4 
nientj for fiiich fi*hiliv«* veloriti«-'H a.H hav*' hrr-ij to nikX 

considerable niaterial mmnvH in the On tio’ oflo-r h o^d. 

the differeriCi'Hnliould he percejitibh’ in the ea.'io id tb** %*^ty rajodi) 
moving ehargefi piirlicleH eiiiitled by the radioiiof 
and, as we shall stict it is precisely tlie^ {.^ropr-rtieo of ji.oiieb-!.* 

which have confirnieci the results of the idectromagne-ue i}e-,.*4y 

The idea of elcsctrorriagiit^tie w-fiicli fine le* J„ J, 

Thomson^, is fiimlameiitrd to the f.dtfctrnii llir^icy of imitter. .F*.*r 
it opens up tlic.^ pewibility that the rnas-s of iil! lontfea^ 
else tl'ian the cdi*ctrotnagfieiic' nmm of ih** ideetroici whielt r*'.rt.iiiiily 
form part, find j'lerhaps form the wlioh% of if.n at.raetiire, ii 
obviously opens u|,i the |KiHsihi!iiy of un ideetneiil loiiiid/iiion t-fr 
dynamics. This will hr* eonsidered later. 

Our calculations so far have pre:oi|ipo*-ted fhut tjpi 
charged body |>oi#i«mse,H niirl haa iihvayi^ |if»%Mr?*.i4ed n r's.nnimii 
velocity in a striiight line. A fiilt^r of eb*eir* 4 ei« 4 gfie-t|e 

mass involves the considi?nifJon of bulifei tind*'r|.pafig ieT.*‘i«-rateai 
and for such amm the rr'snlls which we ha%*'fi olil4ir$»"d aro ip#.i 
strictly true. This ilifiiculty is oriii whicli m |iiiei.||iar l«i the eleei.ro 
magnetic thcfory iiriiJ iirises Iroffi llie fact lliiii when ii rliaf||i«'l 
is accelerated part of its nmrgy lrii%'eb off lo iiifiiiily ifi lli« lofiii 
of eleclroiimgnetic imliiitiom 

Idmffiimlimtl ami Ifnit, 

Wfs ilialh however, mm in iiio iieil iibiijitor tlwi, th^f 

aeeeknitioi of Ih© tifwly is mtMinmtily stiittll e#»riip.mriwl wiili it# 
velocity, the wiliiiia ftir the mnmgy m Ito luM mml fiir ih« 

* BiiL J!«f. foi *1. |i, «!i |iWI|. i4tit llml l%# wiM m4mmf 
is of tlilii fihftriwter ©a #r Hi# ll mntMm to hmm !««#* 

tol ^ I«Ra#r |l%ii fmm^ tdt mm%m. p, W, i^ip 
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ankmmn hthtem ik ukifmiim iimuK 


iimgiiotic rnrniH*riiMrti, whirh w«* luivf'* i%‘i!l *»iily 

dif1i*r fr(#m th«* triif* viiIni*H 1iy wliirli i*tiiii^!v 

Biiinll. iliiw* m-’liirli will }«' 

{inrinr'ly lat^-r, fh«' fnriMtila** %dik*h w’l" i4>taiiP'4 ftif 

timy la*ii|-)jilk*ri t4» HyntfiriH ftinviriK with varyvltr’iiii * 1 . 

Th>i* Htati* fif HVHti'iim wdiich f^atiniy thm haw lii-i-ii ralli'il 

lij Al>ni.liiirn* cjimHi-KtAittmaty. 

AHNtiiiiiiig that ihti mmlitmn in mitmimi we 

Hhi'ill now ef»rwirir»r the iMdiavkair fif ihr" i4*o*t.rii'al nyHkmi 

iiiitinr the* inilurtncr* nf an ng fnrc’i*. 

Then* aril twn t4> airmhii-r: |Tl mdieii tli** fav-r* [jh in ilnj 
(limcdiim of ifHiiinnmiid (2'i wlini if- m jpajp-iplirailar |4-* it. Anj 
tilher atm* limy Im r4nri|'i«iiiwl<’il llivm* im*, Wr* ?%-iisill .miji|w.«i* 
file riirwing dmrge t4i \m |i!fM*f»rJ in an r»3ikTfiiil fif4«-i m'iimt 

given rime to the lyatelemtif'iiiH iiipler r«ifif4«h’rali«4.i-. If we wiirBiriitr 
any inflriitrly Hiirfta-e etir4r»iirig tli«* wIio|-« ♦detlrieal «ynti»iii, 

tla* Mfisiwrll ovor it will vmiimli,, m lliiit- ilie (urw exeried 

hy the oxf-erml field on tJie inovirig charge wi!! I#ii ia|iiiil in tliu 
riiti* of diniinutim of t|a* olcrirotiiiigrietii: riioitieiil4iiri of the nic- 
lorrifil ficdd, lint thfi total risf^aie-iiliiifi nf ih«» wlir'ilo 'Hy«k::!,fii 
ri.aiiiiirifi enrmtaiit, m thnt th« iialertial foiri:! Imi icjiiii! tnttifi 
niir? of imrmMifi of Ibii rnfanruttifi'i of ila« moving ehrirgi-t Sirieii 
thin by hypithi^nm, il folhiw# tbiit file fnrrs^ axerf^tt! €iii 
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When t.hft 5h tnumviTs.^ 1« tli.- .lir.T»i..,i ,,f it*- 

body will to lioHcrilMf a nirriilar orbit with .y - -i 

If ;• i.s till! inKtiuitiiiii-ctn.H nidiiiH of curviil.uro of tb»- |«itl(. sb. rof> 
of chauKu of tho moinoiifum H in alwny« iiboig r aod. f.y 

the principle of tin: hwiogrnph, i« jf-r timl lin»o to t$u,r. 

where u ia the inataiilaneoUH vo!<M-ity. 


But the instantani’OUH arceiinilion ii .sl^* nb'ju: r and ■■pud 

to u?j}\ wlicnco it followH iliai tlo* !'*f 

verae accolamtitiijs m otjiiiil 

II* fr u; . 

r r u r if 

Tho mfifiii for 

the rmwB for loiigifcucliriiil iMMtoloriitioria Thm «lifTrrriior m'tm 
pointed out by Abmlinrii*. It m umy »wly b** 

that the difference fietween tin* tofigilwlirial and llo^ 
electroraagriefcic rruim becifriion viiriiHliingly Miiinll b»r ^iiiii!i 

The propertioH of an objotrii’nily elmrio^d b«ly wfiodi w#* 
been conHidering have a nnalngv in Ant 

geoiiHJineal figure luoviitg in a flnid f.li*’ Hurr*ain»lin:|,f finid in 
motion. In the Kteady Bfati* wiaui the tmitf-n iiniho'intr in 

a sfeniight line the llriid ifiofirm h rarrn-d by lle^ la-**. aiig 

figure as though it wer#; rigidly aitaehfd n# ii ; wleui tti*-, .,1 
motion cluiiiges» waves an? npl iiji iiml {nri, nf ihn? rin^rgy *4' lie'? 
system in nifliiiteri iiwiiy to grnil dnlannife We ftliall «ie*^ m 
chapter ihal this almi lias its naiiiierjwiri in lln^ i*|rri.ri*M| 
Confiiiirig ciiiii^:*lve« t«i I he mm^ of iiriiform ire'»ti*»ie in t-lie ■-■wly 
state it is fiiiifidf tliat# if tlin iiiiivitig figiiri* i# tiii,fiiiiiinijty 
it rievertlif*ii*»s jKi»?iises iiiertia niiil ta4iiiv«w m lliongli it bivl n 
Cf.Tiaiii mmn cofttfieieiit whicti in 11 fiiiieiinri of llw <»f life ilind 
displaced by iL la lit#! cif a its m 

perfect Hiiiil thin rippiir«*iil mmm m mmAM of iliat of ite*- iiinil 
displie^efl by tiie »|iliere, Wfir!fi 11 rirrular cylinder ni nglii 

angles to it* huigtii tiie uppmmii mnm m s^^jtiaJ ibal of itic ilfiwl 
displficeil bj tlid eyliialer, Iti itiii mmm uf figote.# 

• 1^, CII, 



















svHtKM IN 


*1 '1*1 


coniraefinn in tin' fliri'niinn of iiir4jMti, 11m 

iniim'cliati*!}' fnr if thin oniitranl.iuii tu Ui- -4 

1 to - wlion* i-i is tfin mill# nf tip* nf th- -sv-a.-na 

till* volooiiy of llio tiimriHiMii'H tiiimu'tst' !*» tli*' *hi^- 'i-n 

of iiioiioii am Hii[i|i»&nf| to lio \iiti 

Lot IIH mippoHO tlnif. iliiM *' llo' r|i’*'U^os4 .40 

Wi‘ll an tin* niay*ria! a.H a Tim *»! lip* iH.-f-iO'iM i-? 

cine to LoroiiU*, It h in mrility iiin**h ’oiji|il*'r flioi# ftiai 
rigid Hpliorical .hIioII. For fho 'dodi ^vlurh 
roHti lH;oonii*s ail oldiif.o Hplioruid ill io,Mfo*ii, tii*- p-a-ir 

coiiioiflirig witli fiio ilirrot-ioii of 10 ^ 11^11 fyoi l« ion ^ t** 

Ji *>Jl wfna’t* ii in iJn* ratlaio *4 t-li** ‘dodl, Tio- 

torial nidiiiH w iiiioliaiigoci iiial i'ijnal Ut H. Tio'^ ti-n 

arineH as to what is tin* «‘iirro,Hj^fiifljiig fi^ni «yslofi» N.. Tlio-* itill 
be obtairic‘il if we iiiiiltipiy all itoigitiH {ifiralli’l to ib*^ *4 

motion by leiiviiig Itio jM^r|»ai«!ietiliir tlirrmii*»tp^ nii. 

changed. Thus the caimtiipiiidiiig lix«ai nytilotn if* sinijiiy n 
of nicJins IL Tin? laikaitiiil c^i k fiyiniii#4-riml ifi i}i*i 
space of tihci fix«*d Hysitan atid ocjiiid lo r, m ilnt 

dintanoo. from tho c**aitro c*f tin* spliero in this «y#k;-iii, 'J'lpt nb'.*-' 
trostatic emrrgy k ihm 



Blit everytliifig is Hyifiin-iriciii lilpaii ilm *4' ih.-. •ph*,: 

in tihc* final systcmi, tJiat 

mf''- Jim 

\l[l y*‘j'* m ■It. 

iiwclt ' 

also Op s» (0 » 0, m 1^4*ipt 


• Tkfiitp Kk€$fmm, f. f|§. 






[. sysiKM IV t'VIM'HM 


* .r <( 

hi * • ;r>l 

vii i f im: 


»i lliiii ih«^ l*t|igiHi*lifiiil tmim 


■ /‘fr tl /"?' 

Ifh ui ill*' lii.w i^'4 "M 4' 




li ■- /^V' 

rtlm ui ih*- 




- a 4M ^ .... 

*rhr^'- f*#rriii!ilii«'* iir*-" iill #.iiri|4*-^" Urm$ 
tlii^ rigid 


Th0 Hs'fwr%mm^Hi 

Wp. Iff lJtw|»l#^r I i.liat tli^^ ^4 I h' 

Wirt*|p’’ft iiiifj ijtlii?f% hiul f^t^fjliudirfl r 

wfpwi ripirgp j^'f Willi fiitt^ 0im IiipI %% %■ s«4-i iJiiiir# j* 

gfi!^«.l» liwi for ail AlfWfi <if' li|4fpg»^ii If# li-r 

flp^ wf I.fo4 t$mm <if ifom^ Ijartirlr# t|.r 

forg«*tP^ ^4 ihmf lip^tr* 'm ^t iV M »IP' 

l« IiKik fit pnimnmpu^ «ftpfotK## «4 iip- <4 ri^ 

iicdk fiii^. It iti#«titii for tiiif ifoiii^ipwi ilp- |%ie#,t » foffp%ip^4 
by ihr fmi i^tl ttii^irwfua^-rlie ri»#iP m m Iwirtprn ^4 '•* >l 

§f thp iiiwtiiig ^mg^% ili» iif«iiiw|' f4 ih* 

ielittiw I* iw Im llr# 

















CHARGED SYSTEM IN’ TJHIFOBM MOTIOlf 2S5 

It is true tiliat tke alteration in felie mass is small except when the 
velocity is comparable with the velocity of lig'ht; hut it happens, 
fortunately, that in the yS-rays from radioactive substances we 
have moving electrons whose velocities vary -widely but extend 
almost up to the velocity of light. 

The first successful experiments in this direction were made 
by Kaufmann^. Working with tke yS-rays from radium bromide 
he made use of a device similar to that of crossed prisms in 
experiments on dispersion. His apparatus is shown in Fig. 30 d. 
A speck of radium bromide was placed at the point 0 immediately 
below the parallel plate condenser of 
which PiPg represents a section hy 
the plane of the paper. Immediately 
above PiPg was a minute hole D in a 
thick metal plate. The line OD was 
vertical, and in the plane midway 
between the condenser plates. At 
some distance above D was a hori¬ 
zontal photographic plate. A suitable 
difference of electrostatic potential 
was established between the plates of 
the condenser, and the whole system 
was placed between coils designed 
to produce a uniform magnetic 
field and lying in planes at right 
angles to that of the paper. Thus 
the particles were acted upon, during 
their passage between the plates, by 
a horizoiital electric force lying in the 
plane of the paper. If this field alone 
were operative the particles passing 
through the points 0 and D would 
pursue parabolic paths when between 
the condenser plates Pi Pq, the para¬ 
bolas lying hi the plane of the paper. After escaping from the 
plate condenser the subsequent path would he rectilinear and along 
the tangent to the parabola at the point of escape. Thus under 

» GdtL Nachr. 1901, Heft 1; 1902, Heffc 5; 1903, Heft 3; Zdis. p. 55, 

1902 ; Ann. der J^hys. IV. yoI. xe. p. 487, 1906 (complete accoimt). 
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the influence of the electrostatic field alone, a group of particles 
all having the same velocity would he deflected to the right or to 
the left according to the direction of the field. The spot would be 
shifted from the centre of the photographic plate. Since the 
deflection depends upon the velocity, if the group consisted of 
particles having different velocities the spot would be spread out 
into a line lying in the plane of the paper. Each point on this 
line would correspond to a particular velocity. 

The lines of force of the magnetic field run from left to right 
in the plane of the paper, so that if it alone were operative it would 
cause the particles which pass through 0 and D to describe circles 
in a plane perpendicular to the plane of the paper. Owing to the 
magnetic field, then, the spot would be displaced in the plane 
perpendicular to the plane of the paper, if all the particles had 
the same velocity, and would be drawn out into a line in this 
plane, if the particles had different velocities. When both fields 
are operative at once we should expect to get a curved line on the 
photographic plate, each point of which represents the point of 
impact of particles having a certain velocity. The position of each 
point gives us, of course, the magnetic and electrostatic deflection 
of a particle with a definite but unknown velocity. It remains to 
be seen how we may deduce fi:om the measured displacements the 
value of the mass as a function of the velocity of the moving 
particle. 

For the sake of simplicity we shall suppose a uniform electric 
field to extend, from left to right, all the way from 0 to D and 
then to cease absolutely. The magnetic field H is uniform and 
parallel to this electric field all the way from 0 to the photographic 
plate P. 

Taking 0 as the origin, let the coordinates of J) be 0, 0, z, and 
those of points on the plate P be so, y, / Let the axis of y 
lie in the plane of the paper, F denoting the electric intensity. 
Assuming that the deflections may be treated as small, we have, 
so far as the motion in the plane of the paper is concerned, 

m= 0 and — Ye, from 0 to P, 
ov ov 

and = 0, from P to P. 
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Thus ^ = const. = Wq, 

where Wq is the component along OD of the velocity of projection, 
and z = + const. = wj) 

if = 0 when the particle leaves 0. 

Hence t = zjwa and 

xe-m 

Thus mw^y = \ Yez^ + Az+ B, 

Since ?/ == 0 when z = 0 and also when z = Zi 
B = 0 and A = -^iYez, 

Thus mwQ^y = ^Yez {z -- z^)^ 

dz mwo^ ^ ^ ' 




where 0 is the angle which the tangent to the parabolic path at 
i) makes with 01), Since the subsequent path is rectilinear the 
displacement y' at the photographic plate is 

y' = (/ - z,) tan 6 = ^ Yez, (/ - z,). 

The projection of the path on the plane of xOz is controlled by 
the magnetic field and is a circle passing 

through 0 and D to the degree of approxirna- - - — 

tion of this calculation. Let r be the radius / 

of this circle and SiDiPi (Fig. 30 b) the tan- / 

gent to it at the point 8i which is symmetrical / 

with respect to 0 and D. Dj and Pi are the ^ 
intersections with horizontal planes through / ^ 

D and P respectively. P' {so\ 0, /) is the inter¬ 
section of the projected trajectory on the ^ __^ 

photographic plate. S' is the interaection • ® ^ 

of a vertical line P'S' and a horizontal line 
SiSS'. S is the mid-point of OP. Then j 

n.os ^ a O 

FrP = S,S=^,r:^ = -I:, Jig. 80 6. 


2r-/S>Si 8r^ 


o 

Fig. 80 6. 
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pxol)able from other coEsideratioES that e is coastant yte are in this 
way able to find m as a fnnctioE of Wq. 

From the results of Kaufmann s experiments it was immedi¬ 
ately clear that the mass of these particles increased with increasing 
yelocity and that the Yariation was in good agreement with the 
formulae which had been developed oe the supposition that the 
whole of the mass was of electromagnetic origin. A careful re-exami- 
aation of his plates led Kanfmann to the conclusion that his 
results agreed better with the formula of Abraham for the rigid 
electron than with that of Lorentz for the contractile one. The 
graphs of the two formulae are however not very different for the 
range of velocities embraced by the ^-rays used, and it seemed at 
the time very questionable whether the experiments did not agree 
with the results predicted hy both formulae within the limits of 
experimental error. It is to be borne in mind that this experi¬ 
ment tests only the transverse mass and tells nothing about the 
mass for longitudinal accelerations. 

Brnherer's Experiment 

A very ingenious experiment to test the different theories of 
the constitution of the electron has been carried out by Bucherer 



Fig. 31. 

A speck of radium fluoride, which contains more radium per gramme 
than any other available compound of radium, is placed at the point 
jR (Fig. 31), which lies at the centre of the lower plate of a circular 
parallel plate condenser AB. The distance between A and 5 is 
very small compared with the dimensions of the plates. The plates 
A and B are maintained at a suitable difference of potential and 
are placed, so that their planes are horizontal, in the centre of a 
vertical cylinder. CD is a section of the walls of the cylinder hy 

* Arm- dcr Phtfs, lY. vol. zxYm. p, (1009). 
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the plane of the paper. A photographic 
extends all the way round the inside of 
cylinder. The whole apparatus is exhaust * 
and is placed in a uniform, magnetic field ^ 
perpendicular to the plane of the paper. 

To simplify the discussion of the exp€?i** * 
ment we shall suppose the distance between 
and B to be so small that it is quite negligif^ ^ " 

In the absence of the electric and magneto* 
fields the /3-rays travel in straight lines all 
way from JR and their trace on the photograj)!^ * 
film is a circle in the plane of the condenB^fi^ 
This circle becomes a straight line, of 
when the film is unrolled. When the fiel^^^ 
are applied the paths become more ' 

Between the plates they are still horizon J 
straight lines, but after escaping they desori ^ 
circular spirals with their axes along 
direction of the magnetic force. The rays 
only be able to escape from the plates provicic^cl 
the downward pull of the magnetic force 
equal to the upward pull of the electric fie lei. 
If we consider a particle starting ont with 
velocity w in b> direction making an angle « 
with that of the magnetic field, the conditi«#ii 
for compensation is 

Xe = Hew sin a, 

where X is the electric intensity between 
plates. Thus for the particles to escape 
the condenser 

^ ^0 jETasina' 

In Bucherefs experiments this formtila 
teat^ by taking X and H so that 
Under these circumstances 

sin a = 1/2)8. 

After leaving the plates the particles foH<»w 
a spral path of which 8T may be regarded 
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With Abraham's rigid electron, on the other hand, 
e 2c^ f 3 2S - tanh 2S] 

E (a^ + z^) t4;8 “~toh 28 j. 

where ^ = tanh 8. 

The relative constancy of the values of ejm^ calculated from iV 
experimental deflections by means of equations (33) and 
respectively should enable us to distinguish between the 
formulae. The data yielded by the experiments are given in if^* 
accompanying table: 


li 

H 

z (mms.) 

(Lorentz) 

— (10-') 
nij' 

(Abraham) 

*3173 

104*56 

16-37 

1-752 

1-726 

•3787 

116-78 

14-45 

1-761 

1*733 

•4281 

127-37 

13-50 

1-760 

1-723 

•5164 

127-55 

10-18 

1-763 

1-706 

•6164 

127-65 

10-35 

— 


•6870 

127-65 

6-23 

1-767 

1-642 


In the case of the Lorentz electron the value of e/mo is constii# ^ 
within the limits of experimental error, whereas in the case of 
rigid electron the deviation is much greater than can be accouiili^ 
for in this way. 

These experiments appear to dispose effectually of the rigt^ 
electron and they may be regarded as making it reasonably certini 
that Thomson's corpuscles are devoid of mass except such as is 
to the charge that they carry. For this reason we shall alw»| i 
refer to them in the sequel as negative electrons. 

We shall find later on that the relation between m and m 
characteristic of the Lorentz contractile electron is true of 
electrical systems according to the principle of relativity. Buchcf rf ^ i 
experiment may therefore be regarded as evidence in favour ..j 
that principle. A remarkable confirmation of the relativiii 
expression for the mass of a moving particle has recently j 
obtained by N. Bohr* from a consideration of the decrea^t^ ^ 
velocity of a and rays in passing through matter. 

■/; -;. ■ ’ * voi xxsl f. #81 (191#). 
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At the outset we are face to face with a new difficulty which 
arises from the fact that the charge pdr which enters into the 
integrals expressing the potentials is not all present in the 
element of volume at the same instant. Thus the charge pdr 
which occurs in this element of the integral is not equal to the 
true charge which would occur in this element if it were at rest. 
Consider the truncated cone TOSR whose apex is at P and which 
is terminated by the spherical surfaces AOSC end BTRD whose 
radii are c9 and c 4- dd) respectively. The sphere AG represents « 
the instantaneous position of contributing charges at the instant 
t ^ and the sphere BD the instantaneous position at t — 0 — dd\ 



Thus the part of the charge which contributes to* the potential at 
P from the front-end OS of the element of volume dr is present 
there at a later time than that which contributes from the back¬ 
end TR. All the charges are, however, present in the displaced 
element dr'^O'S'RT at the one instant t-O-dd provided 
00' = Vd6. Hence the true charge de which is effective in the 
element dr is, if X is the angle between r and F, 
de = pcJr'= pdr (1 — yS cos X)*, 

* TMe result is due to Wiechert, Arch. Nierl,^ (2) vol. t. p. 649 (1900). , Of. also 
A. Ll^uard, I/AdairagB 6UctHquei voL xvi. pp. 6, 68, 106 (1898). 
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We have 




47r 


cO ■ 
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dx 
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47r 
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cfm 
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_ _ d{t~e)dd 

dx d{t~- 6) dff dx 


^dd 


dx ^ dx^ dx dx* dx ^ dx' 


dx' dx 
dx ^ dx 


and 


dx' dx 

dx 


pd0 


Hence 

defy 

dx 


f£- 

4}7r 


-1 + - (t + -^ +1) («I - ^ + (y - v)if + (z - t) 


and 


[^^ - {(^ - f) I+(j'- ■>?) ^+(if - 0 ^13' 


* diB 


or 


r 




C”^-{(®-f)| + (y-tj)^ + (Ar-J-)^’ 

Thus 


- 1 - = ^ -± (^ - f) -> ) g 4. (y -1?) fi + (ir - t> gn 

The expressions for and may be written down from 
inspection, on interchanging the axes. 
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The expressions for JEy and may be written down by inter¬ 
changing the axes. 

It will be observed that of the three terms in the expri'SHion 
for Ex the first does not involve the acceleration f. ij, Let hh 
consider this part of the electric intensity separately. Its com- 
ponents are proportional to 

respectively. The resultant of this part of the edcctrie inteiiKit.y 
is therefore proportional to and directed along 0,P, whore O, is 
the position which the moving charge would occiijty if it coii- 
tinued from the instant t — 0 to move uniformly during tlm 
following interval 0 with the velocity ij, ^ which it had at that 
instant. We may therefore write the resultant E, of the part of 
the electric intensity which does not depend upon the lujcolera! ion 
in the form 

J?, — __ f) p fix 

' 47rr» (1 - /ii cos X)» * . 

If we work out the value of the magnetic intensity from the 
expression H = rot IT we find that there is a part of that al!«> 
which is independent of the acceleration Denoting this by //, 
we find 

Hx = 0Ei8m\ .(4^, 

where Xj is the angle between OiP and the direction of V. //, in 
ta,ngential to the circle passing through P in tho plane perjmn- 
dicular to V and whose centre is on the direction of V 

In the case of a particle which moves with a uniform vobsdty, 
the expressions just given will represent the whole of tho olectrh; 
and ma^etic intensities. In that case it is convenient to oxj>n!»M 
Ei = E in- terms of the instantaneous radius r, and tho anglo it 
makes with the direction of motion, rather than in terms of r «ntl 
X. The change is easily made. We have 

n/sin X = r/sin X, 

and since 00^ =V0== fir, 

■ »'i” = »^ + /SV‘-2y8r»co8X 

= ^ (1 -/3 cos X)*-p ySV* sin»X 
= (1 — ^ cos X)* 4-ySV,* sin® Xj; 
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Hiaximiiin wlitiv ain in n nia.\iiunin. ffini ia, in thi,^ eqii;ituriai 
plane, and in a niiniiiniin NinXj'":H. thstt i^-n f.h«' polar 

axk The wiirii* ihing in Irin* nf th*^ nia; 4 ii»*lir hirer’, whif-li Itinv- 
ever %’i.iniNhr‘ii in the iieigtilM#iirheM*l <»!' ihe polar hxJm, Thin HinUi 
of affairs him la.^en desrrila.Ni hy J. J. Tltntmtni in ihn atateinnnf. 
that the lifics of ferei! if# an ehTtric rliargr in naitinii tenni 
to mnmmimU* in liitf iNjiiaiHfia! plaine In t4in niisii when thw 
velocity hTOnneii r*|iial Ui ili#! vehudly i#f light the laninnntriifdnn 
is complete. HiiiRC! 0 i« ihm e^|nlil In tniily the three vaiiii^linM at 
every point ontNii!i? of tJm «N.|iiaiorfiiI plane. It will lie nlmervcai 
that t!ii.H pari fd" t!ie> fore*^ varit^N invernidy $m ifie H^jnarn of thn 
distance from fin* nif.ivifig rliargi^ nud in tliereforn ifiapprecdaide at 
big diHiiiiiccs. 




Tiirning In A**, ilie jimri of A* %vbieh imo-dveN fln^ amdenitifiin 
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acceleration. It is also at right angles to the radius r = OJP^ 
if we multiply each component of hj^ in turn by the corrcsp<->i**^*^^S 
direction cosine 

y-'^ or 

r ’ r T 

of OP, we find, for the numerator of the sum, 

— 0[(a;-| + (y —'>?)y + (a — S') ^3) 

—[c-d—{(«—f) ^+(y—'>7) •^+(.z—s) ^ n 

X d {(a: - f) f + (y —17)y + (ar — S) Cl 

= [('»-!)? +(2/-'v)^' + (^“ 0^3 

X [(® - + (y - !>7)* + (ir - S)'-' — ^>’‘^3 

= 0 . 

Thus Ei is at right angles to OP and in the piano containing 0, F 
and the acceleration. 

If we work out the value /fa of the part of the ma^nmfcio 
intensity H which involves the acceleration we find that tliiii is 
at right angles both, to OP and to Pg and is equal to 
magnitude. 

Thus the part of the electromagnetic field which depen rls on 
the acceleration of the particle is specified by two vectors, th© 
electric and magnetic intensities. These are mutually perptui- 
dicular and, in our units, are equal to one another in magnitwde* 
They are both at right angles to the radius from the point JP to 
the position 0 of the particle at the instant at which the sta.te of 
its motion determined the field at P. The vectors may thus h© 
said to be at right angles to the line of flight of the eleetro- 
magnetic disturbance. 

There is another very important difference between the of 

the field which depends on the acceleration and that which do« 
not. We saw that the electric and the magnetic intensitj' in. 
the latter were both inversely proportional, to the square at th© 
distance from the moving charge. In the former both tha 
intensities are inversely as the jfirst power of this distonee. Bo 
that at great distances from the moving charge the |»rt th# 
field which depends on, the acceleration irfli Wcome very girmt 
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compared with the part which does not depend upon it. The 
importance of this will be clearer after we have considered the 
distribution of the energy in the field. 

Energy in the Field. 

We know that the electromagnetic energy per unit volume of 
the field at any point is 

== i + (E, E,) + I + E,% 

where (HiH^ and {E^E.^ denote the scalar products of the vectors. 
The energy per unit volume may thus be split up into three 
parts, 

U, = i [H^ 4- iV}, U, = + {E,E,\ 

and C/s == i {^ 2 ^ + • 

Following Langevin* we shall consider these three parts of the 
energy separately. 



* Journal de Physique, vol. iv. p. 171 (1905). 
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We have seen that the field at the point P at the time t is 
determined by the state of the moving charg’c at the instant t— 0, 
when it was at a point 0 distant r from where OF =s r = c6. 
The same statement is true of the field at all points on a sphere 
through P with 0 as centre. The field may thus ho reganh,*(l as 
spreading out from the moving charge in all dircictions witli the 
uniform velocity o. If we consider another point P^ on OP t;he 
field at Pa will no longer be determined by the Btat.e of the 
moving charge when at 0, because the disturbance initiatcMl at 0 
has already passed over Pg and reached P. The field at P^ at tlie 
instant t will be determined by the state of the particle when at 
some point Og at a time later than t — dy let us say t--9+ 

The locus of the points at which the fiedd at the time t is 
determined by the state of the particle at the time t-6^ddm 
the sphere PA whose centre is Og and whose radius is 

OA = c(d-de), 

At the time t the state of the field in the excentric shell bounded 
by the two excentric spheres whose radii are 

OP = c0 and OA=c{6-^de) 

will be determined, at every point, by the state of tlie moving 
charge at some instant between the times t-9 and t-O 
We shall now consider the energy of each of the three tyinm 
Pi, Pg and Ps which is present at the instant t inside the 
excentric shell. 

The energy of the first type per unit volume is 
271 = (1+sin» X,) 

l+0^8ix>?\ 

327r2 n* (1 - ^ sin.’ X^)* 

' nVl+/g°sm»Xi) 

327r’“ 9**'(1 — jQcosX)* 

3271^ r«(l-yScos X^)® 

l4-2;9®-2y8co8\-/9>co8*X 
327rV« 0 - yQ cos xy ’ 

by making use of the various relations on pp, 248 and 249, 

The energy of this type within the excentric shell is JfJUtdr 
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taken throughout the volume of the shell. Using polar coordi¬ 
nates r, X, <j) the annular element of volume is 

27rr sin XxrdXx JPP^. 

Now 0P= c6, 0<i,P2^c(^9 — d9\ and if Q is the foot of the per¬ 

pendicular from O 2 on OP, 

OQ = 002cos X = Vd0 cos X = o/3 cos Xd6. 


In the limit when dO is made to vanish, QP^ = OaP*; 
PP^ — c9 — c{d — dO) — 0 ^ cos Xdd 
= cd9 (1 ~ ^ cos \). 


Hence 


Thus 



e^(l ~ /3^y /*”' 1 ■+ 2/3^ — 2 ^cosX — cos^X 

6^ (1 - ode 2/3^ - 2 h - 4^ - 

leirr^ J3 of 


sinXdX 


3 + yS^ 

247rr2 


odd 


(where ^ = 1 — /3 cos X), 

.(n 


This is the value of the part of the energy, which does not 
depend upon the acceleration, which is found at the time t between 
the excentric spheres whose radii are o6 and o (0 — d9). It will 
he observed that for a constant value of cdd this part of the energy 
varies inversely as the square of r. It is therefore negligible at 
a great distance and is practically all concentrated in the imme¬ 
diate neighbourhood of the moving charge. 

In the case in which the charge has always been in motion 
with the uniform rectilinear velocity V = /3o, all the energy is of 
this type. The formula we hare just obtained enables us to 
calculate the total energy of this type which lies outside a 
small sphere of radius E described about the moving charge. 
The smallest of the excentric spheres will have the instantaneous 
position of the moving charge, that is to say its position at the 
time t, as centre. 


A.11 the other spheres, see Fig. 35, are external to this one and 
their centres behind its centre Oo, since we are supposing that the 
change is moving with a velocity which is smaller than that of 
light. We may now, in imaginatidu, displace aU the spheres so 
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that they have the point Oq as centre. When this is done the 
volume of the shell between any two spheres is the same as when 
they were excentric. The total energy in the field is clearly the 
same as if the energy of each excentric shell was spread uniformly 
over the volume of the corresponding concentric shell. It is 


therefore 

^ 3 + 0 ^ 

1 O 

! 


p dr 

247rl-y3^ , 

In 

247rl 

Js ^ 



e* 3 + ^ 

e* 



"247r-Bl-^'“ 

SttR 


1 + 


4 / 3 ^ 




..( 8 ). 



In our units the potential (electrostatic) energy outside the 
sphere of radius R is e^jSTrR, The remainder must therefore be 
the energy of the magnetic field of the moving charge. Since 
the electrostatic energy is the same whether the particle is at rest 
or in motion, the magnetic energy is the same thing as the kinetic 
energy of the moving charge. The kinetic energy is thus 

/9* 

67rii .. ......( 9 ). 
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This may be regarded as the part of the kinetic energy of the 
moving point charge which lies outside the sphere of radius 
R described about it as centre. In the case of an extended 
distribution of electric charge such as the spherical shell con¬ 
sidered in the last chapter, it is necessary to calculate the combined 
effects of the superposed fields due to the different elements. The 
calculations are very complicated and can only lead to the results 
obtained previously, so that we shall not pursue the matter further 
in this direction. 

It is important, however, to emphasize at this stage the two 
main features of the part of the energy of the field of the moving 
charge which does not involve the acceleration. In the first place 
the whole of this energy is located in the immediate neighbour¬ 
hood of the moving charge and is carried along with it in its 
motion. In the second place its magnitude is a function of the 
geometrical distribution of the charge. Both are clearly estab¬ 
lished by the discussion immediately preceding and by the results 
of the last chapter. This part of the field has been called by 
Lange vin the velocity wave of the moving charge. 

We shall now consider the part of the energy which depends 
only on and iTa* The amount of this which is present be¬ 
tween the two excentric spheres whose radii are c9 and c{6 — dd) 
may be calculated as follows. Since H 2 the energy per unit 
volume is 

Now E 2 is the resultant of two components, one along OiP and 

cos fj/ 

47rcV'^ (1 ~ WS A/ 
and the other parallel to T and 


47rc'-r (i — ^ cos Xf ^ 

Using the polar coordinates r, X and take the line OOi as 
the polar axis and choose the plane ^ — 0 so that it contains 00 1 
and a line through 0 parallel to the acceleration F (Fig. 36). 
To find the vAlue of Ei resolve into three components, 
(1) X parallel to 00 ^, (2) Y perpendicular to OOi and parallel 
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to the plane (j> = 0, and (3) Z perpendicular to OOi and also to the 
plane <fi = 0. Then since 00, = we have 


eV f cos;a(cosA.-/3) 

"" 47 rc¥ (1-/3 cos Xf |“1 - /3 cos X 

eP f cos jU. sin X cos (f) _ j,-, 

"" 47rc^r(l-jQcosA/ [ 1 - /3 cos X, 


\ 

^...( 10 ), 


^ gP c os//, sin X sin (j> | 

^47rc=r (1-/9 cos X/ l-/9cosX 
where e is the angle between T and 00,. We have now to 
evaluate the integral 


r r r 

(X^ + Y^ + Z^)dT\ 
JJJ 


where ^t’ (1 — ^ \ cl\d/<pcd0* 



The limits of integration are: for \ from 0 to tt and for (j>, from 
0 to 27r. 


Since cos fji> = cos X cos e + sin X sin e cos (jb, 


and 


and 


r2jr rZn 

J d(f> = Stt, J cos (f> d(f) = 0, 

r2rr 

I COS^^ cZ(^ = TT, 
d 0 


after changing the other variable from X to i?? = 1 — /3 cos X, we 
find, for the energy of this type between the excentric spheres^ 
the value 


dU. 


de, 


.( 11 ). 


Gttc^ (1-^")" 

This result is extremely important. Since it does not involve 
T it shows that the energy between the spheres remains constant 
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provided they always correspond tio the same instants t — 0 and 
Thus as the spheres travel outwards with the velocity c 
they always enclose the same amount of this energy. The total 
energy of this type which is emitted by the accelerated charged 
pa7'ticle travels of] i% midiminished amoicnt, in all directions to 
infinit2j with the miiform velocity a This energy can no longer be 
regarded as belonging to the moving system. It is transferred to 
the siirronnding space and is in fact the energy radiated by the 
particle. 

Since d is proportional to we see that there is no radia¬ 
tion except when the moving charge is accelerated. There is no 
radiati on from a particle in uniform motion- Moreo ver the radiation 
has the sanxe value whether T is positive or negative. A retardation 
has the same effect as an acceleration. This is true not only for 
small velocities hut also for velocities which are comparahle with 
that of light. 

Our results may readily be extended from a point charge to 
any finite geometrical distribution- By considering two spheres 
such that both r and dr {—odd) are large compared with the 
dimensions of the charged system, it is clear that the radiation is 
independent of the distribution of the charge within the system, 
provided the acceleration is the same for all parts of the system. 
This establishes an important difference between the radiant 
energy and the part of the energy which is independent of the 
acceleration. For we saw that the latter part depended very 
directly on the geometrical distribution of the electrification, being 
in fact a linear function of the electromagnetic mass of the system. 
On the other hand, the emryy radiated by a charged system does, 
not involve the electromapietic mass of the system. 

When the 8yst€3rn contains charges of both signs, and also where 
different parts have different accelerations, the radiation will in 
general depend on the geometrical distribution; but, in any eventj 
the influencing factors are not those which determine the electro¬ 
magnetic mass- It is clear that so far as the radiation which, 
escapes to a great distance is concerned each electron in any 
material system may be treated as a point charge. When the 
velocities are small the energy in the shell does not involve th© 
angle e and it may be shown, in a manner rather similar to the 

E. m r. 17 





258 CHAEGE MOVING WITH VARIABLE VELOCITY 


foregoing calculations, that the radiation is proportional to 
taken over all the electrons or charged particles in the system. 
It follows from this result that a material system which is 
electrically neutral will not emit radiation when it is uniformly 
accelerated, even though it is made up of electrons. This result 
is otherwise obvious since it is clear that any system which is 
arranged so as to have no external field will not radiate. The 
result that the radiation is proportional to (SeT)® enables us to 
see at a glance whether a given system will he an efficient radiator 
or not. For instance, we may take the case of two equal and 
opposite charges revolving in a circular orbit about the mid-point 
of the line joining their centres. Here both the charges and the 
accelerations have opposite signs; so that the sum of the products 
is additive and the system is a good radiator. In the case of two 
■equal negative charges revolving in the same orbit about a positive 
charge at its centre the charges have the same sign, and their 
accelerations opposite signs. The value of is therefore zero 

and there is no radiation from this system. There will of course 
be radiation emitted, if the negative charges get out of phase 
with each other. It is well to observe that the vanishing of 
will be the condition for no radiation only provided that 
the summation is taken over a sufficiently small element of volume. 
The result that the rate of radiation of energy from a point charge 
is equal to 


e"P^ 

Gttc^ 


( 12 ) 


for small velocities was first given by Larmor*. 

Some of the properties of the radiation waves will be considered 
in later chapters. 


The Wave of Reorganization, 

The part of the energy in the shell, which involves the 
geometrical products of and and of and may be 
obtained in a manner similar to that used in calculating the value 
of Taking the same Cartesian axes as before, we find the 

values of the components Xi, Fi, of and Pi, Qi, ot Mi 

from the expressions on p. 248. We have already found F^, 

* mi, Mag, V. vol. XLI7. p. 503 (1897), Ct also Aeth&r ana Matte^r^ p. 
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■th-e components of and Pg, Qs, niay readily be obtained 
since we know that and are equal to each other and are 
also perpendicular both to each other and to OP, The value of 
this part of the energy per unit volume is 


[Z,Xg -h F,Fg + 4- PxP, + QxQs + 

Introducing the element of volume in polar coordinates we in¬ 
tegrate this throughout the region between the two shells and 
find 




_1 

(1 —yS-)-:>7rr c 


cos 6 d9 


.(13). 


This energy is a maximum when e = 0 and is zero when 6 = 7r/2. 
Since TdO is the change of velocity in the interval dd we see that 
V-dd cos e is equal to the resolved part of the change of velocity in 
the direction of motion. Calling this c8y3 we have 


.<'*)• 

This part of the energy contains r in the denominator, so that 
it falls to zero as the two spheres proceed to infinity. 

There is a rather simple and important relation between the 
energy dU^ and the energy in the field when the chai'ge is in 
uniform motion. In considering this, in order to fix our ideas, 
we shall suppose that the motion is uniform except during the 
infinitesimal interval between t — 6 and t — 6 dd. Before t — 6 
the charge moves in a straight line with uniform velocity Vi and 
after t — 9-\'d9 it again moves uniformly in a straight line but 
with a different velocity Consider the energy in the field 
outeicle of the two excentric spheres. Up to the instant t this is 
that which is proper to the case of a charge moving with the 
itniform velocity Vi, At the instant t this begins to be altered. 
A new field begins to be established, namely that which is proper 
to a particle moving with the uniform velocity v^. The new field 
is aviciently left behind it as the excentric shell travels outwards 
with the velocity c. The relation referred to is that the ene3rgy 
is just what is required to change the field outside of the 
excentric sphere from the state corresponding to the uniform 
velocity % fo the state corresponding to For this reason the 
eumtgy dU^ has, veiy appropriately, been called by Langevin the 
wmvB. of raorganimtion. 


17—2 








260 CHARGE MOVING WITH VARIABLE VELOCITY 


The proof of this assertion is a very simple matter. We have 
seen (p. 254) that for a point charge moving with uniform velocity 
Vi = c/3 the energy Uj (/S) of the field outside a sphere of radius 
r about the position of the particle at f ^ is 



If the speed instead of being Vi were Va = c (/3 + Bfi), let us say, the 
value of IT] would be 


C^i(y9 + S/3) = 


4 (/3 + S/3)* • 

'Sl-W + B0y. 


__f_ I 4 8 /SSyQ \ 

~ STrr I 31 3 (1 - /S’OV ’ 


neglecting higher powers of B^ than the first. The difference 
(^ + 3/9) — ZJj (yS) is equal to the value of dUi given by (14). 
The extension to a finite change of velocity spread over a finite 
interval of time is obvious. 


Acceleration and Force. 


Let us consider the work done by an external force on an 
electric charge. The law of conservation of energy requires that 
this should be equal to the gain in the energy of the system, and 
we have seen that the whole energy of the system can be expressed 
as energy of the electromagnetic field. The increment of energy 
consists in fact of two parts: the first d which is required to 
change the state of the electric field to the condition permanently 
appropriate to the new state of motion, and the second dU^ which 
represents the energy transformed into radiation. If Xe is the 
force acting on the charge we have therefore 

XeBx = BU^+BUi 


(1 —^yZirr c 


i cos eap + 


pt-,. , 1 —fflein°e e® l ,v . 
BtrcPril-^y 6wc’'c/9Gose^*^®"'^^®^’ 


(1-ySy 6^0=- 


smce Bx =cfi cose dd. The right-hand side of this equation would 
represent the whole work of the force in the hypothetical case of 
an electron whose properties were those arising from that part of 
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the field dae to a poiat charge e, -which kj outside a sphere of 
radius r about the charge. It is very unliiely that an. electron, 
possesses this constitution, and where the electrification has an 
extended geometrical configuration the eq[uation has to be naodified. 
We have seen that the second term on the right-hand which 
arises from the energy radiated is not aflfected hy the geometrical 
arrangement of the charge. With the first term it is different. 
The new value of this may he found by considering the difference 
in the energy in the steady fields corresponding to the velocities 
before and after the action of the force. Proceeding in this way we 
find, in the case of any distribution possessing spherical symmetry, 
that r is replaced by the radius of the sphere multiplied by a 
numerical factor. The precise value of the factor depends on the 
configuration of the distribution, whether superjficial or throughout 
the volume of the sphere and, if so, whether uniform or not. Thus 
the form of the equation is unaltered even when the electric 
charge is not concentrated at a point. 

Our equation differs from the corresponding Newtonian Equa¬ 
tion F = mP in two important respects. In the first place we 
have the additional term depending upon P* and in the second 
place m is never constant, although it is approximately so when 
is very small. This aspect of the question has already heen 
considered. When the acceleration is small the second term con¬ 
taining will be relatively unimporfcant, so that the Newtonian 
law is an approximation which is true for small accelerations and 
small velocities. 


For the form of the Newtonian law to be preserved it is 
necessary that the second term should be negligible compared 
with the first. Thus if a is the radius of the electron it is necessary 
that 

lUa 2(l->)c»;Sco8e .^ 

should be small compared with unitj. Since 1 —/S’ may in all 
practicjal cases be taken to be of the order unity, the order of 
magnitude of this fraction is 


Ta 


= . ( 17 ) 

cyd COS e 2c V COS € 2c ^ ' 


2o®/8 cos 

where r is the time necessaiy for the charged sphere to move 
in the direction of the acceleration through, a distance equal to 
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its own radius. It is thereforO necessary that the change in the 
velocity of the body during this time t should he small compared 
with the velocity of radiation. 

If this condition is satisfied the motion will he the same as 
that calculated on the supposition that radiation does not occur. 
Abraham ^ has suggested that the term quasi-stationary be applied 
to states of motion which satisfy this condition. Since the calcu¬ 
lation of the motion when the state is not quasi-stationary is 
extremely complicated, it is important to inquire whether such 
states are likely to occur in nature or not. there is one case 
which is of very frequent occurrence in which the condition is 
violated, and that is the case in which the velocity of the particle 
and ^ are zero. This state, however, only lasts for an insignificant 
interval of time in the case of an electron. We know from the 
value of the electromagnetic mass of these particles that a is about 
cm. If the particle has moved from rest for a time t the 
velocity v-Vt, and since c = 3 x 10^'^ cms. per sec. the fraction 

^ - ^ — will be comparable with 10”^Y(6 x 10^® x t)> This will 
cos e ^ 

clearly be negligible compared with unity for any measurable 
interval of time. Even after sec. it will have fallen almost 
to 10"^. Thus even in the case of a charged particle starting from 
rest it seems unlikely that serious error will arise if the motion is 
treated as though it were quasi-stationary. 

Another case in which one might expect the quasi-stationary 
condition to he departed from arises when the acceleration is very 
great. Probably the 'greatest acceleration with which we are 
familiar is that which occurs during the impact of a /3-ray particle 
on an atom. There is some evidence that in favourable cases 
a i^-ray particle may be completely stopped within a distance 
d equal to the diameter of an atom, let us say 10”® cm. Assuming 
uniform acceleration as an illustration, the equation of energy in 
this case is 

^mv^ = 7rird. 

Thus ^ = ^;Y(2 X 10”®), 


Ann* dtr Phy», loc» cit» 
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when ?; has its maximum possible value c. Even in this case the 
ratio has a value which is quite small, so that it does not seem 
likely that the assumption of quasi-stationary motion will lead to 
serious error in practical cases. 


The Reaction of ike Radiation, 


Although the part of the force which is neglected by the 
assumption of quasi-stationary motion is practically always small 
compared with the remaining part, there are cases in which it 
might exert important effects through its persistency. For example 
in the case of periodic motions, if the reaction of the radiation 
always tended to stop the motion, it would in time exert an 
appreciable effect. For this reason it is desirable to calculate the 
reaction on an accelerated electron without assuming, as we did at. 
the beginning of this chapter, that the increase in the velocity 
during the time required by the electron to move over its own 
radius is small compared with the velocity of radiation. Owing 
to the difficulties which arise in a more general treatment we shall 
content ourselves with the case in which the velocity, though 
variable, is rectilinear, and in which the squares and higher powers 
of the ratios of the velocity of the electron, and the derivatives of 
the velocity, to the velocity of light may be neglected. 

Let us seek the force acting on an element of volume dr of 
the moving charged sphere at the point P whose coordinates are 
cc\ / at the instant t Let the variable velocity 'w of the sphere, 
be parallel to the axis of a. Let Q {x, y, £) he the' position of 
some other point of the sphere at the time t. The part of the 
potentials at P which arises from the element dr ^^dccdydz which 
is at the point Q at the time t will be determined, not by the 
instantaneous state and position Q of the element of volume, but 
by its state and position — y, z a. time t — where 

{(% - + (j/ - /)’ +(j!~ = c9. 

We also have 

PQ ={(«;- + (y - 2/? + (^ - = r, 


dx « 6^ d^CG 6^ 

S5S — Wl? -h |u^ — 4- • 


4* ••• 


and 
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Siiioo. cd an(i r diflVr only by tiTiii.H irivolvinK u aiul it,8 
derivativus as a factor wo can ptil. r = cH in the eijualitin for x#. 
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iTo - X ■ 
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iUf 
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u 
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Vs 


Thus c0 -r 
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0 


-rU " 
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^ M. 3r fl 3r u , 
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c dr c' dr 2(r’ dx 

dr r •“ x’ 
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II W «« ll 


0 r 






Thim to every element of voltiiiirf dr{^d*tdfi(l$) of ttie elnirge 
at the time t there will be thi.^ e<irre«|aiiirliitg leletiieiit 

driC—rfetrff rl^) 

at the time 6 fiecon<i« previoiiily, where 

(ht - ^1 - H l,r ® +1 (*-.*') _ r {* - .r') + ...) th. 

The velocity of this charge at the time t-9 in 
u •— ttB 4" + .a* 


m .1^ fS 


V « 

In integrating for the scalar and vector potentials we imwl 
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replace — ^ ■ On sulstitubing- the values already obtained, 

we find to the first order of small quantities that 


4*=-ln- 

c6 V ( 

The scalar potential 


is evidently 


a:') r 4-... 


l\\\ 


The vector potential 


contains u as a factor, so that the replacement of ^ by will 

only introduce small quantities of the second order and may be 
omitted. It is, however, necessary to substitute in tTa. the value 
of u at the instant t — 6> Thus 




'll , 1 w « 


lTy-= Vz^ 0, since the resultant velocity is parallel to the axis of cc. 
The ic component of the force on a unit charge at F is 

The magnetic force H(=rot IT) is derived by differentiating the 
vector potential with respect to the coordinates. It thus contains 
as a factor, so that the lowest term in [uH] will involve squares 
of small quantities. This term maj therefore be neglected. 
Evidently 
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r^daf'^^'^Stre^ 


as—of dr 11 , 
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This is FJudt=- 


■ - .uudt’h^—-uildt 

^irac^ OTTC® 


d 


^7ra& dt 


dt -I- 


Gttc® 


iuu) 


• u-^ 


dt 


The term 


g2 ^ ^ ^ 

■ ~ 2 ^ dt represents the diminution of the 

electromagnetic energy (^mv^) of the steady pa,rt of the field of 

g 2 

the moving charged body. The term "Q^'^^dt is equal to the 
energy radiated. 

The work done by the second term in FJ in a finite time, say 
from ti to 4, is 

Gttc® 


uu 


u ^ rt. 

ti Jt, 


ta ) 

uW 


V 


The integrated part vanishes if either to or u is zero at the limits. 
In the case of periodic motions this term will vanish when the 
limits are the recurrent zero values of u and u. Even if these 
limits are not chosen its value over a long period of time will 
be small, being comparable with the maximum value within a 
single period. The value of however, is always positive, when 

... 

not zero, so that the integral / u^dt will increase indefinitely as 

Jti 

4 increases. It will evidently tend continuously to diminish the 
kinetic energy of the vibrating electrified particle, and thus to 
stop its motion. It is, in fact, very similar in efifect to the action 
of a frictional force on a dynamical system. 

Planck^ has suggested that this force may account for the 
frictional term which it is necessary to introduce in order to 
account for absorption in optics. Whilst there is no doubt that 
this force must be operative it is, I think, far too small to account 
for any of the observed eff ects. The kind of action in which the 
frictional term is smallest is found in the case of substances which 
give rise to the residual rays. We have seen in Chapter viix 
that even in these cases the coefficient which enters into the 
resistance term is of the order 10^* in the units employed, whereas 

the term would lead to only about of this amount. The 

main part of what appears to be a damping force in optical 
radiators must evidently be sought elsewhere. 

VorkBungm die Thmrie der Wdruieitrahlung, p. 100. Leipzig (1906). 

















CHAPTER XIII 


TTTK AETHER 

In our discussion of electromagnetic action so far we have 
always, explicitly or implicitly, considered the medium, in which 
the actions take place, to be at rest. It is true that in Chapters 
XI and XII we have considered in detail the effects produced by 
moving charges, and we have seen that changes in the state of 
the electromagnetic field are propagated through the surrounding 
medium with finite velocity. Without having specified the matter 
very definitely we have implicitly assumed that the bodies, whose 
motional effects were being investigated, were moving relatively 
to a fixed system. The fixed system embraces the observer and 
his instruments, and we have treated the question as though the 
medium through which the electromagnetic effects are propagated 
was rigidly attached to the observing system. This assumption 
is clearly, however, an arbitrary one; so far as anything which has 
yet been brought forward is concerned, we might just as well 
have considered the medium to be moving along with the moving 
system. It is necessary, then, to consider what effects we should 
expect to arise from the motion of the medium, in order to decide 
which, if either, of the foregoing alternatives is true. It may 
even happen that it is impossible to form a consistent scheme 
of electromagnetic phenomena, without discarding the idea of a 
medium altogether. 

The main question at issue relates to the hypothetical non- 
material medium—the aether—which has long been supposed 
to be the seat of optical and electrodynamic actions in space. 
Although the question of the effects which are peculiar to moving 
material media is intimately connected with this, nevertheless 
the two questions are essentially different. If the first question is 
^ttied, we shall see (p. 285) that we have already accumulated all 
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the material which is necessary to determine the specific effects 
which are caused by the motion of material media. 

It appears to the writer to be impossible to acquire a true 
perspective of the matter at issue without considering' it in its 
historical development. We shall therefore take it up from that 
point of view, at the risk perhaps of lengthening the treatment. 
Naturally, optical effects will he treated as a particular case of 
electrodyiiamic actions. 

Aherration oj Light, 

The study of this subject arose out of a discovery by Bradley 
in 1728, made during an investigation, whose object was to detect 
annual parallax in certain fixed stars near the zenith. Such a 
parallax was found. It was not, however, directed towards the 
sun as it would have been if it were ordinary stellar parallax, 
but it was in a direction perpendicular to this in the plane of the 
earth's orhit. The magnitude of the aberration” was found to be 
proportional to the sine of the inclination of the star, but was 
constant for stars of equal inclination. The results were found to 
be capable of complete explanation on the ^iew that the light was 
propagated in space with a finite velocity in a direction which was 
fixed relatively to the star and which was uninfluenced by the 
earth's motion. 

The prohlem is one of redativo motion and can be made quite 
clear by considering an analogous material case. Suppose an 
observer to be in an open carriage which is moving with uniform 
velocity in a horizontal plane. He wishes to determine the 
direction of motion of the drops which fall into the carriage in 
a rain storm. To do this he in provided with a long tube which 
can rotate about a horizontal axis perpendicular to the length of 
the tube, and the inclination can be read off on a circle in a 
vertical plana The direction is then determined by adjusting 
the tube so that the drops MI through without reaching the sides. 
The direction of the rain as thus deterniined will evidently depend 
on the direction of the rain relative to axes fixed in the ground, 
on its velccity and m that of the carriage relative to the same 
axes. ms consider the eomj»ratively simple case when the 
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direction of the min » « » ««“ 

of motion of the carriage. 

Let OP be the direction of the tube, i.e. the apparent direction 
in which the rain re«>hee the carriage, ««ld let the angle OJP 
Then if OP'^ ^ where is the velocity of the rain relative 

to the axes fixed in the earth, and . is the velocity of the carriage 
referred to the same axes, then OP' will represent the portion of 
the path of the rain relative to axes fixed m the earth, y 

then determined by the condition that the time required by the 
rain to move from 0 to P’ is equal to that required by P to 
reach P'. Thus 

^ PP' sin POP' 




The angle between the true and apparent directions is called the 
angle of aberration; denoting it by /3 we have 

= Z POP' = sin-1 sin . 


The analogy between this illustration and the optical case is 
complete. OP has to be replaced by the direction of the telescope 
and OP' by that of the light passing through it—relative to axes 
fixed in space. F becomes c the velocity of light in free space, 
and V is the velocity of the earfch in its orbit. Thus 


sin ^ y sin a, 

and is therefore proportional to the sine of the apparent inclina¬ 
tion of the star, as Bradley found. vJV is often referred to as the 
aberration constant. 


If we make use of the hypothesis of the aether the most 
obvious interpretation of Bradley's observations is that the aether 
is at rest in space and is entirely uninfluenced by the motion of 
the earth through it. On this view, ss was first pointed out by 
Boscovich, the angle of aberration will depend on the velocity of 
light in the medium in which the aberration takes place. If V' is 
the velocity of hght in this medium the angle of aberration will 
be given by 

sinsm ou 
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Ct should therefore vary directly as the index of refraction of the 
nedium. An experiment to test this conclusion was carried out 
ong afterwards by Airy who used a telescope filled with water. 
3e was, however, surprised to find that under these circumstances 
ihe constant of aberration had the same value as in an ordinary 
elescope. 

An experiment based on somewhat similar reasoning had 
ccurred independently to Arago, who argued that since the de- 
iation of a ray of light produced by a dense prism depends on 
he ratio of the velocity of light in the prism and in the surrounding 
medium, its magnitude ought to be different according to whether 
he passage of the light through the prism is helped or retarded 
y the motion of the earth. With this experiment it is evidently 
nnecessary to use light from extra-terrestrial sources. Arago 
)und that no effect due to the earth’s motion could be detected, 
Ithough the expected effect was comparatively large. 

An explanation of the experimental results of both Airy and 
.rago was given in a general way by Fresnel, who suggested 
lat the aether was carried along by moving material media in 
ich a way as to compensate exactly for the difference between 
re velocities of the light in the medium and in vacuo. It is 
ecessary that the aether should be carried along with a velocity 
hich is only a fraction of that of the medium, for if it were 
irried with the same velocity there would be no aberration at 
J. Fx'esneFs suggestion was worked out more completely, later, 
Y Maxwell and Stokes. We shall now calculate with what 
action of the velocity of the transparent medium it is necessary 
nat the aether should be carried along in order to give the result 
quired by Arago’s experiment that refraction is independent of 
le earth’s motion. 

The path of a my of light in any medium is determined by 
L6 fact that the time required to pass from any one point of the 
hth to any other has a stationary value. This extension of 
srmat’s Principle of Least Time follows on the undiilatory theory 
light from the fact that if A and B are any two points in a ray 
e disturbance arising from points in the wave front in the 
imediate neighbourhood of A must all reach B in the same 
lase. This condition will evidently be satisfied when the time 
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from .i to 5 tas either a stationary or a maximum value as well 
as when the value is a minimum. Thus if ds is an element of the 
path of the ray and V the velocity at any point, then 

s/^, = o.(1). 

Consider the case of any optical system, including the observer, 
•vvhich moves through space with the velocity whose components 
are u, v, w. Let I, m, n be the direction cosines of the ray at any 
point. Suppose that in any refracting medium the velocity of the 
light passing through it is increased by the amount 6 multiplied 
"by the velocity of this medium through the aether. If F is the 
standard value of the velocity of light in this medium when the 
system is at rest, the velocity relative to axes fixed in space for 
■fctie moving system will be 

V + 6 {lumv-{■ nw). 

But the observer is moving relative to the fixed axes with a 
velocity whose components are u, v, xu, so that the resolved part of 
his velocity along the direction of the ray is Zw + mi; + nw and 
■bhe velocity of the ray relative to him is 

V — 6) {III + mi; + nw). 

The equation of the relative ray paths is therefore 
S f __ A 

J V — (1 — d) [lu + mv + nw) ’ 
or to the first order of {u, v, w)/V 

sJ^ + S J-yr (udx + vdy ■\-wdz) = 0 . 

To be in agreement with Arago’s experimental result it is neces¬ 
sary that the relative paths to this order should be independent of 
'VC, V, w. This will be the case if the quantity under the second 
integral sign is a perfect differential; since the value of the 
integral will then depend only on the terminal points which are 
not varied. If m is the refractive index of the medium and c is the 
velocity of light in free aether = c®/ F“. It is therefore necessaiy 
and sufficient that 


m’ (1 - d), , , 

- ^ - {udx + vdy+wdz) 

Be a perfect differential. Since the relation between m and u, v, w 
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is artitrarj and udcsi-vdy satisfies this condition as a rule, 
it follows that 

—1--= a constant A, 

& 

so that ^ = 1 ~ Ac^fm^ 

It is clear that 6 must Tanish for empty space for -which m=l^ 
so that A = l/c^ and 6= 1 ~ 

It follows therefore that there will he no effect, due to the 
motion of a refracting medium through space, of the order of 
magnitude of the first power of the ratio of the velocity of the 
medium to that of light; provided the velocity of light through 
the medium is increased by — l)/m^ times the Telocity of the 
medium* If we regard the optical disturbance as being propagated 
in an aether capable of flowing we may say that the aether is 
carried along hy moving matter with (rn^ — times the velocity 
of the latter. This was Fresnels interpretation of Arago’s result. 

It can also be shown that the hypothesis that the velocity 
of light in the moving medium is increased by 1 — 1 of the 
velocity of the medium in space is sufficient to account for the fact 
that the aberration constant is independent of the refractive index 
of the medium filling the telescope which is used to measure 
it. For the discussion of the problem which is here involved the 
reader may be referred to Campbell, Modern Electrical Theory, 
First Edition, p. 293. 


Fueau^s Experiment 

The conclusion that the velocity of light in a moving refracting 
medium is increased by 1 — Ijm^ of the velocity of the medium was 
put to the test of direct experiment hy Fizeau. The apparatus 
he used for the purpose was similar to that shown in Fig. 37 
Two parallel tubes c c' were set up so that a stream of water 
could be made to run continuously through them in the directions 
indicated. A ray of light / was divided by the thinly silvered 
mirror a, The reflected portion travelled along the path / a b o e 
o' b' X g. The transmitted portion on the other hand followed the 
path / a ¥ e e 0 b a g. The two beams thus combined in the 
direction of g and gave rise to interference hands which were 
observed with a telescope, It will be noticed that when the 
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water is flowing one of the beams of light is always in the 
direction of flow of the water and the other against it. The 
position of the bands is first observed with the water at rest. 
The stream of water is then turned on and the displacement of 
the bands, caused by the resulting difference of velocity of the 
two beams, measured. Fizeau found that the shift of the bands 
thus caused was in complete accordance with Fresnels hypothesis. 
The experiment has since been repeated with improved apparatus 
by Michelson and Morley, whose results were also in complete 
accordance with the view that the velocity of light in a moving 
material medium is increased by 1 — of the velocity of the 
medium. 

The foregoing experimental results led to two rival views as to 
the relation between the motion of matter and that of the aether 



in its neighbourhood. The first view, which was championed by 
Fresnel, held that the aether outside material bodies was at rest, 
and matter moved through it without setting it in motion. Thus 
the aether was supposed to be able to flow freely through matter 
like water through a sieve. We have seen, however, that it is 
necessary to suppose that the relative velocity of moving refracting 
matter and the aether in its interstices depends on the refractive 
index as well as on the velocity of the matter relative to 
the stagnant aether. This was in agreement with FresneFs 
optical ideas, according to which the density of the aether in 
material bodies depended on the refractive index. The relative 
velocity would therefore have to he different in order to pre¬ 
serve continuity of the medium. On this view aberration is the 
simplest p<^sible problem in relative motion, and it is clear from 
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the foregoing discussion that Fresners views are in harmony 
with the experiments of Arago and Airy. 

Stokes was unwilling to accept the view that matter could pass 
freely through the aether without setting it in motion, and he 
therefore undertook to investigate whether it would not be possible 
for the aether in its immediate neighbourhood to be carried along 
by the earth and still give the well-known results for terrestrial 
aberration. The problem is to find what distribution of velocity 
may be imparted to the aether so as to leave the paths of the rays 
in space unchanged. If c is the velocity of light in the stagnant 
aether in a direction whose cosines relative to fixed axes in space 
are I, m, n and the components of the supposed velocity of the 
aether are v, w at any point, then the velocity of the ray in space 
at that point will be clumvnw. Applying the principle 
of stationary time the equations of the ray path will be deter¬ 
mined by 

s [— -= 0 , 

Jc-hm-j- mv + nw 

or, to the first order in (u, v, w)lc, 

— vdy -f- wdz) = 0. 

If a dec + vdy-^wdzmB> perfect differential the second integral 
will depend solely on the values of u, v, w at the terminal points 
and will therefore be independent of the motion of the medium in 
between. The condition that udx’^vdy-i-wdz should be a perfect 
differential is the condition that the motion of the medium should 
be what is known in hydrodynamics as differentially irrotational^. 
It means that there is to be no whirling motion. Provided this 
condition is satisfied the path of the ray passing between two 
points whose velocities are given is determined solely by the values 
of those velocities and does not depend on the motion of the 
medium in between. 

As an illustration of Stokes's result we may consider the 
particular case of light propagated from a fixed point Xi, y^, Zi 
to a fixed point y^, z^, the space between being filled with a 

♦ 01 Lamb’s Bydmdi/mmieSf Isfc oliap. m. 
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uniforin stream of aether flowing with uniform velocity having 
components u, v, w. The path is determined by 

g W\(uda> + vdy-i-wdz) = 0, 
or ds-s[-[u(Xi-Wi) + v('i/i-yi) + w(z 2 -Zi)} =0, 

•J 

or SI ds — Oy 
J XiPiZi 

so that the path 5 is obviously a straight line from ^ 1 , j/i, to 

3 / 2 ? ^ 2 ) j^st as if there were no motion. 

The condition that the distribution of velocity communicated 
to the aether, by the motion of the earth through it, should be 
differentially irrotational is that the aether should behave like 
a perfect fluid for slow disturbances, such as the motion of material 
bodies through it would give rise to. This seems a natural con¬ 
dition of affairs, so that thus far Stokes was able to give a 
satisfactory account of aberration and still retain the view that 
the earth carried the aether in its immediate neighbourhood along 
with it, in the manner of a solid moving in an ordinary material 
fluid. 

If the aether is an incompressible fluid it is not possible for it 
to be at rest relative to the surface of the earth and to have 
a velocity equal and opposite to that of the earth at distant points 
if its motion is continuous and irrotational* * * § Ways in which this 
difficulty could be overcome have been pointed out by Lorentzf 
and PlanckJ. They seem, however, rather artificial. In order to 
explain Fizeau’s experiment it is necessary, on Stokes's theory as 
well as Fresnel's, to suppose that a moving refracting medium 
imparts a velocity equal to (1 — of its own velocity to the 
aether within it. If the earth carries the aether with it in its 
immediate neighbourhood, as Stokes supposed, other moving 
bodies would be expected to have the same effect. An experiment 
to test this point has been made by Lodge §, who tried to find 

* See Whittaker, History of Theories of the Aether, p. 412. 

t Arch. Ne6rk vol. xxi. p. 103 (1896). 

X Of. Lorentz, Proc. Amsterdam Acad. rol. i. p. 443 (1899). 

§ PliU. Trans. A, vol. clxxxiv. p. 727 (1893). 
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a change in the velocity of light in the region around the periphery 
of a massive iron flywheel when it was made to rotate rapidly. 
The results were entirely negative. Al way of escape from most of 
the objections to Stohes’s theory has recently been suggested by 
H. A. vTilson^ (see p. 283). 

The Michelson and Morley Ecaj^eriment 

So far those who held the view of an aether which is undis¬ 
turbed by the motion of matter through it appeared to have 
much the better of the argument. The foregoing account repre¬ 
sents the state of the question when Michelson and Morley carried 
out the famous experiment by which they hoped to obtain positive 
evidence of the relative motion of the earth and the aether. 
Before describing this experiment we shall first consider the 
problem of the reflection of light at a moving surface. 



The plane mirror AB is moving towardis the right with the 
uniform velocity v. A plane wave of light bounded by the rays 
BA, EB falls on it. Let us find the relation between the angle 
of incidence l and the angle of reflection. When a wave meets 
the mirror at A on the ray DA, it has reached the point G on the 
ray EB, If the mirror were at rest this wave 'would afterwards 
meet it at B, but as the mirror is moving, the wav© will meet it 
at where BB'jB'G^^^vjc, c being the velocity of light The 
mirror thus behaves as though it were turned through an angle e 
given by 

tan (^—e) _B'0^ o _1 tan i— tang 

tani- BQ c -t- 1 ; tan c 1 -f tan ^tan 

FMl. TL toL xol p. 809 (1910). 









The arrangement of apparatus used in the Michelson and 
Morley experiment is shown in the accompanying diagram. Light 
from a source S passes through a half-silvered mirror B inclined 
at 45° to the direction of propagation. The reflected ray is 
reflected hack by the plane mirror A so as to pass through the 
half-silvered mirror and thus reach the observing telescope E, 
The transmitted ray is reflected back by the plane mirror D 
and again by the half-silvered mirror; and so it also reaches the 
telescope E, The paths of the rays in space will depend on the 
magnitude and direction of the velocity of the apparatus. The 
figure has been drawn for the case in which the apparatus is carried 
along by the earth’s motion in the direction of the ray 9D. Let the 
velocity of the earth in its orbit be v, that of light in the undisturbed 
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aether being c. Then the ray BA will not be perpendicular to 
SB, on account of the naotion of the mirror, but will be inclined 
to this direction at an angle which is equal, to the first order, to 
0 = tan“^-y/c, by the preceding theorem, since i = 7r/4 Since A is 
moving parallel to itself, AG will be inclined to the normal at an 
equal angle on the other side of it. In an exactly similar way the 
ray GE produced by the reflection of CD at the moving mirror 
will be inclined at the same angle to CD as the ray AG, The 
two rays will therefore coincide in direction when they reach the 
observing telescope. If AB — BD = l when the apparatus is at 
rest, the construction when it is in motion will be as shown, if G 
represents the position that B has moved into while the light 
moves from J5 to D and back. BO is evidently equal to 2vZ/c. The 
position of the interference fringes seen in the telescope will 
depend on the difference of time taken by the light to reach it 
along the two rays from J5. This is equal to the difference of 
time along the two paths from B to G. If Ti is the time along 
the path BAG this is given by 

cr,.2(y(i+g. 


If T is the time required for the other ray to go from B to 1), we 
have 

cT=l + vT, 


and if T' is the time required for it to get back from D to 0 

cr=^i-vr. 


So that 


T= 

r= 


c—v 

I 

c+«’ 


»d !■ + r - r.. 3' {(i - +(i+!)-■ - 2 (1 + 


V 




G & 


C 


-K^-2? 


s ~ ~ , neglecting higher powers of ^. 
0 </ c 
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The corresponding difference of path is 

c(T+r-Tx) = Z^;. 

If the fringes were adjusted when the apparatus was station- 
ary a displacement corresponding to this path difference should 
be observed if the whole apparatus were moving with uniform 
velocity 'v in the direction indicated. If the motion were with 
uniform velocity in a direction perpendicular to this the path 
difference is found to be equal but in the opposite direction; 
thus if the apparatus is adjusted so that SD coincides with the 
earth's motion relative to the sun, the effect of turning it through 
a right angle should be to cause the fringes to shift by an amount 

corresponding to a path difference equal to . 

Michelson and Morley set up their appaz'atus on a stone slab 
which floated in mercury. It could thus be rotated without 
causing strains to be set up in the apparatus. As the rotation 
was made to take place the fringes were observed continuously 
but no displacement of their position could be detected. The 
investigators were able to show conclusively that the relative 
motion of their apparatus and the aether could not amount to 
as much as one sixth part of the velocity of the earth in its 
orbit. 

The result of the Michelson and Morley experiment was to 
place the problem of the relative motion of matter and aether in 
an apparently impossible position. On the one hand the view 
maintained by Stokes that the aether was carried along by the 
earth in its motion appeared to be full of inconsistencies, on the 
other hand the consequences of the stagnant aether hypothesis 
were flatly contradicted by experiment. An escape from the 
dilemma was pointed out by Fitzgerald who suggested that the 
null effect in the Michelson and Morley experiment waa due to 
a change in the dimensions of the apparatus in the direction of 
the earth s motion, just sufficient to counterbalance th© expected 
effect. The required change would evidently be produced if the 
matter of the apparatus contracted in the direction of the earth's 
motion in the ratio 1 to 1, the lengths in planes perpendi¬ 

cular to this direction being unaltered. This change would be 











i:he aetheb 


281 


too small to be capable of direct measurement in any case; but 
even if it were not, the operation could not be carried out; as any 
material scale which might be used would also contract, in the 
same ratio as the material to be measured. 

This hypothesis seems a wild speculation at first sight, but 
it appears, on further inquiry, that it is rather what might be 
expected to occur if matter is made up of electrons. In that case 
the question at once suggests itself as to why a given portion of 
solid matter preserves its shape. If the matter were made up of 
siiperposahle elements of positive and negative electrification, 
capable of infinitesimal subdivision, the only state of stable 
equilibrium would be one in which any excess of charge of one 
sign would be dissipated to infinity and the remaining equal and 
opposite charges would be superposed on each other. The matter 
would thus annihilate itself and disappear. In order that matter 
should be stable enough to preserve its identity it is necessary 
that the ultimate elements of electrification should be finite, and 
it is also necessary that the superposition of opposite elements 
should nob result in annihilation. To ensure this it is necessary 
.that the ultimate elements of opposite sign should not have 
exactly equal geometrical distributions. We conclude, in fact, 
that the positive and negative electrons are essentially different. 
The simplest assumption we can make as to the nq^fure of the 
forces which keep them in equilibrium is to suppose that they are 
under the influence of equal and opposite forces of ultimately 
electrical 'character, but it may be that this supposition is in¬ 
adequate and that the electrical forces are balanced by forces of 
non-electrical type. In any event, in static cases the equilibrium 
configuration of the electrons will be determined by the positions 
in the matter at which the resultant force is zero. 

Ve know from the results of Chapter xi that the field due to 
an electric system in motion differs from that due to the same 
system at rest, in such a way as would result if all the lengths 
parallel to the direction of motion were changed in the ratio of 

(1 — to 1. Thus for the electrical forces to lave the same 

value in the moving as in the fixed system it is necessary that all 
lengths in the former which are parallel to the direction of motion 






TIIK AKTMKit 


BhtHild hi* rc^luccHi in ihi* niih* *»f (1 - In 1. If tli** frirc‘»:*s are 

all eli‘i‘t-rinil ifc folluWM thut thv nf tin* iinliiiir-iiiK jifiints 

when* tin* thm* vaiti^dieH will all Im umvrr in tJiis mfeio 

and a c.cnit-mrtitai in itnu^ili thin liitianiii, in the direriiiiri of 
jsa>tioii. will liave to otn-tir, in tint iiaH'ifig iiiiitirr, if t•l.|llilillrilllli 
is to hit laaintainocl.^ Snan* 

(I - rVc’)^ I ~ >-.' 2 .'’ 

IIS fair fiH the fmirih orih*r in a/e, si-o fliaf flii*i enntnietifiri m of 
the right tnagiatinle to laronnt for tli** aliN-ii**** of mu iftlhct in 
till! Miehelson and M<irley ex}a*iiniriil, iliioihiT iruKli' of im|iliiijtt- 

tion will he d*tve!oj>*:'d lai*.tr. 

An aiteinpt hiiH h«*fii tiiiid*' hy Tr*m'Um iifi*l (IL S* 

Pr&c, A, voL hx%%* p. 42fh HtOH) in drloei ninl mmmim tha 
Fiti'-giniild Hhrinkiige hy ne*'iNiirifig llio nm-^imwr nf n iiifaiil iitrip 
when (u) fiandh'h and (h) piTpetitlpoilitr* th*',' eiirtli*ii niolioa 
The experirniait showed that if any sliritiliiiife i.mtm it in eiirn** 
pc*nmiied Ui tviihiti 2 per ernf, nf |}i** o^|i»^r|.ril viilin* hy inmt 
laiiniterhaliirieing irffret of ih«’* rnotion on iho re«if*iaiif!e« Troiiton 
and Karikine were nlih* to show ihni on ilie eleeiroii llieiciry of 
nietiillicj roiidneti«ni the ehnngofi in Ihn rnnus, ineaii free jiiilli iinii 
vcdoeify of the ideeirona woiilil eiiielly ei4ii|irtisfitff tlie effet of 
the.! Hhrinhage* It m int.ere#»l.|iig In noki iliiit itt?ct#ittlirig 

to iltair eiikwkiiori iln^ li^ireni?? eliiiiige of ehreiriiitingiietie ftii« 
witli vnlindty given the ilesireil eoitipeiisaiiioii, llie valnt 

finind by Abrahatn does not. 

Besides theme which have lilremly lit*rts thori^ area 

Itiinihnr of oilier mmm, where filled^ due to liitilinri thriiiigli llto 
atither inight Im rsna?cted to lirinc* wliich hnvn nigiigi^tl llie iitleii- 
liciii of iihymmniM^ An k well known, lliii pimmmmmm of oriiitnirf 
doiiblii mffmMm mn he fully acroiiiiit'4 fur »ihdy liy tlm iirt itiiil 
tho in«lk which oihihit it llai dislsiiliaiiro wltwli mm» 

utitiitei liglii with diHiirciil ifi liiffrnrtii We 

htt¥©»i:cii iiiat in onlor to tuplaiit Arag«/i rewilt il 

ii mmmmy to mipiKmw tlwt llitt vid»«iiy id light rehiiivu u* the 
rniiMliiiin, ilirowgh a TOfirndiitg whirli m iMiitr^i|iii? wlicii al 

wm%f diifontli on ihn tnolioii of the latter llirongii %lm a*?t!irR 11i« 
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relative velocity of the wave will therefore be different in different 
directions, and we might expect double refraction to occur when 
the medium is moving. Such an effect has been very carefully 
sought for but always with negative results. 

Another effect which has been looked for is a change in the 
rotation of the plane of polarization of plane polarized light pro¬ 
duced by its passage through a quartz plate, due to change in the 
relative direction of the apparatus and the earth’s motion. The 
rotation of the plane of polarization of light produced by its 
passage through quartz in a direction near that of the optic axis 
is believed to be due to the difference of velocity of circularly 
polarized rays when travelling in that direction. Thus the quartz 
is able to increase the velocity of one of the two oppositely 
directed circularly polarized rays, into which the plane polarized 
ray may be resolved, relatively to the other. The emergent ray, 
produced by their recombination, is thus polarized in a plane 
different from that of the incident ray. Since the velocity of 
either of the circularly polarized rays in the moving quartz 
depends on a function of its refractive index for that ray multi¬ 
plied by the velocity of the quartz through the aether, and the 
refractive index is different for the two rays, an effect should arise 
which is proportional to vjc. Experiment shows that there is no 
effect which is comparable with that to be expected on this view. 
The reader will find a number of other experiments and observa¬ 
tions, which bear upon the subject under discussion, described 
in the last chapter of Whittakers History of the Aether and 
Electricity, 

A method of reconciling Stokes’s theory of the optical pro¬ 
perties of moving bodies with the experimental facts, without 
assuming the Fitzgerald contraction, has recently been indicated 
by H. A. Wilson^. Wilson points out that the problem of the 
motion of a body like the earth, through the aether, may be solved, 
in such a way that the motion of the incompressible aether is 
everywhere continuous and irrotational, provided that the tan¬ 
gential relative velocity vanishes at the surface of the body. All 
the conditions may be satisfied by an appropriate flow of the aether 


* Fhil Mag. VI. vol. xix. p. 809 (1910), 
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along the normal to the surface of the body. All the experiments 
to detect relative aether flow which have been made deal only with 
the velocity component parallel to the earthsurface and, owing 
to strains, etc., caused by the gravitational action, it would be 
almost impossible to execute delicate tests for motion in the 
vertical direction. 


RelativifAj of ‘Effects. 

In reviewing the outcome of the experiments which have been 
undertaken with the object of discovering the relation between 
the motion of matter and aether, the most striking feature appeixrs 
to be the small number of experiments which have led to a 
positive ejffect. The only cases where motion of matter appears 
to influence optical phenomena are 

1. Astronomical aberration; 

2. Eelative motion of a refracting medium as in Fizeau's 

experiment; and 

3. The Doppler effect. 

It can hardly be a coincidence that all these cases entail the 
relative motion of matter. There is no experimental evidence of 
any optical effects arising from the motion of matter relative to 
aether or to space. One is therefore tempted to inquire whether 
it is really necessary to postulate an aether for the propagation of 
optical and electrical effects; it may appear that a more consistent 
set of relations would be obtained solely by the relative motion of 
matter. We shall have more to say about this question later. 


The Propagation of Light in a Moving Refracting Mediwrrk 

The efifect of the motion of a refracting medium on the 
propagation of light through it may be calculated on the electron 
theory, as follows:— 

We shall consider the case of a plane polarized beam of light 
which is propagated along the z axis. 
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Referring to Chapter viii, p. 148, we see that the polarization 
P is related to the electromotive intensity E' by the equation 


When the medium is in motion, with velocity 

E'=E^\\y.E\, 

if the magnetic permeability of the medium is unity, in accordance 
with equation (5), Chapter ix. In the present case, therefore, 

= .( 2 ), 


if we take the axis of x parallel to the electric intensity and 
that of y parallel to the magnetic intensity and the motion of the 
medium parallel to the axis of z with velocity w. The current 


0P 

density is + w , the latter term arising from the convection 

of the polarization by the moving medium. Thus the funda¬ 
mental electromagnetic equations become 


dEa, 


( 3 ), 


Eliminating P and H from (4) by means of (2) and (3) we have 




c" dt^ 


■ 1 ) 


dtdz' 


If V is the velocity of light in the moving dielectric with 
respect to the fixed aether we shall have Eic = where 

A and p are constants. Substituting this value and neglecting 
we have 

= (m® — 1) F, 


or 



( 5 ). 


This is Fresnel’s formula (p. 273). This deduction shows that 
the convection of the polarized dielectric through the fixed aether 
produces the same change in the velocity of the light as is required 
by the experiments of Airy and Fizeau and by Fresnel’s hypo- 
thesis. Those experiments therefore do not prove that the aether 
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is carried along by the moving matter. The substance of this 
calculation was first given by Lorentz* and somewhat later by 
Larmorf. 


Moving Axes and Correlated Systems. 

We have seen that the behaviour of an electromagnetic system 
at the earth’s surface may be represented by the system of 


differential equations:— 

div E = p . (I), 

divH^O . ( 11 ), 

rotir = (^ + p7)/c . (Ill), 

Tot E = — Hjc . (IV), 

where the force F on a. unit charge is given by 

F^E + [V.H]/c .(V), 


and V is the velocity of an element of charge relative to the 
earth’s surface. If matter has a purely electrical constitution this 
system of equations will also describe the changes which material 
systems undergo. 

A method, for which we are indebted to H. A. Lorentz, of 
investigating the effect on electrodynamic actions of the motion 
of the medium, is to transform the equations so that they refer to 
axes moving relatively to the material system instead of being 
fixed in it. As an illustration, and to fix our ideas, let us suppose 
that the above equations are true when the coordinates a?, y, ^ 
and t are measured along axes fixed in space. Then F= (wx, Wi) 
will be the velocity of an element of charge relative to the fixed 
axes. We shall now examine how the differential equations are 
changed when they are made to refer to axes moving with uniform 
velocity u along the positive direction of the x axis, relative to the 
origin of the fixed axes Ox, Oy, Oz. Let the coordinates referred 
to the moving axes be denoted by of, y\ z; we shall also distin¬ 
guish the time for events described with reference to the moving 
system by t'. Let the two systems of axes coincide at ^ = 0. Then 
af.= X — ut, y=zy^ 

* Arch, Ne^rl. vol. xxv. p. 625 (1892). 

+ FhiL Tram. A, vol. OLXxxv. p. 821 (1894). 
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X, y, z, t and x, y\ z\ t' being respective sets of independent 
variables we have 

l = 1 = A 1=1. 

dx dy dy^ dz 9 /’ 

but in virtue of the principle illustrated in dealing with the 
convection of the polarization charges on p. 285 we see that 

0 9 


Thus 


dt' dt~^ dx' 

dEx dEx dEx 

— +^,,p = —-u~+u,p 




from (I), and 


dt' 

from (III). 
Similarly 


and 

Also 


+ (m, -u)p=^ |> {cH, - uEy) - A {cHy + uE,), 




dE<>, , 0jEi/ 


+ W,p = (oEy + uE,) - (cH,). 


dt 


dx 

c dt' c\ dt dx j 


IdHx If dHy^ dllA 

=--—I— I -p — j 

c dt c\ dy dz J 


Thus from (IV) 


■ W =I' 




dt' dz' 




Similarly 
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Thus if we put 

H' = {HJ, Hy', HD = (h,, Hy + '^^ E,, Ey^' 

E'^iEJ, Ey'. ED={e., Ey-^H, E, + ^Hy) - ...(6), 

V' = (u\ v\ w') = {Ui — U, Vi, iUi) 

p ^ p 

the equations may be written 




dHf 

dHy' 


dEj 

dEj 

- dy' 

a/"' 

c di 

dy' 

‘a/' 

JM- 

dH; 

_ 1. - 

dEJ 


dz' 

dx' 

c dt' 

df 

dx' 

dHy' 

dHJ 

_i a^_ 

dEy' 

JEJ 

dx' 

dy' ’ 

c dtf 

■ 

h' 


S-&V 

cKdt'^^PJ dx' dy' ’ c dt' ~ M' ~ ~dy'- ] 

The unaccented symbols in the left-hand members of (7) may be 
eliminated by means of the equations (6). We have, for example 


E’=Ey-lH, = Ey{l 


thus if /32 = (1 - u’^jc^ )-\ 

Ey = ^(^Ey' + ^H;), 

and similarly 

(H,. H,. B'-Ie;. 


(E,, Ey, E,) = ^H^-^ED Ey'+^II,', E;-^H'). 


Substituting in (7) we find 


li^+uy) 

C\df ^ J dy' 

0-a/ 

-i dEy' 

C dtf 

c dif dsi’ ^a/'^ ^ d^dld^” 

0 dtf V 0 a!' ^ (j 2 d^j Ey -g~-. 


9^r/ dHJ 


...(8X 
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The differences between the values of H' and H and jE" and E, 
respectively, required by equations (6), are in accordance with the 
experimental values of the magnetic force due to a changing 
electric field and the force on an electric charge moving in a 
magnetic field. These terms would therefore be expected to 
arise if the electromagnetic system under investigation were 
in motion relative to the measuring instruments employed to 
investigate it. Equations (8) show, however, that if rapid changes 
with time are occurring the state of the moving system will be 
different from that of the fixed system on account of the terms 

involving ^ ™ and of terms of the second order in ~ depending 
c ot c 

on J3‘i 

We have seen in Chap, xti that the effects due to a moving 
charge are not established instantaneously but are propagated 
through space with the constant velocity c which, we have reason 
to believe, is independent of the velocity of the matter at which 
the effects originate. It may he that on. account of this finite 
velocity of propagation c the hypothesis f) that the time of 
an event when referred to the fixed axes is the same as that of 
the same event when referred to the moving axes, is leading to 
inconsistent results. Just as, according to‘Fitzgerald's hypothesis, 
the lengths of all material bodies change when the system is in. 
motion, it may be that all the clocks change in a similarly definite 
manner. In such a ca.se the local time might be a function of 
c, z as well as^. Without pursuing this discussion further for 
the present (we shall return to it later, p. 298), we shall provisionally 
admit the possibility that f is different from t, and see to what 
conclusions we are led thereby. 

m 

In order to avoid altering the notation in the preceding 
equations we shall still retain and introduce a new variable 
for the local time. Following Lorentz, to whom the conception 
of local time is due, let us assume that 

' 9 9 

Then just as in changing from (b to d we have 


1L B. % 


19 
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and - = - + M - we now have, in changing to the new variable i!‘ 
dt' dt dx 


= and 


0 

dx" 


= 0^ + ^’ 


dt' di 

Thus the equations of the field become 
1 tdE: . A 


cKdf 


>') - 


u 0 


dHy\ 


dy' 


dz 




.(9). 


+ u 

^Jy' + 

dt" 

^' 4 . 
dt" 

_i 
c 

If we overlook the dashes these equations only differ from (III) 
and (IV) by the inclusion of the factor when it occur'S on the 
left-hand side. Since = (1 the two sets of equations are 

identical in form as far as the first order in u/c. This leads to an 
important principle which we have established to this order of 
accuracy. 


r A 

dHJ 

0ir; 

vpj 

dz' 

dx'" 


dEy' 

0if* 

w p ) 

dx" 

¥ \ 

dHJ 

ds; 

dEy' / 

dt" 

dy' 

dz' 

, dHy' 

_ 

dE: 

dt" 

dz' 

dx" 

. dH' 

dUy' 

dEJ 

dt" 

~ dx"' 

dy' / 


lorentz's Principle of Correlation, 

If we can solve (III) and (IV) for any one of the v'ariables 
Ey, Eg, J?a., Hy, Kz, let us say E^^, and then express the solu¬ 
tion in the form 

Ex^f{oc,y,z,t\ 

this means that E^t^, the x component of the electric intensity in 
the fixed system, is a certain function / of x, y, z and t, the 8{mee 
and time coordinates referred to the fixed axes. It follows from 

the identity up to the order ~ of the equations (9) with (III) and 
(IV) that 
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is precisely the same fanction of 

a/' = x — ut, y'=y, 2f-=^z, = 

c 

that is of x, y, z, t Thus in comparing a moving and a fixed 
system, which are identical with one another when at relative 
rest, for any event in the fixed system characterised by a certain 
set of values of E and H, there is in the moving system a corre¬ 
sponding event characterised by values of E' and R\ which are 
the same functions of x'\ y\ z' and t'’ that E and H are of x, y, z 
and t It follows that within a self-contained system, to the order 
of ujc, the electromagnetic effects are independent of the velocity 
of the system, since E' and H' are the values of the electric and 
magnetic forces which would be actually measured by instruments 
moving along with the system. This is only true, however, pro¬ 
vided the time recorded by clocks in the moving system is the 
local time and not the true ” time recorded by clocks in the fixed 
system. 

. The principle of correlation is due to Lorentz. In the first 
instance he only succeeded in establishing it to the first order of 
ujc after the manner of the discussion above. A little later Larmor 
by including a contraction along the axes of motion, to accord 
with Fitzgerald's hypothesis, showed that the principle held to 
the order In 1903 Lorentz showed that a very similar trans¬ 
formation enabled the correlative principle to be established with 
exactness for all values of the velocity u less than that of light. 
We shall now investigate what is the necessary transformation of 
the electromagnetic equations in order to establish correspondence 
up to any order of ujc. 

Since the differential equations are linear the transformation 
we are seeking will he a linear one and the preceding investigation 
at once suggests the form which is most likely to be successful. 
Let y, z, t he the coordinates referred to the first set of axes 
and /, /, t' those referred to the second, which are in motion 
relatively to the first. Assume that both x and are linear 
functions of both x and t whilst y' and / involve only y and z 
respectively. Let us put 

x' — i{x-\-jt), y^l^, l! =m{t + nx) . ( 10 ), 

19—2 
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constants to be determined. Then 


Since the axes are moving in the x direction, ib=Zhy symmetry. 
We shall now transform the equations (III) and (IV) in which 
X, y, z and t are the independent variables, to new equations in 
terms of the independent variables x ,y, z and t. 


Hence 


Similarly 


omn 


Similarly 
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Hence the three equations may be written 

+ («X +j) P = ok 1 [e, + i E,) - ck^ [Hy - i 

m 1 (Ey + cnH,) + v^p = ck - ci~ (h, + ^ 

vz?~,{E,-cnHy)+w,p^ci^-,{Hy-lE^-ck^-^ 

.(12). 


Turning to the other three equations 



^3i\ 

dz J’ 


and from (II) 

dHx dHy dH ^ 
dx dy dz 


. dHx . dHx . , dH.u 


dH, 


J-X , . 7 , 7 

'w+’^-sr*'‘W*'‘w 


Hence 

- m |, ( H-, - n il.) - i - «i 1, (b. -is,) 

- « (H. + . oi I {e, 4 i H.) -ch?^r 


The problem is to determine the values of the constants i 
and the functions EJ Hz which will make equations (12) and 
(13) take the same forms as (III) and (IV). One obvious requirement 

is that terms such as Hz + ‘^ Ey and Hz-^cnEy should be identical 

Hence n =j/c^ Making this substitution we have 

“0-1) w +(”■ »> - +1 - i ®-)' 

” S7 al> («■- - i W 


( 14 ), 
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- ^ h B (®' «®') 


9 / rr i I? ^ _ -I. _ ci 

dz OX 


-ra^^{Hy-\E,)-ck-^ 


■ m 




Now put 


j -‘-u, k=l, 


and ^ = ^ = 


.( 15 ). 


Then 

1 
c 


(f+(..-«) ^/.)-|> H®-- j ®«)1 - 37 +1 ®0F 

; G4!«(®«- i ®')}+'■'>)-'#- !• (®- - J 
KIF* (®- -37 {s ®-)} 


.( 16 ), 


-37 H®'-! ®-)}' 


1 a 




j dx‘ 


dy\ 


Thus if we put 

Ey'=E{Ey-‘^^H,), EJ^^iE. + '^Ifyy 
h;=h,, By'=E[Sy+\E^, 

u'-=Ui-U, V =Vi/^, W p=^p, 

the equations for the new dependent variables in terms of the inde¬ 
pendent variables of — ^ (x — ut), r=zy^z' = z and t — ^ — ux\(f) 

are accurately identical with the differential equations (III) and 
(IV) connecting the corresponding undashed variables. It follows 
that the correlation previously established to the first order is true 
to any order provided the electromagnetic quantities have the 
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values given above and the time and space coordinates in the 
second system are the functions given above of those in the first 
system. The space in the second system is contracted in the 

direction of motion by a factor (1 — as compared with that 

in the first system, whilst the time is contracted by a similar 
factor and, in addition, is a linear function of the x distance. 

We shall postpone the further consideration of the physical 
consequences of this result, which was first given by Lorentz, 
until we have considered another method, w'hich we owe to 
Einstein, of arriving at the same transformation. 






CHAPTER XIV 

THE PRINCIPLE OP RELATIVITY 

As is well known, the Newtonian equations of motion retain 
their original form when the space and time coordinates are 
changed from x, y, z and t to x'y' ^ and i! 

corresponding to a uniform translatory motion of the axes with 
velocity v in the x direction. We have seen that this is no longer 
the case with the fundamental equations of electrodynamics. For 
the original form of the differential equations to be retained it is 
necessary that the x' coordinates should undergo a uniform con¬ 
traction given by x'^/S^x^-vt) and that f should be similarly 
modified and also depend in a linear manner on x, being in fact 
given by = vx/c% If therefore the units of space and 
time have the same values in two systems moving relatively to^ 
one another we should expect differences in similar phenomena 
occurring in them depending, at any rate, on the square of the 
ratio of their relative velocity to the velocity of light. All the 
experiments which have been made, however, lead to the con¬ 
clusion that the actions taking place in any system depend only 
on the relative velocities of the parts of that system and are in¬ 
dependent of the velocity relative to any other system which the 
system may have as a whole. We shall now attempt to see 
if, by changing our mode of defining time, we cannot make all 
phenomena independent of the state of motion of the system as a 
whole in which they occur. So far as matter consists of electrons 
and the phenomena in question are electromagnetic the problem 
has been solved in the last chapter; but the following treatment, 
due mainly to Einstein, is insti*uotive and leads to results which 
are easier of application to many important problems. 

In order to describe any physical phenomenon it is necemmy to 
locate it m time and space. To locate it in space we must have three 
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undeformable axes of reference and an equally rigid unit of length. 
We may then fix the time of the occurrence by having a series of 
similar clocks distributed at infinitesimal distances apart in space 
and arranged so that when brought together they register equal 
times. So far we have not indicated any method by which the 
clocks may be correlated when they are not in the same place. 
We shall now assume that this can be done in such a way that 
the velocity of light in a vacuum measured by means of the 
systeni of axes and the clocks is equal to a universal constant c, 
which is independent of the state of rest or of uniform motion 
of the system. Thus if A and £ are two material points whose 
distance apart is r, a ray of light emitted from A at the instant 
tj, will reach £ at the instant where 

r = c(tx}-tA); 

tji and tj} are the readings of the clocks at A and B respectively. 
We shall assume, what is not of course a priori obvious, that this 
is true whatever the state of motion of the axes of reference may 
be, provided it is not accelerated The assumption here involved 
has been called by Einstein the Principle of the Constancy of 
the Velocity of Light. It is a particular case of the Principle of 
Eelativity which may be stated in the words: The laws of nature 
are independent of the state of motion of the system of reference 
provided this is unaccelerated. 

Now consider two eqiiivahint systems of axes S and S\ By 
equivalent we mean here such as possess equal units of length and 
clocks running at equal rates, when the two systems are at rest 
relatively to each other. Suppose that S' is in uniform motion 
relativcdy to S. It follows from the fundamental assumption 
that the velocity of light must have the same value when measured 
with reference to both S and S\ Consider any event occurring' 
at the point y, s the time t when referred to the system S. 
Eeferred to the system S' this event will be described by the 
corresponding variables m', y', z' and It is required to deter¬ 
mine the relations between a?, y, z and t and y\ z' and t\ 

On account of the homogeneity of time and space we should 
expect these relations to be linc?ar. It follows that the coordinate 
planes of S' will be in uniform motion when referred to those of 
In general they will not be perpendicular to each other. Let 
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US, however, choose the direction of the x and x' axes so that it 
coincides with the direction of relative naotion of S and S\ Then 
by symmetry the coordinate planes of S' when referred to S 
will remain parallel to one another. We shall also choose the 
origin of time and the directions of the y and z axes so that the 
two systems S and 8' coincide at the instant ^ = 0. Then the two 
following sets of equations have identical meanings: 

x — vt==0 x' = 0, 

y = 0 and y = 0, 

^=0 y=o. 

Three of the desired transformations are therefore of the form 
x' = ai(x-vt), z' = CiZ. 

Since the velocity of light has the same value c in reference to 
both systems and since they coincide at ^ = 0 the following 

equations also have identical meanings: 

^ 4- -f -s® = c^t\ 
and ir+ y+ -s '* = t\ 

Substituting in the last equation we have 

+ 0 . 

On comparing with the first we see that since x, y and 

z are independent and there is nothing to distinguish between y 
and z. This is obvious and we might have written 6i = Ci originally. 
Hence 

must be an identity. From the homogeneity of this equation 
must be of the form + where a and yS are constants. 
Hence 

(a)» - 2vxt + -a? + cH^ - + 2a?^xt + o?^od‘) = 0, 

for all values of t and x^ 

( 1 ). 

( 2 ), 


Hence 
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.( 3 ). 


So that a^l3c? — — vor^ from ( 2 ). 

Eliminating and a from ( 1 ) and (3) we find 

l + ^v + ~(? + c^^ = 0, 

V 


so that 


/ 3 --- 


since the other root /9 = —leads to inconsistent results, and 




1+ 1 — v^/c^ * 

Now 61 cannot involve either x, y, z or t. It must therefore be a 
function of v only. We may denote it by ^(^). We have there¬ 
fore determined all the coeflScients except ^ (?;). Our results so 
far may be written 

= y' = ^{v)y. 


x' {v) /3 (x — vt\ 


z'=^cj>{v)z, 


where ^ is now written for ijsj 1 • 

To determine ^(-y) consider a third system of reference 
similar to S and but moving relatively to B' with the velocity 
— V along the x axis. Eor the time referred to S" we evidently 
have 






Similarly 


x" = ^ (v) <f) {—v) X, 
y" = (f3(v)<p(-v)y, 

^ (f> {v) (f> {-• v) z. 

But since the systems S and S'' are always coincident, f, etc. are 
identical with etc. So that 






300 


THE PRINCIPLE OF RELATIVITY 


Moreover, since the relation between y and y' or 5 : and sf cannot 
depend on the sign of v, 

^{v) = 4>(-v), 

and therefore (v) = I, (f>(v) = — 1 being obviously untrue. 

We therefore obtain finally 

x' = ^{x-vD ■ . 

y' = y, . 

It wdll at once be observed that these values are the same as those 
which we obtained in the last chapter by the direct transformation 
of the electromagnetic equations. 

If these equations are solved for t in terms of etc., we obtain 

^ = + j . 

2 / = /, Z^2f ) 

showing that the system S is moving with respect to the system 
S' with velocity — v along the axis of ic'. 

It follows from these equations that when a body originally at 
rest is set in motion, its dimensions, measured relative to axes in. the 
original position of rest, are contracted in the direction of motion 
and unchanged in planes perpendicular to this. Let cv/, z{ and 
’^2 j 2^2 > -^2 he the coordinates of any two points in the body referred 
to axes moving with it (system and being the 

coordinates of the same point referred to the system >Sf relative to 
which the body is moving parallel to the x axis with velocity v. 
Then at any time t which is constant with reference to the system 
S we have 

iTi - = (1 - {x! - X^) 

-^1 — -s'2 =— Z2 



Thus a length equal to V parallel to the axis of x' is reduced 
in the ratio 1 — ~ ; 1 when measured with reference to axes 
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with regard to which the body is moving with velocity v at a 
constant time t referred to these axes. 


If instead of t constant we take t' the time referred to the axes 
moving with the body as constant, then 

x-l — = (1 — (^1 — . 0)' 

It follows that a body at rest with respect to S as measured 
from S' undergoes the same change of dimensions as a body at rest 
with respect to S' when measured from S, • This result is re(|uire(l 
of course by the symmetry of the motion. 

A similar set of relations holds with respect to the time. 
Suppose we have a clock moving with uniform velocityalong tlui 
axis of X when referred to the system S. Let us take the position 
of this clock as the origin of coordinates for the system S'. Then 
x' = 0 always and x = vt. Let t^' be the times of two consecu¬ 
tive events as recorded on the moving clock and the times 
for the same events as registered in the fixed system S. Then 


so that 
Hence 


k = and 4 = /3^2'. 

= . 


.(B). 


We may take t/, t-l to i*epresent two consecutive strokes of the 
clock. It is then clear from the equation above that the moving 
clock as observed from the fixed system will appear to hav(} its 


periodic time increased in the ratio 1: 



The frc(|uency 


will be decreased in the inverse ratio. 


This case may be realised physically by considering the line 
spectrum emitted by a moving molecule or ion. Measured with 
reference to axes at re^t with respect to the ion the frequency of 
the emitted light in the case of many lines is confined within very 
narrow limits. The period of the light may thus be taken to 
represent that of the reference clock and t/, etc. may be taken 
as the times at which the emitted vibrations are consecutively in 
the same phase. The above result shows that in addition to the 
well-known Doppler effect the frequency v of the light given out by 
an ion or molecule moving with velocity v relative to the axes of 
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olMerration will be less than v that observed with reference to axes 
at rest relatively to the ion or molecule in accordance with the 

j ^ 

ajuation v 1 — - 


Addition of Velocities. 

Let any pint move with a velocity, having components 'vf, 'of 
r/, relative to tlie system of a:xes S\ then 

Sahstitiiting for x\ etc. in terms of x, etc. from equations (4) we 
find for the velocity conrponents referred to the system /S the 

values 


t4= ■ 




14- 


t-t 






t-t. 


,.(9). 


It follows that the parallelogram of velocities is only tnie as 
a first appiuximatioa If we put 

and ri'* = ■»/» -p w/® 4 v/\ 

and let the angle between the a;' axis measured with reference fco 
the system S' and < he denoted by oc, 

f + 2w/ cos a) - 

vv{ cos a • 

i 4--- 


If t and 9i are ii the same direction 

•& 4- 


t?i= . 


.( 10 ). 


1 .... 

It follows fix>m this equation that the resultant of two velocities 
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each of whicli is less than that of light is also less than the velocity 
of light. For let = c ~ X. and v/ = c — fi, where X and are positive 
and smaller than c, then the resultant velocity 

2 c X /jh 
^ 2c — X — /£r + Xfjbjc ’ 

and this is always less than a Also the addition of any velocity 
to the velocity of light gives rise to a velocity which is still equal 
to the velocity of light. 

Another interesting consequence of the foregoing results is that 
it is impossihle for any signal to he transmitted from one point A 
to another B with a velocity W greater than c the velocity of light. 
Let the point A he taken at the origin of coordinates and the 
point B lie on the cc axis at a distance I from A. Observers trans¬ 
mitting and receiving the signal are fixed at A and B respectively. 
Let the signal be transmitted by means of a material strip relatively 
to which it travels with velocity W in the direction A—Now 
let the material strip carrying the signal be itself moving along 
the dc axis with the velocity — 'v, where v<c, the velocity of light. 
The velocity of the signal relative to the transmitting and the 
observing system is evidently 

1 — Wv/o-' 

The time required for the signal to be transmitted is thus 

,1 - W-v/c^ 

^ ^ W-v ' 

Since v can have any value < c, T can always be made negative 
provided TT > c. This would imply that the effect would be 
perceived before the cause had commenced to act. Although this 
may not necessarily involve any logical contradiction it is opposed 
to the whole character of our experience. The truth of the 
theorem therefore follows. 

Some of the preceding results differ so considerably from those 
which follow from the generally accepted notions of space and 
time that many readers will probably regard them as serious 
objections to the views here developed. If, however, the principle 
of relativity is accepted they appear to follow with logical certainty. 
The (t priori argument in favour of the principle of relativity will 
be considered later. 
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Application to Optics, 

Let the vectors which describe a wave of light when referred 
to the system >S' be proportional to 


sin /, lx my + nz" 
ft) [t —^- 

cos V c j 


I, m, n being the direction cosines referred to 8 of the directions 
of propagation. Referred to the system 8' let the vectors be 
proportional to 


sin Ix+my+nz 

ft) c-- 

cos V c 


It follows from the principle of relativity that if t\ x\ y\ z' are 
replaced by their values in terms of t, x, y, ^ drawn from equa¬ 
tions (4) the two functions of x, y, z will be identically equal. 
Thus 


sin , A, lx my 

ft) U-- 

cos V c 


COS L V c / c A 


sin / lx -b my -f- vz\ . 


= (O [t 
cos V 


identically. 


Hence 


So that 


G) = ^{l + r-] ft)', m&) = m'a/, 




1--1 

c 




«x-3, 


, a, 


The last formula is the complete expression for the Doppler 
effect If an observer is moving with velocity v relative to 
a source of light (system 8). so that referred to the sysUm 8 
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(i.e. the systeixi of coordinates at rest with reference to the source) 
the velocity roakos an angle (j> with the line joining the 
source and the observe^’? the frequency v of the light perceived 
by the observer is related to the frequency of the light as measured 
by reference to an observing system at rest with respect to the 
source by the relation 


If on the ohlrer ha.nd the angle is given with reference to the 
system S' moving witb the observer, and is denoted by (j>, we have 


l+f! 

c 


t 1/ 

1 i— cos d> 
0 ^ 


If we regard, the source of light as being in motion and the 
observer as fixed, and if the frequency of the light when measured 
with reference to axes moving with the source is z/q; if a,lso the 
source is moving relative to the observer with velocity v making 
an angle (/> with -fehe line joining the source and the observer when 
referred to aooes at rest with reference to the observer, then the 
frequency v of th^ light perceived by the observer is given by 


*^0 , 

1 — cos <b 
c 

If our reasoning is correct this formula should also be given by 
substituting — v £or v and xj)' for <j) in the first equation for vjv. Tor 
the change frona moving observer to moving source is equivalent 
to a change of sig-xn in t>he relative velocity; and the axes to which 
^ was referred ha>ve now become the moving axes. We thus get 

1 1 

I'vie” 

which agrees witlx the last formula if v' = v,v — va and V — cos <f>. 

E. E. T. 20 
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Aberration. 

If th© rcls-tiv© volocity v is pArsIld to th© x axis and if (f> is th© 
angle between the direction of the ray and that of the relative 
motion when referred to the S system of axes, and the same 
quantity when referred to the S' system, then 

cos 9 — 

cos<i>' = Z'=-^.(14). 

1 — - COS ^ 
c 

This formula embraces the whole of the theory of astronomical 
aberration. Its relation to the formulae previously obtained may 
be left as an exercise to the student. 


Fizeau’s Experiment, 

Suppose the light is travelling in a moving medium. Let 
this be at rest with respect to S\ the axes of x and x' being 
chosen so as to coincide with the direction of relative motion. 




or to 


Then the light vectors will be proportional to ™ x 
sm / x\ 

cos ^ reference chosen. Since the 

system S is moving with vdocity —-y when referred to 8' we 
obtain 




6 ) 

v" 


1 + 


FV 


)• 


Hence 


F= 


^ ^ = r' (l + f) (l -~) approx. 




= F^ |l + - 5) *'} approx- 

= F' + (l - V approx.(16). 


This gives Fizeau’s result to the order of accuracy with which 
it is capable of being verilied. 
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Electromagnetic Equations, 

The transformation of the electromagnetic equations of Maxwell 
to variables referred to the system S' has already been made in 
the last chapter. The equations assume the form 

1 fdE' . , A dH' dH'\ 




dH' 

dHy'\ 

y 

dz' 

dH, 

dH' 

3 / 

dH ^ 

dHy' 

dH,' 

dH 

y) 

dE: 

dEy'\ 

y 

dH 

dE,' 

dE' 

dH 

dH 

dEy' 

dE: 

dx' 

y / 


where 






'Uj — V 
1 




w'- --- ...(e), 




Previously we wrote u'=Ui-v, p' = 0p, etc., but the above 
values of the velocities relative to S' are the values required by 
the theory and are consistent with the equations in the last 

chapter, provided we put p' = 0(l P- This value of p' is 

thus the value required by the principle of relativity. 

Since according to the principle of relativity the physical laws 
are independent of the motion of the system as a whole it follows 
that E'{Ex, Ey, E^) is the value of the electric intensity in 

20—2 











308 


THE PRINCIPLE OF BELATIVITY 


tile system as measured by an observer who with his apparatus 
is moving with it. If the system is moving relatively to the 
observer the forces will have a different value from the above in 
accordance with equation (c). It follows that the so-called electro¬ 
motive forces acting on a moving charge in a magnetic field are 
nothing but electric forces when measured by an observer moving 
with the charge. From this standpoint the distinction between 
electric and magnetic forces becomes indefinite. By a suitable 
change of moving axes either may be made to vanish, involving 
a corresponding change in the other. For instance with a 
■uniformly moving point charge there are important magnetic 
forces if the motion is relative to the observer, but if the observer 
moves with the charge the forces are all electric. 


It follows from equation (/) that if a body is at rest relative 
to S' its total charge e' measured in reference to the system S' is 
the same as its total charge e measured in reference to 8 at 
a definite instant t referred to 8. For the total charge e' referred 
to S' is 


= jjj^dx'dy'dz'. 


Now at any particular instant t referred to 8 it follows from 
equations (4) that 

dx'dy'dsf = S dxdydz. 

Also since the body is at rest referred to 8', u'^ 0, and therefore 
= V. Hence 

So that e' dx'df dz' = JjJ p dxdydz =:^ e. 

It^ follows that if any material system is set in motion the 
magnitudes of the charges, as determined from axes at rest 
with reference to the initial state of motion of the system, are 
unchanged. 

The equations (a.)—(y) sufiBce for the solution of all problems 
in the electromagnetics and optics of moving systems in which 
accelerations do not play an important part. As an illustration 
we shall use them to determine the amplitude A' relative to the 
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system S' of a wave of light which is specified relatively to S by 
the equations 

^ = JS'o sin (^; H = Hq sin cf>; = co ~ , 

Let JSxy Ez denote the components of E and Ei, E^ the 
components of E^, with a similar notation for the components of 
H and Hq, 

Referring to the equations on p. 307 we see that the values of 
the vectors referred to S' are 

jE'/ = El sin = Hi sin (j^', 

Ey' = /3 [tk - I sin cj>', Hy'==^(^ tl, + ^ si n 

Ei = /3 (£-3 + ^ e'^ sin E‘ = ^ {e, - ^ e'^ sin f, 

Z V 4- my + n V \ 
c /' 

The values of co', l\ in', n' have already been determined in 
terms of o), I, m, n and v, and the consequences which follow from 
them have been discussed. 



Let us determine the amplitude A' referred to S' for the case 
in which the electric vibration in the wave referred to S is parallel 
to the s axis. Then in free space (or in any isotropic medium) 
the direction of the ray will be in the plane of cr^y, and; if 6 is the 
angle between this direction and that of the ^ axis, 

E\ =- 0 , E, - 0 , E, = A, 

//i = — .4 sin 6, — A cos 6, 11 ^ = 0. 

Thus 

^/ = 0, Ey'^0. ^/ = /9y ^ COS 0 )/lain f, 

sin^sin,^', Ey'^^(-cos0 + fjAsin<j>', JET/^O. 


Therefore A', the amplitude referred to the system S', is 
given by 


1 —-cos 0 
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(cos^-^y [(l-^cos./.) 
sin^^+—^ . 


As the direction of the z axis is arbitrary this formula must be 
true generally. 


Mechanics of an Electron or Material Point 

Let an electric charge e, of infinitesimal dimensions, move 
under the influence of an electromagnetic field. We shall assume, 
in accordance with the principle of relativity, that its equations of 
motion, referred to the system of axes S' with reference to which 
it is instantaneously at rest, are 




jp f 


where yet is a constant which we shall call the mass of the electron. 
The suflSx 0 is introduced to indicate that the moving point is 
instantaneously at rest with reference to the S' axes. 

Let us now deduce the equations of motion of the point charge 
when referred to the system. relative to which S' is moving 
with velocity v. We have 


'0 — ^ {dU ~2, ^ — 


dcc7 = /9 {dx^ — vdto) = ^ (^0 - v) dto, 


Hence 


dyo' = 

doijQ »J7q V 

dt7 T vxq * 


dz^ — djZ^t 


_ d 
dt7^ dto' 


1 ——® 


y3 1-- 


vxq\ dto 


1 
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_ 


1 

Jih 

dto 

/S 

(l 

\ ) 

dtn ’ 

d^yo . 


1 


1 

/S 

/ vx^\ 

V d) 

1 /3 cJto K 



vxi\ 

. V „ 




1 _ ^0 

C". 


vith a similar equation for 


If S' is instantaneously at rest with reference to the moving 
joint i’o = v, yo == 0, io = 0, so that 

/l ^0 ^ 

dc ^ cHi-t'Vcy ^ 

dt^'-‘ /3“ (1 - ^ 

/S*" (1 - ^ 

Eeferring to equation (c), p. 307, we therefore get 

/j.^Xa = eE„, 


fip ’ZQ = C 4- - • 


These are the equations which hold for the instant when 
fo = 'y, yo = 0, io = 0. We may on the left-hand side replace v by 
' = io^ and on- the right-hand by Xq, Leaving out the 

i 

uflSx 0 and adding the other terms l^be above 

c c 

quations may be written as a particular case of the symmetrical 
quations 

f 1 _ IT ] 


^ Vi - q^/d. 

d ( fjJi _' 

It WT~-^^ld‘. 
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where 


E, = e\E. + iH,-iHy 


Ky = e Ey+-H, 


E, = e\E,+iEy-y-H^] 

jLoisa constant coefficient in all three equations and since 



1 1 

^ 1 

' / + f + 

xx + ytf+B\ 

dt\ 

IVl — 


I r ; 

] 


with similar expressions for the terms in y and i, it will be seen at 
once that equations (16) reduce to the equations on p. 310 for the 
particular case when 2 / = i = 0. Since the equations (16) and 
(17) retain their form when transformed to any new set of axes 
at rest referred to the first but differently directed in space, if 
they are true for any one set they will be true for an 7 other. 
But we have seen that they are true when y = i = 0; they are 
therefore true in general. 

The vectors Ky, we shall call the components of the 
force acting in the electron. Wheng'Yc^ is negligible the equations 
of motion are identical with those of Newton; otherwise they 
are not. 


We shall extend the scope of equations (16) so as to embrace 
the case in which the forces are of gravitational origin. As their 
applicability in this case is a sheer assumption they can only be 
regarded as a definition of force. 


Energy and Momentum. 

If we multiply each component of the universal equations (III) 
and (IV), Chap, xiii, p. 286, in turn by Ey,... Hg, add them 
together and integrate over a space at whose boundaries the 
electric and magnetic forces vanish, we obtain 

/^ dr + ^ = 0 , 

where £=+ Ey^ + E^^) + J (Ej+Ey’‘ + H/)2 dr 

is the electromagnetic energy of the space considered. If the 
electric density p is due to electrons of charge e, the integral is 
equivalent to ^ e (Eg,x + Eyy + Egz), where Ea,, Ey, Eg are the 
CM^mponents of the external electric force (i.e. the part not arising 
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from the electron itself) acting on the electron. Thus, if the 
conservation of energy is to hold, the rate of working of the 
electric field on the electron is e{E^xEyy-k-E^^z). It will be 
seen from equations (17) that this is equal to Kyy Kz^. 

Thus the force as above defined has the same relation to the rate 
of working as in the Newtonian Mechanics. 

The equations (16) may be written in the form 
_^ , 1 d(q^) 


-- djX 4 “ 

Vl - (fjc^ (1 - ^1^)^ & 

with similar expressions in y and z. Multiplying each of these in 
turn by x, y and i, and adding, we get 
{xKa + yKy + zKt)dt 


= Kx:dt, 




fi + gV^' 






= d 


7'VcV 


V\/l 

The kinetic energy being equal to the work done by the external 
forces will therefore be 


(d 

j 


The constant will of course have to be determined by the initial 
conditions. If the kinetic energy was zero when q — 0 we should 
have const. = — yc\ The value of the kinetic energy for the 
system whose velocity is g is therefore 

. 

For small values of q this is equal to in agreement with the 
value of ordinary mechanics. 

If we multiply the second and third of equations (a) and (h), 
p. 307, in turn by — Hy, and - Ey and add, we obtain, as in 
Chapter X, omitting the dashes, 

dHy' „ 


■ const. 


= ir, 


dH^ 


dz 


. H rr 

om 


dy 


+ 


^ dEf jj, dBy , p dEa, 


dz 


dx 


E, 


dx 


+ Ey 


dy 
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- i I (S.. - fl,- - +1 (ff.fl,) +1 (S', a.) 


r\ 7i n /9-S^B 

+ 1 + if) * 


Integrating tlirougliout a closed space over the boundaries of 
which the forces vanish, and remenabering that div = 0 and 
divi?-=p, the whole of the right-hand side vanishes except 


js^pdr. 


and we obtain 

hence 
so that 


i (H^Ey - HyE^ dr-hjp^. 


V O ^ 


cZt = 0 , 


- {H,Ey - HyE,) dr -t- = 0, 


S [/.hs,i.-ff,*,)* + X .0.(19), 

■with similar equations in y and z. 

Since - {HzEy — HyEz) is the x component of electromagnetic 
c 

momentum per unit volume of the system, the equations above 
express the law of conservation of momentum if 


^ Vr::^^..^ / . 

is the momentum attributed to a point charge whose mass is /i. 

dP 

We have as in mechanics ~ 


These values of the kinetic energy and momentum enable 
the equations of rnotion of an electron to be written in the 
Hamiltonian form. The student who finds any difficulty with 
this may be referred to Einstein {Jahrbuck der Radioaktivitdt 
und Elektronik, vol. iv, p. 435 (1907)), 





THE PEINCIPLE OF EELATIVITY 


315 


Experimental Test 

For small values of q the laws of motion deduced from the 
principle of relativity are identical with the Newtonian Laws, but 
this is no longer the case when is comparable with c^. By 
observing the effect of externally applied forces on electrons 
moving with very high velocities we might expect to make a 
test of the principle of relativity. There are three functions of 
the velocity q relative to the observing apparatus which might 
under favourable conditions be capable of affording observations 
for this purpose. These are (1) the potential diffei'ence required 
to produce the velocity q^ (2) the deflection of the path of the 
moving electron by a stationary electric field, and (3) the corre¬ 
sponding deflection produced by a magnetic field. If e is the 
charge on an electron, the potential difference V required to 
increase its velocity relative to the observing system from zero 
to q is given by the equation (see p. 313) 



For the electric and magnetic deflections, consider the case 
in which the direction of q is instantaneously along the x axis. 
If a magnetic force M along the y axis and an electric force Z 
along the z axis act on the electron, its equation of motion will be 

The path is therefore curved in the ooz plane and the inatan- 

taneous radius of curvature R is given by q^jR = . The 

electric aad magnetic deflections are therefore measured respec¬ 
tively by 

IjR e 

VR e Vl - fWc’ 

M p, (^q 

These deflections vary with q in exactly the same way as 
those calculated in Chapter xi, for Lorantz’s contractile electron. 
They have been tested, in the manner already described, by the 
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experiments of Kaufmann and Bucherer. As the results of these 
experiments support Lorentz’s calculations they are equally m 
favour of the relativity theory. 

So far it has not been possible to test the relation between 
F and q experimentally. With the radium rays used by Kauf- 
mann V is not under the control of the experimenter; and with 
cathode rays it is not possible to get values of q high enough to 
make the difference between formula (21) and the usual formula 
Ve = lliq^ capable of being measured. 


The Inertia of Energy, 

Consider a physical system surrounded by an imaginary non¬ 
material enclosure which is impervious to radiation. The object 
of this is to prevent the energy of the system from escaping in the 
radiant form. Let external electric forces whose components are 
Xe, Ye, Ze act on the system. These enable any desired amount 
of energy to be introduced into the system from outside. The 
energy gained by the system when referred to the system of 
reference 8, in accordance with our previous results, will be given 
by the expression 

JdE =JdtJp (XeUjL + YeVi + ZeWi) dr, 

where p is the density of the electricity at any point in the enclosed 
space. Let us transform this equation so that the right-band side 
is referred to variables proper to the system /S', We have 

+ ii! = /3(a!' + vf). y = '!/, z = zf. 


and 

«'= 

Now, 

^1 =-r 

and 

p= 



X — nt). 





Also X = X', 
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So that JdiJp + YeVj -h Z^Wy) dr 
= Jdt jdx jdy jdz F (x, y, z, t) 

= jdtjdxjjdy'dd F' {x', y', z\ f) 

= ^ Jdt' Jp' (X/u' + V,'v' + Z,'w') dr' 

+ l8vldi^Jp' (x; + X; - M,/) dr'. 

Since the principici of relativity niuBt alno ap|)ly lo tlie Hynteiu 
S' this may be 'written 

jdli; = /3 JdF' + ^v l[th’'J]dir .(22). 

Consider the case in which the motion of the Hysiran m a whole 
is such that it is at rest relative to AS^',an<l Hupprme further that the 
velocities of its parts rcdativo to aS' are ho sniall that may Ihi 
considered negligible. 'Ilie cent^re of masH of ihu Hyntrun in ihuH 
at rest relative to S' which, under ilu! further condition jHmtuliiied, 
can only be the case provid<?d tm all vhUu'H tif In 

spite of this-will not neceHsarily varunh; for ihm in* 
tegral is not taken between given valuen of f but uf t, mt that in 
general the limits will involve*.^// as well as 

If, however, the oxtcniia.l foreen do not act exc^opt fluring tin* 
interval considered, the parts which wouht otherwise d«*{S!iid on 
c(f also vanish. This stotement will be made clearer in the .Hef|iiet 
where the general case m eonsidere<L If the forces viwitufi entirely 
outside the time linritH then wc fiavc 

JrfX«/S JdH', 

SO that dE » 0dE'» 

We therefore coneliido that the energy of m iinifortiily moving 
system which is not under the infltienco of oEturniil Ihrmm m ii 
function of two variables, fiatnely its energy riiliifciv# lo 

* St# Willluasoa't ImtigrMl VakuMit p, ilil, 
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of axes moving with it and its velocity of translation v relative to 
the standard system of axes. Thus 
dE 1 
dBo 


E 

so that E = j==^=~ H- 'yjr (v)- 

yjr (y) is evidently the energy of the system when Eq = 0. This 
has already been determined for the case of a material point (see 
p. 313), and was found to be 

The value for the whole uniformly moving system will therefore 
be obtained by addition of all the masses and is e(jual to 

c^X/jb f-T======== — , 

where S denotes summation over the whole system. The com¬ 
plete expression for E is therefore 


.<"">• 

Comparing this with the formula for the case in which = 0, 
namely 


E=: 


- 


we see that, so far as the part of the energy which depends on the 
velocity v is concerned, the effect of the energy Eq is to increase 
the apparent mass of the system from to S/a + E^/d^. Thus 
an addition BE to the energy of any system will give rise to an 
increase BEJc^ in its mass. It is only a short step from this result 
to the hypothesis that all mass is simply a manifestation of 
confined energy. 


The question whether or not mass is simply a manifestation 
of confined energy is obviously a matter of the very utmost im¬ 
portance, and it is very desirable that it should be submitted to 
the test of experiment. The energy liberated in chemical actions 
is so small compared with the dead ** masses involved that it 
is hopeless to detect any change of mass thus arising, always 
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supposing that weight as well as mass is proportional to fju + 

In the case of radioactive change the matter is more hopeful. The 
decrease of mass of a system due to the loss of 1000 gm. calories 
is 4*6 X 10“^^ gm. Now 1 gm. atom of radium in radioactive 
equilibrium evolves about 3'024 x 10^ gm. cals, per hour. Thus 
its diminution of mass per hour would be 


3-024 X 10^ X 4-2 x lO’' 
9 X 1020 


= 1*4 X 10“® mgm. 


This would amount in a year to ‘012 mgm. or in 100 years to 
1*2 mgm. It would be worth the while of anyone who could 
afford the necessary capital to make observations of this character. 


Momentum, 

We have seen that the x component of momentum of a point 

charge, satisfies the relation ^ = Kx, Let us apply this result to 

the system, previously considered, which is surrounded by a closed 
boundary impervious to radiation and is subjected to the action of 
external electric forces F^, etc. Then the total momentum 
gained by the system in the time during which the forces act will 
be 

= ^K^dt = ^dtI p (j, + dr 

= Ip' (X/ + ^ N: - j i/;) dr' 

+ ^fdf jp' (X/u' + YJi/ + dr' 

= l3^^jdE' + ^liXK,']d^. 

Let the system move as before, so that its centre of gravity 
remains at rest referred to S', then 2X/ = p, and if in addition 
the foi’ces are zero outside the time limits considered, the second 
integral vanishes and therefore 


and 


(24). 
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The momentum is therefore also a function of the energy referred 
to axes moving with the moving system and of the relative 
velocity q (= v) of the latter referred to the standard system. We 
have in fact 

8 ^ _ vjG^ 

dJSfi Vl — 

(v) is obviously the momentum when Eq = 0. This has already 
been determined for a point charge, and it is clear that for the 
whole uniformly moving system 


f' (v) = 




where S /4 is the sum of the masses contained in the system. The 
complete expression for the momentum is thus 


1 = 


c^J Vl-ziVc" 


(25). 


Thus the effect of the internal energy Eq on the momentum of 
the system is e( 5 [uivalent to an increase of the mass by the amount 
in agreement with the change we have found it to produce 
in the energy itself. 


Forces Continuously Operative. 


Let us now consider the case referred to on p. 317 when the 
forces continue to act outside the limits of the time t, still con¬ 
fining ourselves to the case where the centre of gravity of the 
moving enclosed system remains at rest relative to S\ so that for 
any instant if, is still equal to zero. Under these circum¬ 
stances the integral J(ZKcf)dtf would vanish if the limits of 
integration were given values of if, but as they are given values 
of t it does not. Let the time limits with respect to /S be and 
4; then the limits for If are determined by the equation (see p. 300) 







- 




They are therefore 
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\[tK^]dt' = 

J 


The limits for t' thus depend on the of coordinate as well as on t. 
We may split the integral to be evaluated into three parts thus: 

+ + [XK/]dt'. 

j , J k J tj 

The middle integral vanishes, since its limits do not depend on 
We are not able to evaluate the other two integrals in the 
general case in which KJ varies in an arbitrary manner with the 
time. However, the most important case practically is that in 
which the change of if"/ during a time comparable with vcg'I& is 
negligible, and in this case the integrals assume a very simple 
form. Under these conditions we have 


J U V , 




The sura of the two integrals may evidently be written 


j[lK^']dt' = + 




The calculation of the energy and momentum is now easily carried 
out in the manner previously employed, and we obtain 
E,\ 


E = { + 




c“ y Vi - Vi<. 


2Z*V-c=‘S/a...(2G), 


+ 


.(27). 


’ Vl - v^lc^ 

In these formulae KJ is to be interpreted as the of component 
of the external force and «/ the a! coordinate of its point of applica¬ 
tion, both referred to the system B'. In the particular case where 
arises from a uniform external hydrostatic pressure acting on 
the boundaiy of the system, equal to p, when referred to the system 
of axes S', then if F# is the volume of the enclosed space referred 
to the same axes, 

2(Ar„V) = -poF„ 


and + 


vVc’ 


y\—1^1 (? V1—tfV c“ 


poFo — ...(28), 

.( 29 ). 


B. £. T. 
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Examples, 

If the moving system consists of electromagnetic radiation 
enclosed in a massless closed boundary, the energy and momenta 
referred to axes relative to which the system is moving with 
velocity v are 

. 

. 

where Eq is the energy of the system referred to axes moving 
with it. 

These are the values on the assumption that the boundary 
walls are rigid. If, however, the boundary is perfectly flexible 
the radiation pressure will have to be balanced by an external 
pressure po given by the relation 

PoVo==iE,lc\ 

In this case E = — -. 1 

Vl ~ v^jc^ * 

^ iRy 

The principle of relativity leads to the conclusion that almost 
all physical quantities are functions of the velocity v of the system 
relative to the axes of reference. It would lead us beyond the 
scope of this book to go into the matter in detail, but the following 
table of corresponding values is instructive: 

Physical Quantity Value referred to axes Value referred 

moving with system to systent 8 

Pressure of hydrostatic type .^ 32 ^^ 

Confined energy '.'.'‘...(33), 

Temperature ' .^ 3 ^^^ 

i;. 7=5 .(36). 

The reader who is interested in this subject inay be referred 
for further information to Planck («Zur Dynamik bewegter 
Systeme,” Sitzungsber. d. kgl. Preuss. Akad. der Wissenschaften, 
1907) and Einstein (Jahrbuch der Badioakt. u. Mektronik vol iv’ 
p. 451,1907). . • • 


Value referred to axes 

Value referred 


moving with system 

to systent 8 


Po 

P=?>0 . 

.(32), 


•£^=^£■0 . 

.(33), 

To 

. 

.(34), 

Vo 


.(36). 
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The Principle of Relativity and the Aether. 

Before leaving this part of our subject it is desirable to review 
the bearing of the principle of relativity on the question of the 
existence of the luminiferous aether. We have seen that if we 
start from the hypothesis that electromagnetic actions have their 
seat in a medium, the aether, which is at absolute rest, the known 
facts can be explained on the hypothesis of Fitzgerald that bodies 
contract when in motion relative to the aether. This contraction 
can be shown to be a plausible consequence of the motion through 
the aether. If this contraction is the only change due to the 
motion, the effects in moving systems would not be exactly cor¬ 
related with those in fixed systems, although the differences, so 
far as the writer is able to judge, would not have been detected 
in any experiments which have been carried out up to the present. 
Any effects which might arise which were not accounted for by 
such a scheme might be explained by making the velocity of 
light a function of the motion of the system through the aether. 

On the other hand, the principle of relativity, which is in 
accordance with all the known facts, describes them in a simpler 
and more symmetrical manner. It is clear that if the principle of 
relativity and its consequences are valid, electromagnetic experi¬ 
ments can never yield any information as to the state of rest or 
uniform motion of an aether. This follows since, in the last 
analysis, all the effects are then made to depend on the relative 
motion of matter. It is, in fact, quite unnecessary ever to bring 
the word aether into the discussion. 

From this standpoint it is desirable, perhaps, to state the 
matter somewhat more explicitly. To specify any physical event 
it is necessary to locate it in time and space, that is to say, to 
determine the four coordinates t, y and z of the time and place 
at which it occurs. The question arises as to whether we can be 
sure that two events which appear to occur at the same place at 
successive times t and If really occur at the same place. Can we 
be sure that the place which appears to be the same has not 
changed its position in the interval? It is clear that such a 
discussion is futile until we have fixed on a set of axes Ox^ Oy, Oz 
in terms of which we can specify the position of the points 
considered. 


21—2 
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Let us suppose that we have fixed upon such a set of axes 
and that they are so chosen that the physical system in which the 
events occur is at rest as a whole when referred to these axes. 
Having marked off our axe^ in terms of measuring rods, which 
we may suppose to he part of the system, we should naturally turn 
our attention to the measurement of time. This could be done 
by means of a series of clocks which we could compare with one 
another at some fixed point, let us say at the origin. It would, 
however, he necessary to have some means of comparing them 
when they were moved away so as to be at a considerable 
distance from one another. This could be done hy sending 
light signals. The simplest assumption we could make would be 
that the light was propagated in spherical waves. By considering 
the case of a wave propagated from the origin we see that z 
and t would satisfy the relation + = 0, where c is the 

velocity of light in space. The coordinates as thus determined 
would be consistent with each other and would be the simplest 
ones in terms of which the events in that system could be 
described. If we had no opportunity to investigate other systems 
we should probably conclude that our system was at rest relative 
to the medium in which' the light was propagated. 

Now suppose that we have another system, let us say a distant 
solar system, which is moving with the velocity v relative to the 
first. An investigator located in the second system would be able 
to discover a framework of axes and a set of coordinates ^ 1 , yi, z^ 
.and ti in terms of which light would in his system be propagated 
in spherical waves. He would find these coordinates the simplest 
in terms of which he could describe the events occurring in his 
own system, and he would have the same reason for concluding 
that the second system was at rest relative to the aether that the 
first observer had had for concluding that his was. It is evident 
that one of the two conclusions must be fallacious, and there is 
nothing to favour one rather than the other. 

The coordinates x, y, t and yi, ^i, ^ which refer to a given 
event are of course different for the two systems. Each set is 
preferable to the other for describing events in its own system j 
but if we are to describe events in a universe in which both 
systems exist there is nothing to choose between them. It is 
clear that there are an infinite number of possible systems of 
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reference corresponding to all the possible values of v, and each 
one is as good as another. In fact, if we wish to represent the 
whole universe in the simplest and most elegant manner, we 
cannot thus arbitrarily separate time and space, but we must 
rather consider the whole as a four-dimensional manifold of 
X, y, z, and t 

Four-dimensional analysis has now been devised with the 
object of eflfecting such a representation. It is found that the 
electromagnetic equations then assume a more symmetrical form 
than that in which we have considered them. The reader who is 
interested in these questions may be referred to the following 
authorities:— 

Minkowski, Raum und Zeit Leipzig, 1909. 

Sommerfeld, Ann, der Physik, voL xxxii. p. 749, and vol. 

XXXIII. p. 649. 1910. 

M. Laue, Das Relativitdts Princip. 

To sum up we may say that the Principle of Relativity fur¬ 
nishes no evidence either for or against the existence of an aether. 
It denies the possibility of determining the motion of such a fluid 
if it exists. In so far as Relativity is a Universal Principle it 
finds the aether a superfluous hypothesis. 









CHAPTEE XV 


EABIATION AND TEMPERATURE 

It is a very familiar fact that when material bodies are heated 
they emit electromagnetic radiations, in the form of thermal, 
luminous and actinic rays, in appreciable quantities. Such an 
effect is a natural consequence of the electron and kinetic theories 
of matter. On the kinetic theory, temperature is a measure of 
the violence of the motion of the ultimate particles; and we have 
seen that, on the electron theory, electromagnetic radiation is 
a consequence of their acceleration. The calculation of this emis¬ 
sion from the standpoint of the electron theory alone is a very 
complex problem which takes us deeply into the structure of 
matter and which has probably not yet been satisfactorily resolved. 
Fortunately we can find out a great deal about these phenomena 
by the application of general principles like the conservation of 
energy and the second law of thermodynamics without considering 
special assumptions about the ultimate constitution of matter. 
It is to be borne in mind that the emission under consideration 
occurs at all temperatures although it is more marked the higher 
the temperature. 

The problem which we set before us is that of finding the 
nature of the radiation which is found in an enclosure containing 
material bodies and maintained at a constant temperature. SuflS- 
cient time is supposed to have elapsed for any secular changes in 
the enclosed matter to have come to an end, so that the nature 
and condition of any element of the matter does not vary. Special 
radiations of chemical or radioactive origin are therefore eliminated 
in so far as they involve progressive material changes. Even in 
the steady state the interchange of radiation will be accompanied 
by an interchange of electrons .arising from thermionic and photo- 
dectrio emission (see Chap, xviii). The effect of this on the 


RADIATION AND TEMPERATURE 


327 


calculations may be eliminated by special devices, for instance by 
surrounding the radiating surfaces by an envelope of ideal matter 
which is perfectly transparent to radiation but perfectly opaque 
to electrons, and as it makes no difference in the final results we 
shall, for the sake of brevity, leave it out of account. 

In considering a train of plane electromagnetic waves, the 
intensity is defined as the amount of energy which they transport 
in unit time across unit area of a surface perpendicular to their 
direction of propagation. If the normal to a surface is inclined 
at an angle B to the direction of propagation, the amount of energy 
which it would receive per unit area, in unit time, is equal to the 
intensity multiplied by cos 6. In the case of the radiation in an 
enclosure the specification of the intensity is not so simple; for 
here the wave trains are travelling indiscriminately in all directions. 
Let dco be an element of solid angle and dS an element of area 
described normally about the axis of dci>. If i(co)d8da> is the 
energy of the radiation, incident on dS in unit time, whose 
direction of propagation is comprised within the element of solid 
angle dco, then i («) is the intensity of this radiation. The notation 
i((o) is employed to indicate the possibility that this quantity 
may depend upon the direction of the axis of doo. We shall see 
that one of the characteristic properties of the radiation present 
in an enclosure maintained at a constant temperature is that i (w) 
is independent of this direction. It is clear that if the normal to 
dS is inclined at an angle 6 to the axis of dco, the energy incident 
on dS in unit time which is propagated in directions lying within 
dco is 

i {(o) COB 6 dSdco. 

The radiation under consideration involves other elements in 
its composition beside the solid angle dco. We know that by 
means of a prism or other analysing device it can be split into 
elements having different frequencies (y). The result of this 
analysis is independent of the instrument used provided the latter 
does not absorb or transform the energy in any way. The process 
is, in fact, a physical resolution into the equivalent Fourier’s series. 
It is therefore legitimate to express i as an infinite sum of terms, 
or as an equivalent definite integral, extending over all the 
possible frequencies between 0 and oo. To complete the speci¬ 
fication of an element of the radiation it is necessaiy to indicate its 
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plane of polarization. This will be determined if the intensities of 
the equivalent beams, polarized in any two mutually perpendicular 
planes containing the direction of propagation, are given. We 
may fix these planes by making one of them that which contains 
the normal to some arbitrary fixed plane as well as the axis of 
propagation. The second plane is the perpendicular plane which 
contains the direction of propagation. We shall distinguish the 
intensities of the two corresponding plane polarized beams by 
the suffixes 1 and 2 respectively. In the light of these explana¬ 
tions we may express the energy, incident on dS per unit time, 
whose frequency lies between v and v + dv^ and whose direction of 
propagation lies in a cone of solid angle dco described about an 
axis making an angle 6 with the normal to dS, in the form 

{ii (vco) + 4 cosd dS dvdo} .(1). 

We shall now consider what happens to the radiation which 
falls on any small material object placed inside the enclosure at 
constant temperature which contains the radiation whose properties 
we are investigating. Part of this radiation will be reflected from 
the surface and part may escape after penetrating the interior 
and undergoing refraction, internal reflection and so on, but the 
remainder will be absorbed. By absorption of radiation we under¬ 
stand its conversion into some non-radiant form of energy, so that 
it becomes temporarily stored in the matter. Let A denote the 
proportion of the incident energy which is not absorbed. In 
general A will depend on the nature of the substance, the 
frequency of the radiation, the plane of polarization and the 
azimuth 0, It might also depend on the incident intensity, 
although this is usually assumed, on experimental grounds, not 
to be the case. For the whole surface the net absorption of 
energy in unit time may evidently be written 
r r 00 

JsJo Jo ~ ^ ^ dSdvdco .. .(2). 

The radiant energy emitted from the whole surface may be 
written in the form 


c r 00 r2ir 

JsJo Jo e^)oos 6 dSdvdo) .(3), 


■wliere cj and may depend on the nature of the substance, the 
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frequency v, the angle 9, and the plane of polarization as well as 
on the temperature. €i and €2 must be independent of ii and is 
provided the enclosure contains radiating matter other than the 
body S and provided the area of S is vanishingly small compared 
with that of the other matter. 

The only way in which the body S can either gain or lose 
energy is by interchange of radiation, so that the net rate at which 
its energy increases is 

r Too r2ir 

III fh d" 'Z'2 -^ 2 ) ^ 2 } COS 0 dSdl/v dco • • 

J sJo J0 

The value of this integral must always he zero, otherwise the 
temperature of S would alter. This would contravene the 
second law of thermodynamics; since the difference of tempera¬ 
ture thus established could be used to furnish available work, 
which would then be obtained from a source at a constant 
temperature. 

This conclusion must be true whatever the shape, size and 
nature of the body S, whatever its position in the enclosure and 
whatever the nature, shape and size of the enclosure and the 
other matter contained in it may be; provided only that the 
enclosure is maintained at a constant temperature. 

The fact that the integral (4) vanishes under all these con¬ 
ditions enables us to establish many important properties of the 
functions i, A and e. In the first place the radiation must be 
isotropic; that is to say, i must have the same value at a given 
point for all directions in space. It cannot be a function of If 
it were, the intensity of the radiation in some directions would be 
stronger than in others. By taking to be a flat object it could 
be turned so as to receive more or less of the stronger radiation 
in different positions. Differences of temperature would thus be 
set up which would contravene the second law. This result must 
be true for all frequencies and all planes of polarization. This is 
clear since S may be a substance which absorbs some frequencies 
and transmits others, or it may be a plate of a material like 
tourmaline which has much more intense absorption for light 
polarized in certain planes than in others. 

By expressing the element of solid angle da in terms of the 
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angle 6 between the direction of the ray and the normal to dS we 
may write (4) in the form 


f + ■-A;)-e^}xdSdvdoo = 0.,.{5). 

JsJoJo 

By considering bodies of varying composition to make up S we 
can vary €i, € 2 , ^^nd A 2 independently of ii or 2,2 functions 
of either S, v, x or the plane of polarization. It follows that the 


equation 


i(l — A) — e 


( 6 ) 


is identically true for every wave-length, plane of polarization and 
element of angle. Thus for any assigned range of each of these 
quantities the part of the radiation incident on dS which is 
absorbed is equal to the similar radiation which is emitted from 


dS, 


Next consider the case of a body which absorbs all the radiation 
which falls on it. Such a body has been called by Kirchhoff 
‘‘perfectly black.'’ The term black body is convenient, although 
it may be rather a misnomer, as such a body may be very bright 
when the illumination is due to its own temperature radiation. 


Bor a black body, then, we have = 0, so that i = e. It follows 
that the intensity i of the radiatioli in the enclosure is equal to 
the emissivity e, as defined by the preceding equations, of a per¬ 
fectly black body. It is clear that e must have the same value 
for all perfect absorbers at the same temperature ; so that i must 
be independent of the nature of the materials present in the 
enclosure. Thus t is a function only of the frequency and plane 
of polarization of the radiation and of the temperature T of the 
enclosure. By symmetry so that the way in which the 

plane of polarization enters into i is a very simple matter. The 
determination of i as a function of v and T will be considered 


later. 


If a denotes the proportion of the incident radiation which is 
absorbed, then a = 1 — A for each wave-length and so on. Whence 
ejoL = i has the same value for all substances at the same tem¬ 
perature. Thus the emissive power divided by the absorption 
coefficient for any substance depends only on the frequency and 
plane of polarization of the radiation and the temperature, and 
is independent of the natui-e of the substance. This result, which 
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was discovered by Balfour Stewart, is usually known as Kirchhoff’s 
Law. 

The foregoing results require amplification when the nature of 
the medium varies from one point of the enclosure to another. 
The relation i = e no longer proves that i has the same value 
everywhere in the enclosure, since the emissivity e of a black body 
may depend, and in fact does depend, on the nature of the 
surrounding medium. If we call I the function which has the 
same value at all points in the enclosure it is clear that the 
relation between i and I must be determined by properties of the 
nciedium which have nothing directly to do with absorption or 
emission. For if we consider a portion of the medium where 
there is no emitting or absorbing matter, but which is characterized 
by a particular value of the velocity of transmission, the appro¬ 
priate value of i will somehow have to be established. In order 
to find I it is not therefore necessary to concern ourselves directly 
with the way in which e may be modified according to the nature 
of the medium in which the emitting system is embedded. All 
that is necessary is to consider the passage of radiation across the 
interface between two portions of the medium characterized by 
different velocities of transmission. 

Let us imagine that one of the regions in question is separated 
from the other by a perfectly reflecting interface. The intro¬ 
duction of this cannot make any difference to the nature of the 
radiation. The interface is punctured at the point A, leaving 
a small opening of area dS, In the upper medium, where the 
velocity of transmission is V, is a perfectly reflecting hemisphere 
with equal and symmetrical apertures at B and G which subtend 
equal infinitesimal solid angles dm at A. If AB is the direction 
of the refracted ray corresponding to the incident ray BA, it is 
clear that with this arrangement the only radiation which can get 
from the lower medium to the part of the upper medium outside 
the hemisphere is that comprised in a small solid angle dm about 
AD and the equal beam which is symmetrical about the normal 
AF, The rest is all reflected by the hemisphere and returned 
through dS. . 

The ratio of the two elements of solid angle is 
dm'Idm^Bm&dfflmid^d^ 
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and the law of refraction gives 

sin(97sin^=F7F. 

If \dv denotes the intensity of the incident radiation of frequency 
between v and v -j- dv, in the upper medium^ then the energy of 
this range of frequency which is incident on dS in unit time is 
V dvdS cos 6dca. The energy reflected along AG ia 

pK dv dS cos 0 day, 

where p is the coefficient of. reflection. If p is the coefficient of 
reflection for the lower medium the proportion of incident energy 



which is refracted is 1 — p' so that the energy transmitted into 
the upper medium is 

(1 — p') i/dvdS cos 6' day, 

where is the value of for the lower medium. If the distribu¬ 
tion of energy in the spectrum of the radiation in the two media 
M to remain invariable, we shall have 

(1 - p) K dvdS cos 8 dco = (1 - /) i/ dvdS cos S' da'. 
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Thus 

or 


% cos 6 dm _ 1 — / 
»'/ cos 6' dco' 1 — /3 ’ 
VH, _\-p' 


(n 


If the composition of the radiation in either medium were to 
change, the temperature of a material particle in it which possessed 
selective absorption would be altered. This would contravene the 
second law of thermodynamics, so that equation (7) must be true. 

Now the left-hand side of (7) is independent of the direction 
and plane of polarization of the radiation, since the latter is 
isotropic at any given point. Thus if we can determine the value 
of the fraction on the right-hand side for some particular angle of 
incidence and plane of polarization we shall have determined it for 
all values. If 6 is the polarizing angle and the light is polarized 
perpendicular to the plane of incidence no light is reflected at 
the boundary and p = = 0. It follows that p must always be 

equal to p' and FHV must always be equal to V'H/, so that the 
quantity which is invariable, which we previously denoted by I, 
is not the intensity iy but x VK Thus must be a universal 
function F (j/, T) of v and T which we shall seek to determine. 
Also, if Ly is the energy per unit volume of the radiation whose 
frequency lies between v and v -f c?i/, we observe that % cc VLy, 
so that V^Ly is also a universal function of v and T. 


Stefans Law* 


"We shall first find how the density of the complete radiation 
depends upon the absolute temperature Suppose that at some 
point of the wall of our enclosure at constant temperature T there 
is fitted a cylinder in which a piston may be made to work up and 
down. Both the walls of the cylinder and the face of the piston 
are perfect reflectors of radiation. The effect of an outward 
naotion of the piston is to increase the volume which is filled by 
the radiation and, in addition, work is done by the pressure p of 
the latter on the-piston head. If the increment of the entropy 
of the system which is produced by a small displacement is 
denoted by dS, we have 
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where O' is the increment in the internal energy and dv is the 
increment in the volume. If L is the energy of the coi^lete 
radiation per unit volume, then dU= Ldv. We have seen (Chap. 
X p 212) that the pressure of isotropic radiation on a surface 
hounding it is p = jZi. Since the process contemplated is a re¬ 
versible one dS must, from thermodynamic principles, he a perfect 
differential; so that 

02>Sf 



dvdT dTdv' 




/dS\ 1 


1 4Z 


But 


^( 3 ?; 

J"3 2” 


and 

/dS\ 1 /dU\ 
[dT)„~ TKdTJ^' 



so that 

4 3 3 

ri /dU\ 1 

1 3Z 


3 dT \T) ~ dv 

TKdTJv.. 

~TdT’ 


and 

II 

T.. 


. OX 

or 

log i = 4 log T-l- const. 


Thus 

l-AT* . 


. (10). 


It follows that the energy per unit volume, in vacuo, of the 
radiation in equilibrium in an enclosure at the absolute tempera¬ 
ture T, is equal to a universal constant A multiplied by the fourth 
power of the absolute temperature. Since the intensity of the 
radiation is equal to the energy per unit volume multiplied by the 
velocity of light, it follows that the former must also be pro¬ 
portional to the fourth power of the absolute temperature. More¬ 
over, if E'\b the total emission from unit area of a perfectly black 
body, we see from p. 330 that E=^A'T\ where A' is a new uni¬ 
versal constant. This result is usually known as Stefan's Law. 
It was suggested by Stefan*, in the inaccurate form that the total 
radiant energy emission from bodies varies as the fourth power of 
the absolute temperature, as a generalization from the results 
of experiments. The credit for showing that it is a consequence 
of the existence of radiation pressure combined with the prin¬ 
ciples of thermodynamics is due to Bartoli*!* and BoltzmannJ. 

* Wiener Ber. vol. liX^ox. p. 391 (1879). 

+ Bartoli, Sopra i movimenti prodotti dalla Ivce etc., Firenze, 1876. 

4: Arm. der vol. xm. p. 31 (1884). 





EADIATION AND TEMPERATURE 


335 


Since L, i and e may be split up into their spectral components 
it follows that each of these will have to satisfy equations of the 
type 

e^) dv = const. .(11). 

Jo 


Reflection of Radiation at a Moving Mirror, 

There is another effect, in addition to those already contem¬ 
plated, which is produced when light or radiation is reflected at a 
moving surface. This results in a change in the wave-length or 
frequency of the light, which is akin to Doppler s effect. By con¬ 
sidering the simple case in which the mirror is moving parallel to 
the direction of propagation of the radiation, which is incident 
normally, it is clear that the frequency of the light is diminished 
after reflection by an amount which is proportional to the velocity 
of the reflector, when this is in the same sense as that of the 
incident radiation. If the reflector is moving towards the incident 
beam the frequency of the reflected beam is grea^ter than 
that of the incident beam. The complete resolution of more 
complex cases is effected most easily by means of the principle of 
relativity. 

We shall consider the case of a plane reflector moving with 
uniform velocity v parallel to the direction of its normal, which 
we shall take as the axis of x. In the case of a ray incident at 
an angle 0 the vectors which specify it will only coQtain the 
space and time coordinates through the factor 

/, X cos ^ -j- .sr sin ^ \ 

cos n (t -1 -^- 17 1 , 

if the plane of incidence is that of the x and z axes and 7 is a con¬ 
stant which specifies the phase. The corresponding factor for the 
reflected ray is 

/ X cos 0 z sin 0 , \ 

cos ri U-^-f- 7 1 > 

provided the reflector is at rest. If the reflector is in motion 
these expressions must be unchanged when all the quantities are 
measured in reference to axes a?', y\ si and referred to which the 
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mirror is at rest. The relation between oo, y\ z and t' and x, y, ^ 
and t is given by the equations 

X ^^{x-'vt), = / = - 2 ', t' = /3(t-vxlc^) and ^ = (1 - vyc^)~'K 

Thus referred to axes moving with the mirror, the vectors 
which specify an incident ray will be expressed by 

, f . x' cos 6 ' ^ z' sin 9' A 
acos?^ H- - -1-7 ), 

where a is a constant, the corresponding quantity for the reflected 
ray being 

, / , xt cos 6 ' — / sin 6 ' , A 
a cos 71 U —- - - 1 - 7 ^. 

In terms of the coordinates referred to axes at rest we shall have 
for the incident ray 

a cos (i- WcO + 


/ in y /lA ^ 13 (cos 9' — vjc) X ’{■z sin 6' 

= a cos n' j/3 (^1 - - cos 9'j t + ^^ - 4 - 7 '^ 

and for the corresponding reflected ray 

a cos (t - vxld‘) - ^ ^ j 

= g cos|/g (1 + 3 cos + y|. 

The frequencies referred to axes x, y, ^ and t at rest in space are 
proportional to the coefficients oft Thus if is the frequency of 
the incident and of the reflected ray as measured by an observer 
referred to whom the mirror is moving with velocity % we have 


l-h-cos^ 
V 2 _ c _^ 

l-^-cos9'' 

c 


but from equations ( 11 ), Chap, xiv, 


A ^ 

cos ^ — 


cos 9' = ■ 


1--CO8 0 
c 
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thus 


-r=l + 2%OS0.(12), 


_ 

Vi - ^ 0 

1 ~ 2 - cos ^ + -I 

C 

neglecting (v/cy and higher powers. 

The corresponding relation between the wave-lengths is 

^" = 1-2-cos (9 .(13). 

c 


Wien's Law. 

The foregoing considerations, coupled with thermodynamical 
principles, enable us to take another step forward towards the dis¬ 
covery of the function F(v,T). This advance is due to Wien*. 
The argument resolves itself into two parts. In the first place, if 
we start with an enclosure containing only thermal radiation, such 
as we have seen to be characteristic of some temperature T, and 
then alter the nature of this radiation by means of a motion of 
some part of the perfectly reflecting boundary wall, we shall be 
able to show that the resulting radiation is invariably such as is 
characteristic of some other undetermined temperature T\ Having 
established this proposition, the second step consists in making use 
of it so as to find out as much as we can about the nature of the 
function F (v, T). 

Consider the cylinder with perfectly reflecting walls shown in 
Fig. 41. The ends are closed by plates of radiating matter main-. 
tained at the temperatures Ti and respectively. is greater 
than The transverse partitions are perfectly reflecting and 
are provided with shutters Di and i)a which can be opened 
or closed at will. The partitions can also be caused to slide 
along the cylinder. We now imagine the following processes to 
occur:—(1) Dg is shut and Di open. Then 0 is filled with radia¬ 
tion characteristic of and A and B with radiation characteristic 
of Tx> When equilibrium has become established Di is closed. 
(2) The radiation in (7 is allowed to push the piston F and so 
compress the radiation in B until the pressure of the radiation 
in B is equal to that in G. On account of the Doppler effect 
the nature of the radiation in B will have become changed 
* J3er. 9 Feb. IMS, 


R. E. T, 


22 
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by tbe motion. Let us examine the consequence of supposing 
that the radiation now in B is not homogeneous with that in 0. 
Since the total pressures in B and G are equal, the pressure, or 
density, for some frequencies will be greater in B and for others 
greater in G, \S) Place some selectively reflecting material over 
the opening in Dgj choosing it so that it transmits more of the 
rays whose density is greater in B than in C. Open the shutter an 
instant and then close it. The pressure in is now greater than 
that in B, (4) Allow G to expand until the total densities again 
become equal. External work can be done by this expansion. 
(5) Open the door Da and allow the two radiations to mix. 
Leaving the door open push F back to its position after the 
displacement in (2). Then (6) close JDq and push F back until 
the pressure in B is equal to that in A. In this step the work 
lost in the second step is exactly recovered. 



In the complete cycle, we have obtained work equal to that done 
by the expansion of the radiation after selective mixing without 
any transference of heat to the cold body T^. The heat which is 
the equivalent of the work done naust have come from the body 
T,. As the process might be repeated indefinitely it is clear that 
the whole of the heat of might be converted into available 
work in this way. As this is contrary to the second law of 
thermodynamics it follows that the inequality supposed in (2^ 

does not exist. Thus the following theorem must be true:_If we 

start with a perfectly reflecting enclosure containing nothing but 
radiation characteristic of a certain temperature, the nature of the 
radiation will be changed if the walls are allowed to expand or 
contract, but the resulting radiation will always be identical with 
that temperature radiation which exerts the same total pressure. 

Now let us suppose that we have a cylinder fitted with a 
movable piston and filled with radiation characteristic of some 
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temperature T. The face of the piston is perfectly smooth and 
perfectly reflectiag. The ^^alls of the cylinder reflect completeV, 
i.e. without loss of energy, but irregularly in all directions. This 
device keeps the radiation isotropic and so makes it unnecessary 
fox us to consider certain complications which would otherwise 
arise. The sectional area of the cylinder is A and its height k, 
h will vary with the position of the piston. Let L(S)dX denote 
the energy per unit volume of the cylinder which belongs to wave- 
lengths between Tv. and then J^AKL(X)d\ is the total 

energy helongiag to these wave-lengths which is present in the 
cylinder. Owing to the motion of the piston the value of J will 
tend to change. It will tend to decrease because the radiation 
whose wave-length is near X will join some other group when it 
is reflected at the moving piston, and it will tend to increase 
because other radiation will have its radiation changed to values 
near X when it is reflected. The rate of loss of energy by the 
group is clearly equal to the total amount which is incident on 
the moving piston in unit time. The proportion of J which belongs 
to rays whose direction of propagation lies within any small solid 
angle dci> —2,'ir sm. 6 d6 is dwl^ir, since the radiation is isotropia 
Thus the amonnt of energy belonging to these wave-lengths 
which is incident on the piston in unit time in directions lying 
within the cones whose semi-angles about the normal are 6 and 
^ 4- is 

\ L(X) d'X .sin BdB. cA cos 6, 

The rate of loss of energy by the group will be obtained by inte¬ 
grating this expression over all angles 6 which lie between 0 and 
tt/S. It is thus equal to 

\AoL{\)d\..... .. 41 % 

The calculation of the rate of gain of energy by the gi^np i§ 
more complicated. If we consider a ray of vave-lenglh inci¬ 
dent at an angle 0 the wave-length of the reflected ray mil ho 
given by 

V = X (l - C«s0) by (IB). 

The change of sign is due to the &ct that we ^ mm 
v to be positive for an .outward motioo of lie wh»li 

corresponds to increasing volume Thu^ by reflecticM* 
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characterized by dX' and 0 are changed into the group com¬ 
prised between X and X dX, where 

dX' = dx(l-^cos0) .(15). 

The energy incident in unit time in the group of waves defined 
by X', dk\ 6 and dd is 

^ Ac L (K')dX'sin 6 cos 6d6 .(16). 

Only part of the energy of the V group is changed into energy of 
the \ group. The balance is equal to the work done by the group 
on the moving piston. The pressure exerted by the X' group may 
be written 

2Aj cos^0 if y = —2— L (\)dX , 

The work done by this pressure per unit time is thus 

2Aj cos‘^ 6. V. 

By combining this result wuth (16) we see that the rate at which 
the energy of the group X is increased by reflection from the 
group X' is 

AjccosO — 2Aj cos^ 6 ,v ..(17). 

But sin Odd L (X') dX' and 

L (X') = £ ^X — ^ X cos , from (13), 

r />x ^ dL(\) , . , ^ 

=X (X)-cos ^. X X- --- -t- higher terms, 

C C/X 


by Taylor's theorem. By moving the piston slowly enough vfc 
can be made as small as we please, so that only the lower powers 
of this ratio need be considered. By substituting for dX' from 
(15) and neglecting higher powers of vjc than the first, we find 


sin 6d0 


(l - 2 ^ cos 0 ) Z (X) - ^ cos 0. X dX .. .(18). 


After substituting this value of j, (17) becomes 

■ sin^cos^d^ .v r ^ dL) , 

AdX - 2 -1^1 — 2-cos0j L{X) — — cos (c— 2i;cos 0} 

= siu e coadde jz (X) - 2 ^ cos e (2L (X) + X 
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to the same order in vjc. The total gain in energy is obtained by 
integrating this over all values of 0 from 0 to 7r/2, giving 

^d\\oL(X)-p(2L(X)+X^-^)^ .(19). 

By combining tMs with (14) we see that the net increase of 
energy of the group X, in unit time due to an outward motion 
of the piston is 


dJ 


A 


m —-3^|2L(x.) + x 

But by direct differentiation we hare 


9i(X)) 

ax j 


dX 


dt 


= iidxjt;Z(X)+;i^-^^|. 


Thus, from (20), 


.( 20 ). 


.( 21 ), 

where a; = is a function only of the time t. 


The differential equation (21) gives the relation between L (X) 
and the time t as the piston is moved. As we have seen, the 
effect of the motion is to change the radiation in such a way that 
it is always identical with the radiation which characterizes some 
temperature T, Thus for each time t there is a corresponding 
temperature T, and T must, therefore, be a function of t only. 
Thus it must be possible to replace t in (21) by some function of 
T only. This can be determined if we make use of Stefan's Law 
together with certain simple properties of the radiation which may 
be regarded as given by experiment. 


Consider the total energy density i/= I L QC)dK Integrating 

J 0 

both sides (21) with respect to dX from 0 to oo, we have 


XL (X) — • 

0 J 

Now the form of the experimental curves connecting Z/(X) and X 
shows that the product XL (X) vanishes at both limits, so that 




dt 
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But by Stefan’s law i = where is a universal constant. 
Thus 

071 or 

: - 4/ViliT^ 


3t U 


or 


— Kdt = 


T’ 


so that (21) may be written 


T?^.5X(x)+x?M 


..( 22 ). 


9Xi_ 

_^i 

BtTi 

JL, 

Sii 

dx/ 

BtTi 

BX, 


6Ai 

ail 


StT] 

^Sii 

Sii 

ail' 

BtTi 

w^ 

■^STi 

Sii 




BL, 

Sii" 

■5, 


If the variables are changed to T^-logT, Xa=logX and 
£i = log£(X), (22) becomes 

dT, ^dX,' 

Now change the independent variables from T-^ and Xi to and Wi, 
where 7rj=Ti + Xj. Denoting the new partial derivatives by S, we 
have 

StTi’ 

- I/X/J UJUl iJ it 1 ^JJUi u X 1 ail, SA 

^frt — o * <i‘rn 

SO that 

and ' Li= 5 Ti-i- 

where F(7ri) is an arbitrary function of tti. Substituting for the 
logarithms and multiplying both sides by rfX we find that 

L{X)dX-=T^(j){T\)d\ .(23) 

{T\y (j) (TX) dX 

= X‘-®%(rx)dX, .....(24^), 

where <j> and % are undetermined functions of the product TX 

It is known from experiment that L(X) has the value zero 
when \ = 0 or oo and a single maximum between these limits. 
Differentiating (24) by X we see that the maximum and minimum 
values of L (X) satisfy the equation 
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The value zero at X,= oo is clearly indicated, but the value at 
X = 0 cannot be foreseen -without further information about the 
function %. Presunaably the naaximum value is given by 

^.( 25 ). 

If this equation has a single root XT = 6, then the value of 
X, for which L (X) is a maximum, will vary with the temperature 
in such a way that the product X^iT is always constant. This 
result, which has been well established by experiment, is known as 
Wien’s displacement law. 

It is probable that the relations (23) and (24) which involve 
the universal undetermined functions </> and x, the argument XT 
are as far as we can get, from such very general considerations as 
have been employed above. To determine these functions more 
particularly it is probably necessary to consider the constitution of 
the radiating matter in a manner more explicit than we have done 
hitherto. 


The Formula of Rayleigh and Jeans. 

We have seen that the properties of the radiation in an 
enclosure at a uniform temperature are determined by the 
temperature alone and are independent of the nature of the 
material bodies which are present in the enclosure. Thus if the 
enclosure contains nothing but radiation, the latter will have 
exactly the same constitution at a given temperature whatever 
the walls are made of, provided they have even the small^t 
power of emitting every possible kind of radiation. On the other 
hand it is evident that the nature of the contained r^iation* 
when equilibrium has been established, noust 1^ determin^J as 
the result of an equality between the emission from and al^orplion 
by the walls. The constitution of the radiation ought therefam 
to be determinate if we can calculate the rate of emi^on and 
absorption of different types of radiation in any j^rticular case 
Since the nature of the radiation is independent of that of the 
inatter it makes no difference what constitution we a^ume for 
the matter, which we make use of in eaxrying out the calcuktion^ 
provided that it is a possible type of mattor «id also is one which 



344 


EADIATION AND TEMPERATUBE 


has some capacity for emission in every part of the spectrum. 
To facilitate the calculations one naturally assumes the simplest 
type of hypothetical matter -which is compatible -with these 
requirements. 

Of the attempts to solve the radiation problem which have 
been based on the principle thus outlined, the earliest to rest 
on a substantial foundation, and the most successful, is due to 
Planck. Before considering Plancks theory we shall briefly 
indicate another method of attack which has led to results that 
are quite inconsistent with the experimental data. It is a well- 
known result in molecular dynamics (see Chap. XVli) that if any 
self-contained dynamical system possessing sufficient complexity 
is provided with a certain amount of energy and left for a 
sufficient length of time, a state of statistical equilibrium will 
finally become established. This state of equilibrium is charac¬ 
terized by the fact that each degree of freedom, or each coordinate 
which is required to specify completely the whole energy of the 
system, possesses the same average amount of energy. Now 
consider a perfectly reflecting enclosure containing a small amount 
of matter. The matter contains a finite number N, let us say, of 
molecules and each of these will have some finite number, jp on 
the average, of degrees of freedom. On the other hand the aether 
which the enclosure contains will be capable of an infinite number 
of modes of vibration. These are determined by the geometry of 
the perfectly reflecting boundary and extend from the ^avest 
mode of vibration to vibrations of infinite quickness. There is 
thus an infinite number of degrees of freedom in the aether, 
whereas the number in the matter remains finite. Consequently, 
.since each degree of freedom receives equal energy, all the energy 
•will be found in the aether, in the final equilibrium state, and 
none in the matter. Moreover, for a given range d\ there are 
many more possible modes of vibration the smaller X is, so that 
all the energy tends to accumulate in the waves of infinitesimal 
wave-length. By calculating the number of natural wave-lengths 
between X and X-f cZX and by supposing that there is an infinite 
amount of energy in the whole system, so that each wave-length 
acquires the amount RT which is appropriate to two degrees of 
freedom in the matter at the same temperature, we can find the 
amount of energy which occurs in the stretch of radiation between 
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X and X + d\. By carrying oat a calculation of this Vind^ Jeans* 
has sho'wn that 

Z{X)dX = ^-^^dX .(26), 

or in terms of fxeq[iiency instead of ■w'ave-lengtii 

L{v)d^v=^%ir^RTdv ...(27). 

C/ 

A rather similar conclusion had previously been reached by 
lord Rayleigh *1*. 

From this point of vie^ the radiation problem reduces to a 
determination of the number of modes of vibration in the aether 
comprised within given limits of frequency. A simplified form of 
Jeans’s calculation which is due to H. A. Lorentzf may he stated 
in outline as follows: Consider the temperature radiatiou in equi¬ 
librium with a small amount of matter in a rectangular box, whose 
sides are parallel to the coordinate axes and of lengths di, <4- 
The walls are smooth and perfectly conducting so that no radiation 
is absorbed or emitted hy them. In the steady state the hox will 
he filled with stationary waves, satisfying the condition that the 
tangential electric intensity vanishes at every point of the 
boundary. Any parallel beam of radiation which is travelling 
in any one of the eight directions given by the combinations of 
the direction cosines ± ± ± n, will always after reflection be 

travelling in one or other of this group of directions. The totality 
of such groups will therefore represent the number of modes of 
vibration of the aetherial part of tbe system. On account of the 
two planes of polarization which are required fully to specify the 
beam of radiation, each mode will have associated witJi it an 
amount of energy 2RT equal to four times that of a single degim 
of freedom. If is the wave-length of the radiation under 
immediate consideration, the condition at the conducting boundary 
requires that 

, 2md2 r 

—= JCjy —r- fC^y —— 


^ JPML Mag. vot x. p. 91 (1905). 

i- mih Mag. vol. xtiix. p. 539 (1900); C&U. w. p. 

If Theory of ElectroTiSj'g. 93. 
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vhere hi, hz, and axe integers. Since P + w? + 'n? — 1, we have 

3^ 2 "Li h2 A 

% 1 ^3 ^ 

Thus kj, hz, and can have any integral values which satisfy 
this equation. Since the equation is that of an ellipsoid whose 
coordinates are kj, k^, and k^j and whose semi-axes are 2di/X, 
2 c? 2 /X, and 2c^8/X, the number of vibrations whose wave-lengths lie 
between X and X + d!X is equal to the number of points having 
coordinates which are positive integers which lie in the volume 
between the ellipsoids whose parameters are determined by X and 
X4-dX respectively. The number of such points is equal to the 
volume lying in a single octant between the two ellipsoidal shells. 
The number is therefore ^Trdid^d^dXjX^ and the energy per unit 
volume of the box and wave-lengths between the limits X and 
X+dX is SirRTdXjW It has been found that every purely 
dynamical method of calculating the radiation formula leads to 
(26) and (27). 

Although the value of L(X) given by (26) satisfies Wien’s 
functional relation (24) it is quite inconsistent with the results of 
experiments on the complete temperature radiation. The experi¬ 
ments show that L (X) has a maximum for a value of X whose 
position is governed by Wien’s displacement law and has the value 
zero when X= 0. But (26) would make L (X) increase indefinitely 
as X approached zero. There are a number of ways in which this 
contradiction might conceivably be avoided. Jeans has suggested 
that the final state of equilibrium, if it could ever be attained, 
would be given by (26); but that the rate of emission of the 
energy of short wave-lengths by matter is so slow that the 
distribution given by (26) would only become established after 
an indefinite lapse of time, and in any finite time would not even 
be approximately realized. According to this view the observed 
distribution is one of intermediate equilibrium due to less 
fundamental causes. Nevertheless the causes which establish the 
intermediate distribution must be sufiSciently fundamental to be 
common to all types of matter; otherwise the degree of con¬ 
sistency which has been observed in experiments on thermal 
radiation would not be found. 

Another way of escape is to deny the applicability of the 
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tLeorem of equipartition of energy to aetherial, as opposed to 
material, systems. There are a number of reasons why this is not 
a very satisfactory alternativ'e. In the first place the same kind 
of objection may he made against the applicability of equipartition 
to material systems. Thus the specific heats of gases are not 
what -would he given hy a naive aj^lication of this theorem, par¬ 
ticularly when one considers the large number of electrons present 
in the atoms and that each electron ought to have its quotum of 
energy. On the other hand the law of equipartition has been so 
successful in other directions that it is difficult to believe that its 
deduction from dynamical principles involves a fundamental error. 
In the second place the dilemma in question does not seem to be 
connected with the law of eq-uipartition alone, so that denial of 
the validity of this would not really remove the diSSculty. It 
appears that a number of calculations which use the first method, 
that of equilibrating the absorption and emission of energy, lead 
to Rayleigh’s formula (see for example Chap. X.VII, p. 433). In 
fact this formula appears inevitably to arise whenever the emi^on 
and absorption of radiant energy by matter is assumed to be a 
continuous process subject to dynamical and electrodjaxamic laws. 

Although it may appear very revolutionary "to some, it seems 
to the writer that the only logical way out of these difficulties is 
bo deny the adequacy of dynamics and electrodynamics for the 
explanation of the emission or absorption of radiation hy matter. 
If we leave the familiar guidance of d 3 uiamics behind it is nece^ary 
to find some other set of fundamental principles to rely on. 
A.lthough the matter cannot yet be regarded as fully and satis¬ 
factorily worked out, a valuable s-tart in this direction has un¬ 
questionably been made by Planck and his followers, 

PlanoVs Lwiff. 

.We have stated that Planck has shown how te 

deduce a xadiation formula T^iich is in good agr^ment with the 
results of experiment. It T^ould take up too much space ad«iai^j 
to consider the various vicissitude wMcli this theory has niA]^«w 
at the hands of Plauck and Ms eritica, s» that vre dtall 
confine ourselves to the discuraion of the most r«»at foma* of it- 

♦ Ann. 
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Althougli tMs involves special assumptions which seem rather 
strange at first sight, it is fi:ee firom self-contradiction and from 
assumptions, such as that of the discontinuous nature of energy, 
which appear to do violence to the fundamental ideas of physics. 
So much could not be said of the earlier forms. 

We shall suppose the radiating properties of the matter to 
arise from the presence in it of an indefinite number of minute 
electrical oscillators. To fix our ideas we may take the picture 
afforded by the electron theory and suppose each oscillator to 
consist of an electron in equilibrium in a certain position, when 
free from the action of external forces, and subject, when dis¬ 
placed, to a restoring force which is proportional to the displace¬ 
ment from the equilibrium position. If s denotes the moment of 
the doublet which is equivalent to the displaced electron, then the 
potential and kinetic energies are equal respectively to and 

where M and N are constants. The total energy is . 

JJ = .(28). 

If the component, along the axis s of the doublet, of the external 
force due to the incident radiation is JEg, the differential equation 
satisfied by s is 

Ms-{-m=^Es .(29), 

if we neglect the reaction arising from the radiation. The natural 
frequency Vq of the oscillator is 

-'-h'/w . 

When the small force arising from the reaction of the emitted 
radiation is included (see Chap, xii, p. 266) the equation for s 
becomes 

. 

The first step in the solution of our problem is to find the rate of 
emission and absorption of radiation by any particular oscillator. 

The method originally adopted by Planck is an immediate 
application of the principles of electrod 5 mamics which we have 
already developed. The radiation is determined by the acceleration 
of the electron, the rate of emission at any instant being pro¬ 
portional to the square of s in accordance with formula (11) of 
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Chap. XII. The energy absorbed is equal to the work done by 
the external force on the oscillator, so that the instantaneous 
rate of absorption of energy is Now the force Eg is the 

component which lies along the axis of the doublet of the electric 
intensity in the radiation. However complicated the radiation 
may be it will be possible to express E^ as a function of the time t 
by means of a Fourier's series in the form 


E, = cos .(32), 

where the Cs and S’s are undetermined constants and T is an 
arbitrary time which is greater than every t. By substituting 
this value of E^ in (31) and solving for s, we can show* that the 
mean value U of the energy of the resonator, which is equal to 
since the kinetic and pofential energies must be equal on the 
average, is 




3c^ 


TGno^ 


(33), 


where Gri/ denotes the mean value of all the coefficients for 
which n lies near vqT. It happens that the distant terms do not 

contribute anything to the energy. But the energy f L(y)di/ 

J 0 

per unit volume of the radiation when expressed in terms of the 
electric and magnetic intensities is equal to half the mean value 
of EJ^ -f Ey^ + Ei 4- + Ey^ -f-jET/. Since the radiation is iso¬ 

tropic the mean value of each of these terms is the same, so that 



By putting dv = An/ T, where is a large number, the integral on 
the left can be expressed as an infinite series, and by comparing 
with the value of E^^ which results from (32), it follows that 

whence from (33), 

...,,.(35). 

Cr 

This result is in formal agreement with equation (27), since 
the oscillator has two degrees of freedom and the energy per 

♦ Cf. Planck, 118 et sej., Lmpzig (1906), 
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degree of freedom when equipartition holds is Thus it 

appears that if equipartition of energy is established among the 
oscillators by actions going on in the matter (these may be 
supposed to be independent of radiation) we are again led to 
Eayleigh s formula. This formula in fact appears to result from 
every method of calculation which makes both the absorption and 
emission of the energy by the matter take place in a continuous 
manner. It is well to point out that the Rayleigh formula 
expresses the experimental results satisfactorily when v is small 
and T is large, that is to say when the energy of the radiators is 
large. There is therefore at least an element of truth in it. 

In order to arrive at a formula which does not make L (y) 
infinite when v is infinite, it is necessary to introduce discontinuity 
somewhere, and thus bring probability and entropy considerations 
to bear on the state of the radiant energy. In his earlier papers 
the assumptions made were equivalent to postulating that the 
energy itself had a discontinuous structure, but Planck has now 
shown that equivalent results may be obtained by merely sup¬ 
posing that the radiant energy is emitted by jumps, the absorption 
taking place continuously. As the emission of radiant energy 
might be expected to be conditioned by the breaking up of some 
structure present in the matter, this seems a very natural 
hypothesis. 

The investigation which follows involves a number of additional 
hypotheses. In the first place we assume that the energy U of 
the oscillators is determined entirely by interchange of radiation : 
that the influence of any direct dynamical interaction of the 
oscillators, if it occurs, has negligible consequences. We shall 
assume that the absorption of energy by the resonators is con¬ 
tinuous and follows the requirements of the classical laws of 
dynamics and electrodynamics. It is thus determined by the 
conditions laid down on p. 349. On the other hand we shall 
assume that emission of energy is not a continuous process but 
one which never takes place except when the energy U of an 
oscillator is an integral multiple of a certain element of energy 
€=^ hvQ, In this expression Pq is the frequency of the oscillator 
and A is a umversal constant. The element of energy is thus 
proportional to the frequency of the oscillator. We also assume 
that when emission takes place the oscillator suddenly loses all 
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of its 6ii6rgy. It is clear tKat th.e oscillator must not invariably 
emit when its eiierg 7 is an integral multiple of e, otherwise the 
integral multiple would never exceed unity. We shall assume 
that whenever one of the critical values is reached, the ratio of the 
probability that no emission tabes place to the probability that 
emission takes place is proportional to the density 2 (i/j) of the 
radiation surrounding the oscillator. If tj is the probability that 
emission takes place, the probahility that emission does not take 
place is 1 — i;; so that 

^ =i>i W.(36). 

'where j) is a constant quantity which we shall determine later. 
The mean energy !7 of an oseillator in the steady state may now 
"be determined in terms of t}, as follows: 

Out of JSr oscillators selected at random that have completed 
€in emission Nrj will emit when they have accumulated a single 
element of energy, JT {1 when they have accumulated two 

elements of energy, iV"(l — when they have accumulated 

n elements of energy and so on. Thus, in the steady state, out of 
N' oscillators selected at random simultaneously, 

Jlf'T] = NjPq will possess energy between 0 and e, 

JV "(1 —17)^ = » e » 

N(1If] = NJPyi—i » » » («—l)e „ tie, 

where jP^ = (l. — viY*‘'n probability that the energy of an 

oscillator lies between ne and (% 4-1) e* The mean, energy of mi 
oscillator is therefore 

. 

since the average value of the iraotions of an element of enei^ 
which intervene between any two consecutive integral multiples 
is ie. Thus from (36) 

D-={pX(v.)+4}e... 

We shall determine p so that (38) agrees with, the coir^prading 
equation (35) of the former theory whm U is large. Ii th® ^ 
the 4 in (38) can he neglected, so tha^ by comparing with {35% 







352 


EADIATION AND TEMPERATURE 


Thus the mean energy U of the oscillators, and also, since 

- = 1 -^'pL{vq\ 

V 

the division of the energy among them in the steady state, is 
completely determined. 

In order to introduce the temperature T it is necessary to 
calculate the entropy >S of the system. This is equal (see Chap, 
xvir, pp. 400 and 407) toiJ times the logarithm of the probability 
of the system, defined in a similar way to that introduced by 
Boltzmann* into the kinetic theory of gases. The present case 
is a little different from that contemplated in the kinetic theory, 
inasmuch as it is only the part of the energy of the resonators 
which is an integral multiple of e that is a matter of chance and 
therefore subject to probability considerationsf. The probability 
sought is the number of ways in which the N resonators can be 
arranged so as to have the given distribution of energy units, 
subject to the condition that the same distribution arises when¬ 
ever the resonators which have a given number of units are 
interchanged among themselves. This probability may be 
calculated as follows: 

Along the positive energy axis lay off marks at the points 
0, le, 26 ... me ... 00 e. From these marks draw lines perpendicular 
to the axis and on them lay off NPj, NP ^... NP^, •.. NP^ 
equidistant dots. Altogether there are XjN’Pm = N" dots and their 
distribution over the diagram is a geometrical representation of 
the way in which the resonators are distributed about the energy 
of the system. Since the dots which have equal numbers of units 
are considered to give rise to systems which are indistinguishable, 
the number of independent ways in which the If dots can be 
arranged to form the given distribution is 

Ty=A!-n(j\rp^)i 

where fl denotes the continued product for all the values of m 
from 0 to 00 . Thus 

fif = P log F = iJ log iV^ I - PS log (NP ^)!, 

* Vorlmmgen Uler Gastheorie^ p. 41, Leipzig (1896). 
t Planck, Sitzber. der K, Pr, Akad, der Wiss. voL xxxv, p. 723 (lOliy. 
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and since "we may use Stirling’s approximation^ for the factorials 
ivlien N is large 

Sf = J? log IV^! - iES WPmQog - 1) 4-ilog27riVP4 
= M {log Fl-^NlogN + N-^tlcg 27riV3 - NRIP,, log F*, 
using 2F«i= 1 and rememhering that the neglected tenn 

fsiogP™ 

vanislies compared 'witli the others when M is indefinitely large. 
The first term on the right depends only on N and is therefore 
constant. It may he assimilated with the undetermined constant 
which is always included in the entropy. The value of this 
constant does not enter into our calculations, so that, leaving it out 
of account, we have for the entropy Sjf of the M I'esonators 


071=0 

- i) - (? ■ 5) (?■ 

= FS. 

And. since, by the definition of entropy, 

E 1 

1 -^IosLII .(41), 

e 2 

^ hu e^^+1 .^42). 

and e=hv, ^ 1 A; . 

gRT_ 1 

Finally, from (38) and (39), 

r/ -l\dv . 

L(y)dv— ^ 2^ 

_§2I _Af_ cfy........ 

^ ^nrcKK-*^ ...44SV 

. 

^-1 
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If irdv is the intensity of a plane polarized constituent of the 
radiation, travelling in a given direction, we have —i^=L{v), 


since the radiation is isotropic. Thus 

■ _ 0 T ( 1 —^ 


(46). 


If the medium is one in which the velocity V of radiation differs 
from the value c which it possesses in a vacuum the right-hand 
side of (46) will have to be multiplied by c^j since, according to 
the conclusions on p. 333, is the function which has a uni¬ 
versal value. Corresponding changes would have to be introduced 
in (44) and (45). We shall, however, confine our discussion to the 
case of the radiation as it is found in a vacuum. 

Formulae (44) and (45) are those which are known as Planck^s 
radiation formulae. They are in agreement with the functional 
relations (23) and (24) demanded by Wien's argument. These 
formulae have been derived theoretically in other ways* which 
differ in important points from that which has just been given. 
But in order to obtam them it has always been found necessary to 
introduce discontinuity somewhere, either in the constitution of 
the radiation itself or in .the mode of its absorption or emission. 

When XT is small, ov vjT large, it is evident that unity may be 
neglected compared with the exponential in the denominator of 
the fraction, so that for small wave-lengths, or high frequencies, 
and low temperatures, 

L (y) dv ^ Sirh^ e dv .. 

(j 


rh 

L(X)dX=S7r~e ^^dX .( 48 ). 

When V is large the exponential factor in (47) diminishes much 
more rapidly than increases, so that L{v) — 0 when = oo . For 
the same reason L(\) = 0 when X = 0. Thus the conditions 
referred to on p. 341 are satisfied by Planck’s formula. On the 

♦ For example cL A. Einsiem, Arm, der vol. xxir. p. 183 (1907); Jeani^ 

Mfmrt m BmdmUon and the Quantum Theory^ p. 30, London (1914); Debye, Arm* 
der Pkys. voL xxxra. p. 1427 (1910); Poinoar^, Jotern. de Phyeique, voL n. p. 6 
(1912); W. Wilson, PML Mag. voL xxrx. p* 796 (1915). 
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other hand when vjT is small or \T large, (44) and (45) de¬ 
generate into 

L{v) dv^^v^RTdv 

® l.(49). 

TD/TT ^ ^ 

L(\)dX = S'ir~dX 

They are then identical with Rayleigh’s formulae (26) and (27), 
which, as we have already pointed out, are in agreement with the 
results of experiments which are made subject to these conditions. 

In fact throughout the whole range of the variables X (or v) 
and Tj which has been tested, the differences between the experi¬ 
mental results and those given by Planck’s formulae lie within 
the limits of experimental error. 


Numerical Values of the Constants. 

For the density in space of the black body radiation 
vacuum we have 



hv^ 

hv 

eBT^l 


dv 


in a 


= = .(50). 

where + 1’0823. 

The absolute constant a which occurs in the expression of 
Stefan’s law is thus defined in terms of J?, o and h. Accurate 
measurements of a have been made by Kurlbaum*, who finds “f 

a = 7*06 X 10^“ erg cm.""® deg.~*. 

Another relation between the constants is given by the value 
of X for which L (X) is a maximum. If we differentiate L (X) by X 
and equate to zero, the equation which corresponds to (25) is 

5(e-*-l)-hic= 0.....(51), 

* Ann. der Phys. vol. lxy. p. 759 (1898). 

t Some recent values of a are much higher than this. Thus Gerlach (1912) 
finds a value about 10 % higher, anil Edry and Drecq (1911) find a value more 
than 20 % higher than Kuilbaum’s. Meet of the determinatious, however, have 
given values of a wMoh are not far from 7*1 x 
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where (51) has two real roots, viz.x=0 and a;= 4*9651. 

RX V 

Thus the maximum value is given by substituting as = 4*9651 in 




According to the measurements of Lummer and Pringsheim^ 
6= 0-^D4 cm. deg. Solving (50) and (52) for R and A we find 

R = 1*346 X erg deg.-^^ 

A =6*548x10-^'^ erg sec. j.^ 

Since R is the constant in the gas equation pv=IliT reckoned 
fbr a single molecule, this value of jS enables ns to deduce the 
value of N, the number of molecules in a cubic centimetre of a 
gas under standard conditions, and the charge e on an ion, from 
well-known data. We have p'v = NRT, where 
j) = 76 X 13*6 X 981 dynes cm.~®, «;= 1 cm.® and T= 273deg, 
Whence iV = 2*7’6 x 10^® per cm.^. 

Since the charge which is required to liberate half a cubic centimetre 
of hydrogen, measured under standard conditions, in electrolysis is 
0*4327 K.M. units (see Chap, i, p. 6) it follows that 

= 0*4327 

whence e = 4*69 x 10“^® electrostatic units 


whence 


= 18*9 X 10”^® in our units. 


These values of N and e are in excellent agreement with those 
which have been found hy Millikan, Rutherford and others, uSnig 
more direct methods. This agreement must be regarded as sup-, 
porting very strongly those assumptions in Planck's demonstration 
which are necessary to produce the formulae filnally obtained. 

We shall see that Planck's radiation theory has recently received 
unexpected support in two other directions. One of these will now 
be considered. 

RadiaMon and Speoific JTeaL 

Fk)m the phenomena exhibit^ by absorption hands, the 
resWual rays, and so on, we know that something like Pknck^s 
<wuliatoiB must exist in actual matter and possess natural 

^ T^rhmd, der Fh^sik^ Oes, toL r. p. 230 . 
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frequencies not far from the frequencies of the radiation forming 
the visible spectrum. Trom (42) we can calculate the ener^- 
corresponding- to any one of these natural frequencies at a given 
temperature. 

Einstein*- suggested that practically all the energy stored in 
simple bodies might belong to a few frequencies, and, on this 
^ITP^bhesis, "was able to calcula"te the specific heat as a function 
of the frequency. If this hypothesis were not true it would be 
necessary to suppose that the number of systems having a given 
frequency is much smaller than the number of atoms present in 
the substance; otherwise the specific heats of bodies -would be 
much larger than those -which they actually possess 

Let us suppose that there are N oscillators per unit mass of 
any substance, and that they all have the same natural frequency v. 
The total energy of the oscillators in unit nrias.s of the substani^ at 
the temperat-ure T is, hy (42), 



If all the heat is in this kind of energy, the specific heat C, will 
be given by differentiating this expression -with respect to the 
temperature, so that 



=]sr 




fir* 


eMT 




At low' temperatures, according* to this formula^ 


n - AT-—I? 

' RT' 


since we can neglect unity eompajred wiUi tfie expeneitial ia ttie 
denominator. Thus (7® rapidly becomes exti^melj simil, 
decrease of temperature. At high temperatures 0® mppmxkm^ 

hi. 

to NEe^^ = NM approx. It thus becom'es mdepafeut of th# 
tempexature ; and if wo smppcBe that Uiere » one imtufd 
quency per ©.tom, so that Jif is the number of atooffl pw* uuil hs^» 
of the substance, the YstaeWM agr^ 
and Petit’s Kmw. 

. * dm* xsn. |i».. • ■ 
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An elaborate investigation of the specific heats of a large 
number of substances, particularly at low temperatures, has 
recently been carried out by Nemst* and bis pupils. They find 
that the relation between and T is of the same general character 
as that called for by (54), hut that a better agreement is obtained 
■when a slightly different equation is used, viz. 



The second term, which "was introduced by Nernst and Lindeinann, 
was obtained empirically. 

The agreement between the results of experiments and (55) is 
shown by the following numbers, which represent typical cases 
selected at random firom a paper by Nernst and Lindemann'f. 


Copper (Cu) NaOl niamond (C) 


Abs. 

Temp. 

(eal.) 

Op 

(oba.) 

1 

1 Abs. 
Temp. 

(cJ.) 

Cp 

(obs.) 

Abs. 

Temp. 

op 

(cal.) 

Op 

(oba.) 

23*5 

0*15 

0*22 

25*0 

' 0*32 

0*29 

30 

^ 0*000 

0-000 

27*7 

0*31 

0*33 

26*5 

! 0-34 

0-31 

42 

0*000 

0*000 

33*4 

0*59 

0*54 ; 

28*0 

i 0*48 

0-40 

88 

^ 0*006 

0*03 

87-0 

3*37 

3*33 

67*5 

2*88 

3*06 

92 

0*009 

0*03 

88*0 

3*39 

3*38 1 

69*0 

2*95 

313 

206 

0*62 

0*62 

137 

4*65 

4*57 1 

81*4 

3-49 

3*54 

222 

0-78 

0*76 

234 

5*52 

5*59 i 

83*4 

3*64 

3*75 

262 

1*16 

1*14 

290 

5*75 

5*79 

138 

4*90 

4-87 

306 

1*69 

1*58 

323 

5*81 

5*90 

235 

5*73 

5*76 

358 

2*08 

2*12 

450 

6*03 

6*09 

— 

_ 

— 

413 

2*55 

2*66 

— 

— 

— 

— 

— 

— 

1169 

6*41 

5*45 


Cp is the specific heat of the solid substance at constant 
p»^ire and is the quantity which is given by the experiments* 
The calculated values of Gp are obtained from the values of 
given by (55), together with the known relation, based on thermo¬ 
dynamic considerations, 

+ . 

• Zeitf.flir Kleitroeheme, yai. zra. pp. 265, 817 (1911). 
tfW*P-817. . 


( 56 ), 
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where a is tie coefficient of linear expansion, V is the atomic 
volume/and K the conapressibilitj. The difference between Cp 
and is onl^ appreciable at the higher temperatures; 

It will be observed that (55) contains only one adjustable 
constant, the frequency v, so that the agreement shown by the 
table is quite convincing. In fact in the case of KOI, KBr and 
NaCl the value of v has been taken from the experimente of 
Eubens and Eollnagel on the residual rays from these substances. 
Thus in these cases the complete thermal behaviour may be pre¬ 
dicted from the determination of a single optical constant, and 
shows an excellent agreement with the observed results. In other 
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cases, for instance mercurous chloride, it is necesssuy^ to use a 
formula involving a summation over two different values of w; 
but there are good reasons for assigning at least two frequenci^ 
for compound substances, so that this cannot be consider^ to be 
an argument against the general position. 

The general character of the relation between and 


given by (64) and (55), is shown by the accoin|Mnyiiig diagram 
(Fig. 42) taken from Einstein’s paper. The ordinate repi^»iit 
the values of the right-hand side of (54) and the thcro 

of NR is taken = 5*94 The calculated vsdnm of (?, are 


shown by the broken curve. The circles repr^ent tbe oM^ 
observations; of the specific hmt of ciurbon, ma appof^ate v^me 
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of V teing assumed. Th^ newer observations agree better with 
(55) than with (54), but the general character of the carves is the 

same. 

In a recent paper P. Dehye* has deduced formulae for the 
specific heats at various temperatures which agree even better 
than (55) with the experimental results. 

Debye’s method, which is a very interesting one, identifies the 
heat energy^ of the substance with the energy of the vibrations in 
its elastic spectrum. The number of these is calculated according 
to the same general method (see p. S45) as that used by Jeans in 
dealing vvith the corresponding aetherial problem, except that tbe 
total number of vibrations, instead of being infinite, has a finite 
limit equal to the number of degrees of fireedom of the 
N molecules present in the system. To each vibration is then 
attributed the amount of energy required by the quantum theory. 
In this way Debye finds 

.(56a). 

where ^ = hv^/RT and is the highest frequency in the elastic 
spectrum. This formula only contains the same number of para¬ 
meters as those of Einstein and of Nernst and Lindemann. It 
represents an important advance as (54) is hnown to be inaccurate 
and (55) has never received a satisfactory explanation. At the 
same time it is unlikely to be a complete theory, since it makes 
all the heat energy reside in a spectrum, for which v is less than 
about 10^ whereas at temperatures for which the specific heats 
are normal there is vigorous radiation in the neighbourhood of 
p= 10^®, showing that there is a considerable amount of energy 
beyond the limit of the calculated elastic spectrum. 

A different type of theory which leads to a very accurate 
formula for specific heats has been given by A. H. Comptonf, who 
^®um^ that the effective degrees of freedom disappear when the 
energy Mis below a critical valua 

Other directions in which Planck’s theories have received 
interesting support will be considered under the heading of phobo- 
el^tric action in Chapter xvni and under Bohr’s theory of the 
^baviour of electrons in atoms at the end of Chapter xxi. 

* Amn. der voL xrxix. p. 789 (1912). 

t voL vr. p. S77 (1915). 
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THE THEOEY OF MAGNETISM 

Wheit yre regard magnetic phenomena from the point of view 
of the disturhance produced by the material media in which the 
effects take place we are struck by the great variety of phenomena 
manifested as compared with those in the electrostatic case. 
When a plane slab of dielectric is placed in a uniform electric field 
in free space, so that the lines of force are perpendicular to the 
face of the slab, the electric intensity is invariably smaller inside 
the dielectric than in the surrounding space. In dealing with 
magnetic phenomena an effect of this nature is by no means the 
invariable rule. 

In comparing the behaviour of magnetic media they are found 
to belong to one of three distinct classes. 

1. Diamagnetic media. Substances of this class are character¬ 
ized by a permeability which is less than the value unitj attributed 
to free space. They therefore tend to move into the weakest 
parts of the magnetic field, as this arrangement makes the 
potential energy of the system a minimum. 

2. Paramagnetic media The permeability is constant and 
greater than unity. These substances tend to move into the 
strongest parts of the field. Their behaviour is thus 

that of homogeneous dielectrics in the elecfercBtetic case. 

B. Ferromagnetic media. The permeability is great®' than 
unity hut is not constant. The polarization (magnetization) tends 
to reach a saturation value as the magnetic intensity is inoreas^. 
The high value which the polatimtion may reach is a chawctorisic 
feature of this class of bodi^ 

There is another very importout mA fondamenM 
in the magnetic and electric behaviour erf ttwtter. Il m mvm 
possible to separate the podfeive bM iie|mtive 
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in different portions of matter in tlie way in which the electric 
charges can be separated. This would be extremely unlikely to 
be the case unless the fundamental magnetic element contained 
both positive and negative magnetism and were therefore similar 
to an electric doublet rather than to the positive and negative 
charges of which such a doublet is constituted. 

This basic difference receives a ready explanation on the 


electron theory. According to that theory magnetic forces can 
arise only from the motion of electric charges and, in the last 
analysis, from the motion of electrons. 'Sow there is no possible 
motion of electrons which can give rise to an isolated magnetic 
pole; but there is a very simple type of motion which gives 
rise to a system which is the magnetic analogue of the electric 
doublet, i.e. a system which has positive magnetism on one side 
of it and negative on the other. Many years ago Amphre huilt 
up a theory of magnetic media on the assumption that the atoms 
were the seat of circular electric currents. As is well known, such 
a current behaves like a small magnet, and the hypothesis is there¬ 
fore all that is required to account for magnetic polarization and 
hence, from the analogy with dielectrics, for magnetizable media. 
Now we shall be able to show that an electron revolving in a 
closed orbit is equivalent to a small magnet in the same way that 
Ampere^s atomic currents were. This theory, whose develop¬ 
ment is due largely to Weber and Langevin, will be shown to give 
a .simple explanation of diamagnetism as well as paramagnetism. 
With certain further assumptions which do not seem improbable, 
it can be made to give a good account of the more complex 
phenomena of ferromagnetism as well. 


Ths Ma^netio Force due to a MoDmg Electron, 

We have seen (Chap, xi, p. 221) that the components of the 
magnetic intecLsity due to an electrically charged particle naoving 
with the uniform velocity w parallel to the axis are 

n = - - ^ Tj _ ^ TT c\ 

where j8 = wjc. When ^ is small, which we shall suppose to be 
mm in the motions we are deahag with, we can pufe 

^i=e/r, = and = y. 
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Thus 


Si: = — 


w e dr 


We may therefore write the resultant magnetic intensity as 


tu e dr 


-^. = 0 . 


.( 1 ). 


.( 2 ). 

The magnetic force is evidently distributed in circles about the 
axis of motion. 


The yalue of the magnetic force above is that for a charge e 
in uniform rectilinear motion. It will, however, give the instan¬ 
taneous value of H in cases of curvilinear motion provided the 
acceleration is not too great (see Chap. xii). We shall supper 
that this condition is satisfied by the intra-atomic motions 
which give rise to the magnetic quality of hodiea Let us 
an expression for the component in any direction of the magnetic 
intensity at any point Q due to an electron moving in a closed 
orbit. 


Let it be required to find the component Hz of the magnetic 
intensity M st Q (Fig. 43). Resolve 
the velocity at every point of the orbit 
into two components, one parallel to 
Oz and the other perpendicular to Oz. 

The components parallel to Oz con¬ 
tribute nothing to the value of Hz- The 
other components can, for the whole 
orhit, be represented Toy the projection 
of the original orhit on a plane perpen¬ 
dicular to Oir. Let JPMN be this pro¬ 
jection. Let the velocity at P in the 
projected orbit he along FR, and take 
the origin. 0 so that it lies in the plane 
of the original orbit. PMN and PR then lie in the plaM 
Join PQ. The instanta»neQus resultant nmgnetib imtensity M ^ Q 
due to a moving charge at P is perpendicular to the 
Xiet it be equal to QS and draw SE perpendicu^ to Of* D»w 
QR perpendicular to JPJR'^id join OR Ihea liii^ $3^ 

SQ, QM and. OR are j^i^pmdicuh^ -to PR the 


2 
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SZQ, SQR and QOR are right angles, so that the triangles ZQS, 
QUO are similar and the angles ZQS, QRO axe equal. Thus 

EJE = ZQ/QS = OEIRQ = pjr sin d, 

where p is the length of the perpendicular drawn from 0 on the 

projection of the line of motion, and r, Q are the coordinates of § 

with respect to the point P as 

origin and the projection of the 

line of motion as axis. But we 

have seen that the resultant 

magnetic intensity H in the 

ev sin 6 , 

whence 



N 




\sL_^ 

1 




— 



Pig. 44. 


same notation is 


cf^ 

epv 


.(5). 

We shall now apply this re¬ 
sult to jSnd the average value of 
the components of the magnetic 
force at any point JP arising from 
the motion of -an electron ip 
an approximately circular orbit. 
Let QRS (Fig. 44) he the orbit, 
0 its centre and OR the polar 
axis. Let the angle PON = 9. 
We shall call the average com¬ 
ponent of magnetic intensity along OP the radial component and 
the average force at right angles to OP in the plane of the paper 
the tangential component. 


The Radial Component 

Consider the motion at any point Q of the orbit. It may he 
revived into two parts, one parallel to OR and the other in the 
direction of the tangent at O' to the projection Q'RS' of QRS on 
a plane perf^ndicular to OP, The component of velocity parallel 
U OP contribute nothing to the radial component of the force 
p The direction of the force arising from th^ component of 
in a direction perpeiadieular to OP will always be per- 
ar to iie mdii QP, and so oa It win thus lie along 
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the lines PPi, -PPg and so on. The radial component arising in 
this -way will thus have the same sign as we proceed roiirid tlie 
orbit. Provided the dimensions of the orbit are small enough it 
will evidently not matter if we take the moving point S to be at 
S', Q at Q' and so on. To the same order of accuracy ve can 
treat the lines FQ =^FS=r as constant Hence from (3) tht‘ 

average value of the force along OP is = Xow the 

average value pv is clearly eqnal to twice the area of the curve 
QJRi^' divided hy the periodic time r of the orbit, j> being the 
perpendicular from O on the tangent to this curve. Hence it* S 
is the area of the original orbit QRS, pv = 2^ cos Bjr and 

S . 

Er = cos^...(4). 


The Tangmiial Component. 

This is not so readily found, hut a similar method of treat¬ 
ment may he applied with success. Take OF as the axis of s. 
The tangential component of force sought is the force in a 
direction PT (Fig. 45) perpendicular to 
OP in the plane FOJf. Call this the 
axis of y. The axis of a? is thus per¬ 
pendicular to the plane FOJT. Eesolve 
the velocity at any point S of the orhit 
into its components i?, g, z, y being 
parallel to FT will contribute nothing 
to the tangential component at JP. Let 
us consider the effects of the i and i 
components separately. Let the dotted 
curve represent tJie projection of the 
original orhit on a plane containing OP and j^ff^ndictilar te th# 
plane EOF. The dotted curve will thus be a ^ 

the X and i velocities and its area= 8 bwl9. Coiwlw tti© i com¬ 
ponent of velocity JBfrsk The' y <KHnpon«it of ixw P 

arising from this is always in the ssme dfrocliwi wheth®* thf 
particle is above or below the plane oi the 
eb^ge of sigTi of the'vdfocalyt 
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The magnetic force at P arising 
motion at Q is eq[ual to 


ez 


sin Q-P-B = 


from this component of the 


ez. QJt 
oQP^ 


This force is perpendicular to the plane POQ. What ve want is 
the component along FT which is perpendicular to the plane 
POQ'. This is equal to 

ezQP Q'R ezQ'P 


since FB is the line of intersection of the planes QOP and Q’OP. 
On account of the effect l3eing in the same sense all the way 
round the orhit we may to the first order in OQjOP put 


PQ = OP = r = const. 


The component arising in this way is thus the average value of 


e 

cr^ 


X Q’R 


dz 

dt 


or 


1 e [dz 
TCr^J^ dt 


df =r — - sin t'. 
cir T 


JTow consider the y component of the force at P which arises 
from the d? component of velocity in 
the orbit. Let VQE (Lig. 46) be the 
orbit, V'Q’R' its projection in the 
plane of ccz. Let SO IT he the dia¬ 
meter perpendicular to OP and ON; 
this diameter will be perpendicular 
both to the element of the actual 
orbit at S and to its projection. Con¬ 
sider two points Q', R' symmetrically 
situated with respect to the axis 0 U. 
The corresponding points in the orbit 
are Q, £. It will he seen that the 
tangential-force at P arising from the 
m motion at Q and R is oppositely directed at the two points. If 
coordinates of R are a, y, z, those of Q are a, —z. More¬ 
over 

PE=^OP^s, PQ^OP--z, 

If OP is suffimently gx^t compared with the dimensions of the 
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orHt tte average force in the y direction at P arising from the x 
laiotions at Q and R is 

2 {(OP^’ - (OPT^} = ^ {(i - i) ' - (i ^ } 

_ ecc 2z 

“ OP' 

Tlie average value of this taken all round the orbit is 


0 . OP^ 


1 ' 
T. 


2 - 1 - s 

C.r* T C.7’ T 


dt 


The sign of this force is determined bjr the direction of the 
motion at the side of the orbit nearest to P and is evidently 
opposite to that arising from the component L The balance of 
tang'ential force is thas 

..<5). 


The average value of the component of the magnetic for(« 
perpendicular to both OP and FT vanishes. Because if AB is 
the line of intersection of the plane PfOP with the plane of the 
orbit the latter can be divided into pairs of elements dS^ 
which are symmetrical about AB and are equidistant from P. 
These elements produce equal and opposite effects at P so far as 
the component under consideration is concerned. The orbit can 
thus be divided into mutually interfering pairs of points so that 
the average value of this component is zero. 

It is evident from formulae (4) and (5) that the average value 
of the magnetic field of force due to the revolving electron is 
exactly equivalent to that which would be given by a small magnet 
whose moment is 

eJS 

.. 

or 

and whose axis coincides with the axis of revolutioii of Mie 
electron. 

An atom may in general contain a number of electrons roteting 
in closed orbits as well as others which exwute small (MsiHatiens 
^bout a' position of static equilibrium. The orbite may 
numerous and distributed, in various aamutha made the atom, 
so as to fiinnsh no resultant magnefeie mom^t; tiiej may 
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possess an axis of symmetiy' mth a resultant magnetic moment. 
In every case we shall see that a phenomenon analogous to 
diamagnetism occurs; hut in the case of the atoms for which the 
revolving electrons have a resultant magnetic moment there are 
reasons for believing that this is marked by the paramagnetic or 
ferromagnetic eiffects which supervene. 

In developing a theory of the action of an external magnetic 
field on the revolving electrons it is necessary to make some 
hypothesis about the nature of the forces which hold them in 
their orbits and which determine the orientation of the orbits 
with respect to the atoms. We shall suppose that the forces axe 
determined hy the structure of the atom and that the planes of 
the orbits are determined by the symmetry of the atom. When ah 
external field is applied, forces are brought to bear on the re¬ 
volving electrons which derange the previous state of motion. This 
displacement will give rise to a force acting on the neighbouring 
parts of the atom which will, in general, cause the axis of the 
atom to turn and so change the plane of the orbit. The state of 
things we are imagining is in fact much the same as if the electron 
were revolving in a channel cut in a rigid non-conductor (the 
atom). If in the absence of an external magnetic field the orbits 
are arranged so that the atom has no magnetic axis, these forces 
will not give rise to any tendency to change the orientation of 
the atom as a whole. In such cases we shall see that the efiects 
produced give rise to phenomena like those exhibited by diamag¬ 
netic substances. The same results would follow if the atoms were 
held rigid by interatomic constraints; but as a number of liquids 
axe diamagnetic such a supposition would not help in explaining 
diamagnetism. The hypothesis that the revolving electrons can 
be treated like currents flowing round their orbits, which axe more 
ox less xigidly attached to the atom, simplifies the mathematical 
calculations very considerably. 

Diamagnetism. 

Let us suppose that, for reasons of symmetry or otherwise, the 
e^rnal field has no tendency to alter the orientation of the orbits 
We can calculate the magnetic permeability of a substance 
if we can calculate the change in the equivalent moment of the 




THE THEORr OF MAGl^ETISM! 


369 


revoWing electrons produced hj the application of a given estenia.1 
field H. Let S' be the area of the orhit projected on a plane 
perpendicnlax to S. Then the establishment of an external field 
jET will cause a flux US' of magnetic force through the orbit. If 
the orbit is circular this will give rise to an electric intensit]?' ^ 
tangential to the orbit, "where 

h<^/Trcf a\ S(HScos6) 

-2^! (Si! 00.9).(5), 


where 9 is the angle between H and the normal to t is the 
periodic time, co the angular velocity and ^ denotes the change 
per revolution. 

But the moment of the force Ee will canse an increase in the 
moment of momentum of the electron. Thus 

S.r=^(mr®«)=2-^. 


smce 


So that 


and 


eS e (07^ 
M= — = - 
CT c 2 

27/lC 2mC(i> 


Eds, 




2mC(o J 


\Eds=- 


6= 


A7rm& 


h(ESco^ 9\ 


neglecting the change in co during one revolution. Hence 
hM T e i { ES cos 


M 


4m 'trio 


S 


If -we neglect tlie change in S compared witli S, and if we take 
T = 10-“ sec. to correspond with spectral lines, since 


— = 1-T7 XIO’ X c/47r, 
m 

SMJM is of the order lO”* x SB. Since the greatest attainable 
magnetic fields correspond, to < lO* it follows that the effect we 
are considering -will not change the magnetic moment of the orbits 
by more tham about 10“* of its -yaltie, 

24 

B. E. T. 
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We shall now consider the conditions nnder which the field 
E cos d will change the area S of the orbit, limiting ourselves to 
the case of a circular orbit under a central force. If this is / (r) 
at distance r, then the condition for steady motion in the absence 
of the magnetic field is 

m<B V = f (r). 

After the magnetic field is applied this becomes 

H 

TO«V + ma^Br + 2‘mcorBa) + — cos (9 ea>r =/(r) + f (r) Br, 

c 

jaeglecting squares and higher powers of Sr and So). Thus 
{f O') ~ Si" = Bci) +-air H cos 0. 


BQ<or^) = 


■ S(H8cose) = -~H cos e, 

4<TTmc 


since we are neglecting terms involving the product of R and Sr 
as small Thus 


■ 4ma)^Sr = 2maxrSa) 4- - ft>r JT cos 6, 
c 


Whence 


lence {/' (r) + 3ma>^} Sr = 0. 

It follows that either 

(1) Sr = 0 and So) = — , 

^ 2mc 

(V f W = - <>1* f ~ 3/r, 

I /(r) = constant x r”^. 


Thus, except in the special case in which the force varies inversely 
as the cube of the distance, Sr = 0, and there will be no change in 
the area of the orbit. The only effect of the magnetic field will be 
to change the angular velocity. 


It is clear that the component of the magnetic intensity H sin 6y 
in the plane of the orbit, will not change the area of the latter, as 
it only gives rise to displacements perpendicular to this plane. 
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Calculation of the Magmtic Permeability, 

The effect that we have teeii coEsidering involves a diminution 
in the component of the magnetic moment of the elementayy orbits 
resolved along the direction of the external magnetic field. The 
phenomenon is, in fact, precisely analogous bo that of the induction 
of currents in linear conductors occup 5 dng the same positions as the 
orbits. The net result is a creation of polarization of the elements 
of the medium in a direction opposite to that of H, Since the 
creation of positive polarization in the electrostatic case leads to 
a dielectric constant greater than unity it is clear that the present 
effect jwdll lead to a magnetic permeability less than unity. In other 
words the effect we are now considering leads to diamagnetism and 
not to paramagnetism. The value of the diamagnetic constant can 
readily he calculated. 

We have seen that the increment in M per orbit due to the 
establishment of H. is 


^irmc^ * 

where S'= Hcos 6 is the component of -S'along the normal to the 
orbit. Suppose that the atoms of the body considered possess no 
resultant maguetic moment, then the only effect of the field S will 
be to produce this change SM, Suppose that there are v atoms 
per unit volume, each of which contains n electrons executing 
orbits whose areas are Sj, Let the normal OSp to the 

plane of any orbit make an angle ffj, with the direction of iT. On 
the average all directions are equally probable for the line OIS'p, 
so that, out of any number of orbits considered, ^he proportion 

which lie between 9 and 6 -hdff will he ^ 


orbit of type p 






and to get the resolved part of this parallel to E we have to 
multiply again by cos 6p, Thus if there are Vp orbits of this type 
in unit volume their contribution to the magnetic moment of the 
medium will be 

Mp=- VpSp [muff coB^6d9 


sin ff coB^6d9 


3 47rmc® 


24—2 
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To get the intensity of the polarization I we have to sum this for 
all the difl'erent orbits in the atom. Thus 


jp—n 

/= 2 ii4=- 


1 ^ W N <? 

• o ::-2 Vpbp, 


The force in a cavity perpendicular to the lines of force is 


B=iiR=E-^l = E\ 1 - 


n \ 

2 vpSp ^ 

\hT7n& J * 


so that 


■f 1 

/-=i- 




2'7rmc® * 


l~/x = 


^ 2 VpSp 
. ___i_; 

127rmc^ 


It is necessaiy to stow that the Imowa values of 1 — do not 
lead to absurd values of Sp the areas of the orbits. Of the known 
substances bismuth has the largest value of 1 — namely 3*1 x 10~®. 
Let us suppose each atom to contain one orbit of each kind, then 
Vp becomes v the number of atoms in unit volume. We can now 
estimate SSp the sum of the areas of all the orbits in the atom. 
As a sufficient approximation we shall take 

e/m =1*8 X 10^ xcV^ir, e= 10“^® xcV^tt, 
and v = 10^= 5 x 10^ 

9*78 being the density of bismuth, 207 its atomic weight, and 

the mass of the hydrogen atom. Thus = for 

" 1 

bismuth. If the area of the orbits were comparable with the 
cro^ section of the atom we should have 8=^- x 10“^^ so that, 
treating all the orbits as of equal area, w, = 30 approximately. 
In the case of other substances, whose diamagnetism is less* 
pronounced, the values of n would be smaller than this. The 
atomic weight of bismuth is 207, and there are good reasons for 
believing that the number of electrons in each atom of the different 
elem^te is comjmrable with the atomic weight. It is thus clear 
that the diamagnetic coefficients are of the order of magnitude 
whidh is otherwise probable* 










THE THEOBY OF MAGRETISM 


37:3 


We have seen tha.t the effect of applying a magnetic field is to 
change the periods of the orbits projected into a plane perpen¬ 
dicular to the magnetic field, the component of the motion 
parallel to the latter being unaltered. Since the revoi^dng 
electrons are accelerated they will in general be radiating*', and the 
frequencies of the radiation will be determined by the periods of 
revolution. There w^ill thus be a change in the frequency of the 
radiation produced by the magnetic field. The displacement of 
the spectral lines due to this cause was discovered hy Zeeman in 
1896. The foregoing method is not a satisfactory one for deter¬ 
mining quantitatively the changes in the frequency and character 
of the radiation which arise in this way, as it does not sufficiently 
consider the motions perpendicular to the orbit. This deficiency 
will be remedied when the theory of the Zeeman effect is con¬ 
sidered in Chapter xx. Without going more deeply into the 
matter at this stage, it is evident from what has been said, that 
the magnetic displacement of the spectral lines and the pheno¬ 
menon of diamagnetism are very intimately related, on the theory 
we are discussing. 

It appears that the occurrence of electrons revolving in orbits 
is quite unnecessary to account for diamagnetism. The same kind 
of effects occur even if the electrons are at rest before the magnetic 
fileld is applied. This is shown very clearly by the following in¬ 
vestigation which is due to Lorentzi*. 

We shall confine ourselves to arrangements of electrons which 
are isotropic with respect to threemutually perpendicular directions. 
Let the coordinates of any particular electron with respect to any 
set of rectangular axes, whose origin 0 is the centre of naa^ of the 
system, be y, 5 . Then = 23 /= S .2 = 0, taken over the whole 
body. Let its moment of inertia about any axis through 0 be 
I = 27nJc. Then 

= = = and = 

Let E he the resultant electromotive intensity of external origin 
at any point, then the force acting on an electron has the a>m- 
ponente eE^, eE^, and the couple about 0 has the eomponente 

e 2 {yEz — ^2 e2 

* On the domttfol assumption tkafe Oi© classical tkeoiy of p. 25S apples to snoh 
systems. Compare Bokr’s Theory at the end of Chap. xxi. 

t Theory of Mlectrom, p. 124. 
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If the whole system is very small E will not vary much from 
point to point of it, so that we can put as a sufficient approxi¬ 
mation; 




dF^ , dF^ 




S/Z “ "t" ® 


dj^ 

dx 


, dFz ^ dFz 


where F is the value of E at the origin. Hence since Sio and 
Sxj/, etc. vanish, the components of the couple become 





eh 




dFa \ 

3y/^ 


or --kHy, --kH^. 

C 0 ^ 0 

There is thus an angular acceleration about the axis of H = — Sf 

and the creation of a field H therefore results in the creation of 
angular velocity — H. 


If we take the system considered by Lorentz to be one of the 
atoms of the substance we see that the effect of placing it in a 
magnetic field of strength M will be to set all the electrons in the 
atom in rotation about the axis with the uniform angular velocity 

— This rotation, whose axis is parallel to will give rise 

to an intensity of magnetization in the same sense as that given 
hy I^ngevin's theory. Moreover the magnitudes are the same in 
both cases provided we replace Scosff by wr^, where r is the 
distance of an electron fi^m an axis, parallel to H, which passes 
through the centre of figure of the atom* The resulting value of 
the permeability is easily shown to be 


^ ^ Smc? ' 


( 10 ), 


where v is the number of atoms in unit volume, and the summation 
is ^rtended over all the electrons in the atom The order of 
laai^tude of 1 — /& is evid^tly the same as before, and is equally 
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in agreeirieiit ivdtli estimates of tie miinler of electrons ia the 
atom which are deiiTed from other sources^. 

The theory outlined "brings diamagnetism into agreement 
with the fact that the Zeeman separation results in sharp linea 
The alteration in the frequency of the emitted radiation depends 
only on the magnitude of H and is independent of its direction. 
In general the Zeeman effect is much more complicated than that 
outlined hy this theory. Some of the more complex cases are 
considered in Chapter xx. 

Two important deductions about diamagnetism may he dm'vm 
if it is admitted to be identical in nature with the phenomenon 
recognized optically as the Zeeman effect. In the first place the* 
Zeeman effect is exhibited hy practically all the spectral lines of 
every substance, so that we should expect every substance to have 
diamagnetic quality. This does not really involve any contra^ 
diction with experience, as the diamagnetic property is necessarily 
very feeble, and is therefore easily masked by small paramagnetic 
effects. There seems to he no valid reason for supposing that the 
same kind of actions which produce the diamagnetism of bismuth 
do not occur and produce similar effects even in substances like 
iron. 

The other point is that fju — 1 is proportional to a universal 

constant — multiplied by Now, provided the unit of 

symmetry we have considered is the atom, we should expect p 
and 2 both to he independent of temperature within the order 
of accuracy to which /x— 1 can he measured. Of the substances 
for which the variation of p—I with the temperature was measured 
by Curie t, water, quartz, KNOs and molten bismuth showed no 
detectable variation. In the case of solid bismuth on the other 
hand the value of 1 — which was large at ordinary temperature^ 
fell off in a linear manner as the temperature increase to the 
melting point, when there w'as a sudden drop to the small value 

* It is not necessary that all the electrons in tihe unit isonsidered i^ould be atla 
to rotate about the axis of symmetry* Tlie momentuin calculateci above will be 
commonioated to all of them, but some may be prevented fixm routing 
constitutive restoring iorees. The valne of the diamagnetic constant eqi^ tlierefore 
only indicate a lower limit for the number of electrons in Ihie atom. 
f Oeuvre$t p. 252. 
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eharaeteristic of the fused metal. It seems probable that these 
changes are connected with the crystalline structure of the 

substance. 

Farobmagnetism. 

To explain the magnetic qualities of bodies, other than dia¬ 
magnetic, we shall mahe the hypothesis that, in some cases at any 
rate, when the resultant magaetic moment of the atom is not zero, 
the applied magnetic field is able to turn the planes of the orbits 
of the constituent electrons of the atoms towards the plane perpen¬ 
dicular to its direction. We do not Imow the precise nature of the 
mechanism by which the turning is brought about; but in defence 
of the hypothesis we are able to urge that such a rotation tends to 
mate the potential energy of the system a minimum,, and will 
therefore tend to occur if there is any means by which it can be 
accomplished. Superposed on this there will in ewery case he the 
diamagnetic eiBfects already discussed; in many cases, however, 
these are insignificant compared with the effects which arise from 
the turning of the orbits. 

The couple which tends to turn the axis of an orbit depends 
on the mutual energy of the external magnetic field He and that 
of the revolving electron. Let the magnetic force Hi, due to the 
revolving electron at any point, consist of two parts, an average 
value Hi and an oscillating part E^, Then Hi — and H^ = 0, 
where the bars denote mean values of the vectors taken over 
a complete revolution. The energy per unit volume at any 
point is 

= i {He" + H,^ -h H,2 

+ 2 (H,H,) 4- 2 (ffeH,) + 2 (H,H,)}, 

where (H^ -f Hj -i- jETg) denotes the vector sum of these vectors. 

The mean value of this taken over a revolution is 

i {H? 4--f 2 {HeE,)l 

sin^ the average of the other terms is zero. Thus the mean 
value of the mutual energy, per unit volume of the medium, is 
and does not depend on jffg. It follows that the forces 
wMdh on the average produce a given rotation of the planes of the 
will Im the same as those which would produce the same 
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effect on a similaxlj situated equivalent current. Tte revolying 
electrons can therefore be replaced by tbe equivalent currents 
so far as the rotational effect of an external magnetic field is 
concerned. 

If there vi^ere no other actions than those arising from the 
magnetic fields, the orbits would all set themselves with their 
normals parallel to the external magnetic force, as this is the 
arrangement in which the potential energy is a minimum. The 
tendency to complete alignment will however be resisted by the 
thermal motions of the atoms and also by the interatomic forces 
of other than magnetic type. The latter embrace the forces which 
give rise to cohesion and to chemical effects and which in all 
probability are mainly electrostatic. One effect of the application 
of a magnetic field will be to convert the mutual potential energy 
of tbe orbit and the field into kinetic energy of the matter which 
moves with the orbit. In the simplest case, as perhaps in a gas 
where the elastic and chemical forces may be neglected, the mutual 
energy will be entirely transformed into the kinetic form. This, 
however, will change the distribution of kinetic energy among the 
different atoms or sub-atoms so that it is no longer that which 
was characteristic of the substance at the original temperature. 
One of the effects of magnetization then may be that of changing 
the temperature of tbe substance. 

If the magnetizable substance is in a field of strength H and 
its intensity of magnetization is changed from / to J + dl, the 
work done by tbe magnetic force in increasing the magnetization 
is Hdl, In general the internal energy will at the same time 
suffer the increment dU. If tbe magnetization turns tbe axes of 
the atoms, as we have supposed, it will be necessary, in order to 
keep the temperature constant, to communicate to the substance 
an amount of heat 

dQ^dWi-Edl. 

In general U and f may be functions of i? as well as of the 
absolute temperature T, Tor processes which are reversible, 
that is to say, where there is no hysteresis, the increment of 
entropy 
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must be a perfect differential. 
9 (1/^, 

dH jy lay ay; 


_ a jl 

“ dT {T \dH 


^Tlnr "t- cv tJ 


dl IdJl 

ay*" rajEf"^ tbh 


En general IT will probaHy involve E on account of tlie strains 
produced in th.e material by the magnetic field. With gases 

will be zero and in most cases it will probably be very small, 

ToH 

so that we obtain as an approximation covering a inajorit7 of 


e^es, the equation 


dT^ TdS 


( 11 > 


This is satisfied by J= /(H/'F), where /is any function. 

In the case of paramagnetic substances I is directly pro¬ 
portional to U, so that, if the conditions above are satisfied. 



where is a constant independent of T. Curie found that for a 
number of typical paramagnetic substances the susceptibility IjE 
was inversely proportional to the absolute temperature. For snob 
substance it ivould seem to follow that U does not depend ap¬ 
preciably on E, that the only important change produced by E 
is in the potential energy of the elementary magnets and that the 
energy of the accompanying strains, if any, is negligible. 

The result contained in equation (12) was first discovered by 
experiment, and is often referred to as Curie's Law. The quantity 
A is also sometimes called Curie's constant. A. considerable 
number of exceptions to the law have been foundparticularly at 
low temperatures. Some of these have been attributed to changes 
in the crystalline or other configuration of the material. 


■* Of. Eanamerlingli Onnes and Periier, Xonitik, Akad, Wetemeh. Amsterdcm 
Frm, toL sit. p. 115 ( 1911 ). 
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Farxmcig'netic Gas^ 


Ajx insfcmetive ease, wticli has heea considered by liangevin, 
is that of a paramagnetic gas such as oxygen. In this case the 
kinetie theory of gases enables us to calculate the form of the 


funcbion/ in the relation J which is required by the laws 

of thermodynamics. We know from Boltzmann’s Theorem (see 
Chap. XYII, p. 403) that if the molecules of a gas in a closed vessel 
occupy positions in which they have varying amounts of potential 
energy, then there will be a greater number per unit volume in 
the positions in which the potential energy is less. In fact the 
ratio of the concentrations of the gas at two points where the 
potential energy differs by 'it; is e wh^e _B is the gas con¬ 

stant fox a single molecule. 

In the present instance w will be the potential energy of the 
equivalent magnet in the field jff, i.e. — Jiff cos where 0 is the 
angle between 'the magnetic axis of the molecule whose moment 
is Jf and the field ff. The number of molecules dm whose magnetic 
axes lie within the two cones whose semi-angles are ff and 9+ 46 
respectively is 


MB 

■ ^rrAe'^^^ sin ffdO, 


where J. is a constant as yet undetermined. The total number N 
of molecules considered is evidently 


= 27rA f " 
J a 




= ' 


f ^ 


ET’ 


The resultant intensity of magnetization T is in the direction of 
jBT, by' symmetry, and is given by 


J= M cos 9 dn=^2wAM 


cosh a sinh dl 


MM 

dm 


^ifrrAM 
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where a = IfHjRT. But A = AfajW siah. d, so that 
-r- /cosh a lA 


I=MN 


sink d a 


Since if is determined By the structure of the molecules, we 
see that for a given density of g-as I depends only on a, i.e. I is 
a function only of RfT in accordance with the conclusion already 
reached by thermodynamic reasoning. We also note that T is 
proportional to iV, i.e. to the pressure of the gas. 

It has not been possible as yet to test this formula by experi¬ 
ments on gases on account of the smallness of the intensities of 
magnetization which they acquire^. It has, however, been exten¬ 
sively used by P. Weiss in huilding up a theory of the behaviour 
of ferromagnetic substances, as we shall see. 

Ferromagnetic Suhstmces, 

The main difference between the ferromagnetic and the 
paramagnetic substances lies in the very high intensities of 
magnetization attainable by the former, in the fact that they 
are capable of permanent magnetization, and tbat the magnetiza¬ 
tion is not in general a definite function of the external magnetic 
force £r. The magnetization does not change reversibly with H 
and substances of this class therefore exhibit the phenomenon of 
hysteresis. It results that the heat Q = jff dl, which is developed 
when H is made to pass through a cycle of changes, no longer 
vanishes hut has a finite value. 

Weiss*!* has attempted to explain the facts of ferromagnetism 
on the hypothesis that the only forces which it is necessary to con¬ 
sider as acting on the elementary magnets or revolving electrons 
are (1) the impressed magnetic field Si of external origin, and 
£2) the molecular field arising from the elementary magnets 
of the neighbouring atoms. It is also necessary to take into 
account the kinetic reactions arising fi'om the thermal agitation of 
the molecules, just as in Langevins theory of a paramagnetic gas. 

The assumption of a molecular field unifomi throughout the 
substance will naturally he no more accurate than the similar 
a^umpticns as to uniformity which are almost invariably made in 

A. ietemiinatiori cT tHe 8 Tisceptdl>ilit 3 r of Oxygen at 20® O. lias been made by 
K. HxsQBxd {Archivts de vol. xxxv. p. 480 (1918)), The diflficolties of 

luring olbsenrafejns oj&t axi extonded range of tempezatues vroiild be eonsiderable* 
■f dourfKd M ’voL w. p. €61 (1907>. 
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dealing with molecular physics. This field will vary greatly from 
point to point but we may reasonably expect to get valuable 
indications of the way in which a real body would behave by 
assuming for 3^ a uniform value equal to its average value 
throughout the substance. The theory entirely omits to consider 
interatomic forces of non-magnetic type. This is clearly legitimate 
until it is shown that such forces do play an important part in the 
phenomena under consideration. 


Permanent Magnetization. 


Weiss’s theory accounts for the existence of permanent magneti¬ 
zation in the following fashion. Bearing in mind that the molecular 
magnets are in equilibrium under the influence of thermal 
agitation and the intensities 3^ and H 2 , the value of I for a given 
value of E will be determined hy the equations 


I coshg 
Iq ~~ sinh a 



ME 

ET 


and 3 — iTj-f J3a, 


where Iq = ME is the maximum possible intensity of magnetization 
which is attained when the axes of the elementary magnets all 
point in the same direction. Moreover is proportional to the 
intensity of magnetization and may be written where 

X is some constant. Permanent magnetization corresponds to the 
absence of external field, so that ITi = 0, and we have the two 
independent equations 


1 cosh a 1 , 

= -and 

smh a a 




RT 

Xli/," 


.(14). 


The values of I which satisfy these equations may be found 
most readily hy a graphical method (see Fig. 47). Let OEPlm 

the graph ef OQP the. .f 

cording to the simplest hypothesis which can be made J®, M 
and Jo are constants independent of T and E, so that OQP is a 
straight line which mates an angle a with the axis of m, where 

TD/TT 

tan a = -yj—= is proportional to the ateolute temperature f. The 

Jju[Xj£q 


possible values of TJIo are given by the interrociioiis of OQP and 
OEP> There axe thus always two p<^ible valu^ of I, one of which 
is zero. Of th^e, however, the point P csaxrespnds to a stable and 
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the point 0 to an unstable condition of the substance. To show 
this, let us suppose that by means of an external field the in¬ 
tensity of magnetization is made to undergo a slight decrease, 
so that it is now determined by the line ST parallel to the axis of 
a. This state of magnetization gives rise to an internal field which 
is proportional to OU, whereas to overcome the thermal tendency 
to disorganization it is only necessary to have a field proportional 
to 0 F. The magnetization of the substance will therefore increase 
automatically until the state corresponding to the point P is 
reached. The reverse happens if the magnetization is given a 
virtual increase beyond that which corresponds to the point P. 
Thus P represents a stable configuration of the material. In the 
same way it can be shown that 0 represents an unstable condition. 

The permanent magnetization exhibited by the paramagnetic 
metals is not as definite as this theory would lead one to expect. 



The indefiniteness may, however, be due to the fact that these 
materials are not microscopically homogeneous, as well as to the 
occurrence of microscopic local reversals of magnetization. There 
are also, in all probability, complications arising j&om the crystal¬ 
line character of these materials. 

As the temperature rises the slope of the line OP increases 
until at a certain temperature it coincides with the tangent to 
the cur^e at the origin. At higher temperatures than this the 
only po^ible solution would be P= 0, so that the substance would 
be incajmble of permanent magnetization in the absence of an 
external magnetic field. The temperature To may therefore be 
interpreted as that at which the feEromagnetic quality disappears. 
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To determine the slope of the tangent to the curve at the 
origin we have 

d (I\ d /cosh a 1\ 
da da \sinh a a) 


Thus 

and 



= ^ when a = 0. 

3 dotsXa a \Ioa/cbwmQ 

rp _ ^MI, 

BR . 


(15). 


On this theory if we write f(a) for 


cosh a 
sinh a 


— we have 
a 


llh^fiMH^IRT), 

where / is the same for all substances. Since == \I we have 



so that ///o = (/>(r/To).^6), 

where the function j> is the same for all substances. Thus if we 
express J, the intensity of permanent magnetization, in terms of 
the maximum possible intensity of magnetization /o, and T the 
absolute temperature in terms of the absolute critical temperature 
Tqj we obtain a characteristic equation for the intensity of 
permanent magnetization which is identical for all ferromagnetic 
substances. 


It is probable, as we shall see later, that the magnetic 
properties of the ferromagnetic metals are too much complicated 
by various secondary causes to afford a satisfactory test of the 
theoretical conclusions above. The properties of various crystalline 
ferromagnetic minerals, though complex enough of themselves, 
are in some respects simpler than those of the ferromagnetic 
metals and are better suited for carrying out a test of this 
character. The mineral magnetite has been found to be especially 
suitable for this purpose; but before discussing the experimental 
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data which have been obtained with this substance we shall 
consider briefly the remarkable magnetic properties of another 
mineral, pyrrhotite, which seem likely to shed much light on the 
nature of ferromagnetic substances in general. 


The Properties of Pyrrhotite. 

The magnetic properties of this ferromagnetic mineral, which 
is a sulphide of iron having a composition very near to FeS, but 
with a slight excess of sulphur, have been investigated in detail 
by Weiss. The crystal has three mutually perpendicular planes 
of symmetry which may be indicated by the axes Ox^ Oy, Oz. 
The crystals are much more easily magnetized parallel to one 
of these axes Ox than in any other direction, and furthermore the 
susceptibility parallel to Oy is much greater than that parallel to Oz. 
The plane xOy is called by Weiss the magnetic plane. 

The magnetic phenomena exhibited by a uniform crystal when 
placed in a magnetic field parallel to Ox are characterized by 
remarkable simplicity. If the crystal shows no magnetic polarity 
to start with, the intensity of magnetization remains zero until H 
reaches a critical value -{-He, when the intensity of magnetization 
suddenly assumes its saturation value which remains constant 
for all positive values of H and for all negative values greater 
than — As soon'as — He is reached the intensity of magnetiza¬ 

tion suddenly becomes — 7^, and retains that value until the field 
becomes = or > + TTc. The 7, H curve is thus a rectangle and the 
phenomenon is irreversible. 

If the magnetizing field is inclined to Ox the phenomena are 
very different For different values of H the curves for 7 obtained 
by rotating the direction of E in the magnetic plane are shown in 
the accompanying figure. If H exceeds about 12,000 gauss the 
value of 7 is constant for all values of the field, but unless H is 
very great 7 is not in the same direction as E. This effect is well 
exhibited by the curve for E = 4000. The short lines represent 
the direction of the resultant magnetization for a field of intensity 
E — 4000 gauss inclined to the axis Ox at an angle given in 
degrees by the numbers alongside. For a variation in E of 5"" 

♦ P. Weisfi, Journal de Physique, voL iv. p. 486 (1905). 
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from the axis Oy tie direction of tie intensity of magnetization 
varies more than 45°. Tie component of the intensity of magneti¬ 
zation parallel to the field is a minimnm when the angle 0 between 
H and is a maximumj for small fields. For larger fields the 
minimum ocouts at intermediate values^. 

The curves in Fig. 48 can be represented quite closely hy 
a simple trigonometrical formula. If 6 is the angle between 



the axis Or and jff, and ^ that between Ox and I, then it appears 
that 

jB" sitt(^ - <^) —nl8 in(^cos<^> = 0...(17), 

where n is s constant quantity. The phenomena in the plane xOz 
maybe represented by a similar formula but with a different value 
of 

A simple physical interpretation can be given to the foregoing 
equation. In addition to the field H the elementary magnets will 
be acted on by forces which depend upon the magnetization of the 

^ P. W'eiss, loc, dt. p. 487. 


B, E. T. 
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medium. These forces will certainly he partly magnetic, arising 
jErom the intermolecnlar magnetic field. They will not, at any rate 
necessarily, he entirely magnetic. They may arise as reactions, of 
elastic or other type, to the displacement of the elements of the 
material, from the normal equilibrium position, which is produced 
by the magnetic field. Since I measures a displacement of the 
elements from either a more normal or a less regular arrangement, 
the potential energy of the system which is due to these forces 
will be proportional to eTen though the forces are not actually 
magnetic. On account of the aeolotropy of the medium the 
' coefl&cient of will be different along the different axes. Thus 
in general when H and 1 make angles 6 and ^ respectively with 
the axis of x, the x component of force per unit magnetic moment 
-of an elementary magnet may be represented hy S cos 9 4 '>^1 cos (p 
and the y component by R sin 9 + > 2 ^ sin (^, where Xi and Xg are 
•constants depending on the structure of the material. Thus 
taking moments about the centre of mass of the elementary 
magnet 

(iTcos 04 Xj/cos <^) sin ^ = {E sin ^ -hXg/ sin (^) cos </>, 
or flsm(0 —(Xi — X 2 )sin^cos (/> = 0. 

This is the same as the former equation if = For the 

plane coOz we have only to replace Xi —X 2 by Xi — Xg. It appears 
from the experiments that (Xi—X 2 )i'= 7300 gauss and 

(Xi — Xj) r = 150,000 gauss, 

whereas the maximum (saturation) value of I is about 47 gauss. 
The great difference between these numbers is somewhat surprising. 
If they were really magnetic forces one might expect them all to 
be of the same order of magnitude. 

One of the most striking features of these phenomena is the 
very small field which can reverse the magnetization along the 
axis Ox compared with the fields which are required to produce 
any appreciable magnetization along the perpendicular axes. This 
is the more striking as the reversal of the magnetization would 
appear to involve the intermediate passage of the elementary 
magnets through the perpendicular orientation which is so difficult 
to produce, throughout the mass of the material, at any rate, hy 
the application of an external field. There is not, however, any 
essmitial difficulty here. It seems clear that there are in general 
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two staWe positions of the elementary magnets, namely the psitive 
and negative directions along the axis of x. In the presence of 
an external field -which exceeds + jET^ in magnitude, one of these 
becomes unstable. As the eqiiilihrium is a kinetic and statistical 
one, as is shown (see p. 388) by the variation of the intensity 
of permanent magnetization Avith the temperature, there will he a 
continuous passage between the two states, so that in a very short 
time the molecules will ha-ve arranged themselves with the axes 
of the magnetic atoms all oscillating about the position of stable 
eq[uilibri-um. This condition will ultimately he reached, no matter 
how great the forces which oppose the intervening motion. 

Permanent Magnetization ani Temperature, 

Broadly speaking the properties of other ferromagnetic crystal¬ 
line minerals, such as hematite and magnetite, exhibit the same 
general features as p 5 mrhotite. The other minerals have not heen 
examined so thoroughly as pyrrhotite, and there are imprtant 
differences in detail; hut they all possess different magnetic 
properties along the different axes of symmetry, and the three 
minerals referred to all possess one axis of conspicuously easy 
magnetization. The phenomena in the direction of this axis 
enable some of the most important consequences of Weiss’s hypo¬ 
thesis of molecular magnetic fields to he tested. We have seen 
that the hysteresis curves for magnetization in this direction are 
very simple compared with those of the ferromagnetic metals. In 
the case of the minerals there is one stable value of the intensity 
of magnetization 7c which is practically independent of the external 
field. The direction of Ic may he positive or negative, depending 
on the previous treatment of the specimen, but otherwise it is 
quite definite. The evidence for regarding the value which 

is also permanent within a more limited range of treatment, as 
a mixture of equal amounts of -4-7<. and —7c seems quite satis¬ 
factory: the most important argument being that there is no 
continuous change but a sudden jump from 7=0 to 7= + 7c. 
The minerals thus possess a definite value 7c of stable intrinsic 
magnetization which is different from zero. This is in accordance 
with the requirements of the theory. The reason why the ferro¬ 
magnetic metals maybe expected to be less definite in this resp^t 
will be briefly referred to later. 


25—2 
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We also sai? on p. S82 that this theory led to a simple relation 
between the intensity of permanent magnetization and the tempe¬ 
rature (equation (16), p. 383). This relation is the same for all 
substances, provided the intensity is expressed in terms of the 
greatest possible value of le (the value at T= 0) and the tempera¬ 
ture T in terms of the tenaperature Tc at which the ferromagnetism 
disappears: that is to say, the maximum value of i<- and the 
absolute temperature are to be taken as the units of intensity 
of magnetization and temperature respectively. This theorem has 
been tested experimentally hy Weiss^ in the case of magnetite. 
He finds that the theoretical curve is followed with great accuracy 
except in the immediate neighbourhood of T—Tq and at very 
low temperatures. Even in these regions the deviations are not 
very large. The experiments extend from — T9^ 0. to the critical 
temperature 3^0=-f 58*7® O. When one considers the wide range 
of temperature covered, and the fact that there are no disposable 
constants in the formula, this agreement must he regarded as a 
remarkable confirmation of the theory. 

There is one point which seems to call for further discussion at 
this stage. Equation (16) is derived from the equations 


I _ cosh a 1 
Jo sinh c d' 


^ rr TT XT 


by putting the external field Hi equal to zero andjff 2 = ^X 
derived equation (15) being used to eliminate the constants. 
Since J is a continuous function of T when Hi=0 it should also 
he a continuous function of and T when Hi is allowed to vary. 
At first sight this appears to be contradicted by the experimental 
results. For, so far as the experiments have shown, there is no 
appreciable change in the value of J=J^ as the external field Hi 
is increased from zero to the highest values available in the 
laboratory. This would seem to be a fatal objection to the theory 
unless the values of the internal field \I were so great that the 
largest values of attainable were negligible in comparison. In 
that case the behaviour would be sensibly the same as for Jri=0 
even in the highest fields which can he obtained. We shall see 
in the next paragraph that it is possible to deduce the values 
of the coefficient X by an independent method, from experimental 


* Jowmal ie JPh^siqm, voL vx p. ( 1007 ). 








rSE THEOEY OE MA^G-NETISM 


389 


data. The values of X so obtained show that Xl is extremely 
large compared with, the magnetic forces at our disposal; so that 
this objection falls to the ground. 


JProperties 'nectr the Critical Temperature. 

In this neighhourhood ve have seen that 

Thus 

The critical temperature is Thus 

It follows that at temperatures sufficiently near to Tq the product 
of the intensity of magnetization /, and the difference 
l^etween the actual and the critical temperature, wiU remain 
constant when the magnetizing force Hi is maintained constant. 
The I, T curves will be portions of rectangular hyperbolas whose 



Fig. 49- 
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parameter is proportional to the field strength H. That this is 
at least approximately true is proved by the accompanying diagram, 
w'hich represeLfcs the results of measurements hy P. Curie on a 
specimen of iron in the neighbourhood of the critical temperature. 
The values of ^ are written alongside the corresponding curves. 

It is evident that equation (18) may be used to determine 
the values of the coefiScient \ since T, Jo> ^ given by 

the experiments. From measurements of this kind the following 
values of X and S 2 have been deduced by Veiss: 

Iron X= 3,850 jE^= 6*56 x 10® E.M.TJ. 

Nickel X= 12,700 £2=6*35x10® „ 

Magnetite X= 33,200 £ 2 = 14-3x10® „ 

The values'of £2 a.re enormous compared with the magnetic fields 
which can be obtained in the laboratory, so that the peculiar 
result that Ic does not appear to vary with the external field is 
accounted for satisfactorily. 

Abrupt Ghcmges m Mag%etic Properties. 

At high temperatures iron exhibits a number of more or less 
abrupt changes in its magnetic properties. Below 7 56'" C. it 
exhibits the characteristic ferromagnetic properties usually asso¬ 
ciated with the metal. Between 820° 0. and 920° C. it appears to 
he incapable of permanent magnetization, but it exhibits the rapid 
diminution of susceptibility with rising temperature which, as 
we have seen, should characterize ferromagnetic substances in 
the neighbourhood of the critical temperature. Between 920'" 0. 
and 1280° C. it behaves like a typical paramagnetic substance, 
the susceptibility var 5 dng as the inverse absolute temperature. 
Above 1280° C. it has similar properties, except that there is a 
sudden increase in the susceptibility at this temperature. This- 
varying behaviour has been attributed to the existence of different 
modifications of iron within each of the limits of temperature 
specified. These modifications are denoted by Fea, Fe/S, Fe 7 
and Fe& 

It has "been pointed out by Weiss ^ that the constants which 
detomine the magnetic behaviour of these different forms of iron 

• toL VI. p. ^85(1907)- * 
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exhibit simple numerical relations. These may be determiiied as 
follows: 

Fe a. In the neighbourhood of when I and a tend tx)wards 
zero 

^ ""3 3jRT ZIRT " 

where If is the nnniber of magnetic molecules per unit volume 
of .the material But iVJf = io and HRH is the pressure p which 
would be exerted by the substance if it were gaseous and occupied 
the same volume at the same temperature. Thus if 8 is the 
density of the substance the constant 

_I _ 

This formula is derived on the supposition that each kinetic 
molecule forms one magnetic molecule. If however n of the latter 
go to make up one of the former the right-hand side will have to 
be multiplied by n. Putting in known values of/o and 8 , and the 
value of p derived from obvious data, one finds that 

0= ;)^r=0-00165n. 

Fe/3. We may attribute the quasi-ferromagnetic behaviour 
of this body to the fact that the external field is helped by the 
molecular field 'Kl, Thus if is the true susceptibility (8 = density) 
and (78 is the true value of Curie’s constant 


^ ^ ^ « -X 5“ 

/I ^ r — /t" AO, 

X I X 

where i® measured value of the susceptibility. Comparing 
this with the equation 

TT T' 

j(T^T,)=^r 

we see that, since Si is arbitrary, 

a=ToMS=/(r-3;). 


Substituting the experimental value of x 10“*at 820'’ C. 

one finds 

C= 0*00164 X 2. 


Be 7 . The experimental values of the susceptibility of this 
paramagnetic body give the following values for (7. At S4()° C., 
0 = 0*00172 X 2 , and at 1280° C-, a= 0*00182 x 2 . 
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Fe S. In a similar way the value of G for this paramagnetic 
body is found to be 0*00198 x 3 at 1280° C. and 0*00173 x 3 at 
1336° G. 

The interesting point is that all the values of 0 above are 
equal, within the limits of experimental error, either to twice or 
to three times the common factor 0*0017. 

The occurrence of sudden changes in the magnetic qualities is 
by no means confined to iron. Similar features are presented by 
the other ferromagnetic substances which have been examined. In 
fact abrupt changes also occur even with diamagnetic substances. 
Thus Curie found that there was a large drop in the value of the 
diamagnetic constant of bismuth when fusion occurred. Moreover 
the diamagnetic constant of the molten bismuth was independent 
of the temperature, whereas this was not the case with solid 
bismuth. In the case of tin, which is sometimes diamagnetic and 
at others paramagnetic, according to the temperature, a number 
of transition points have been observed^. These facts support the 
view that a considerable part at least of the magnetic properties 
of bodies are determined by the occurrence of systems of consider¬ 
able size rather than the atoms or sub-atomic structures f. It 
is of interest to form an estimate of the local strength of the 
molecular fields on the hypothesis that the apparent saturation 
of iron is due to the equilibrium between the internal fields and 
the kinetic energy of thermal agitation. Weiss (loc, cit p. 688) 
estimates that for iron at ordinary temperatures //Jo = 0*91 about, 
whence, making use of Langevin’s formula, a = 11*3. Thus 

ME FM,E NM,H . 

RT NRT ^ p -11*3, 

where is the pressure exerted by the magnetic molecules, sup¬ 
posed gaseous, and filling the same space as the metal. Putting 
iy'if = 2000 gauss and p = 2xl0® dynes per sq. cm. one finds 
fl'== about 11 X 10® lines per sq. cm. This rough calculation agrees 
as to order of magnitude with the more accurate estimate which 
was obtained on p. 390, and supports the conclusion to which 
we have already been driven that the behaviour of simple 

Dll B(^ and Honda, VergL K<m. Ah, van Wetensch. Amsterdam, vol. ytt 
t Of. 0x1^, Ommb, PML Proc, vol. xvi. p, 486 (1912). 
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ferromagnetic substances, in fcbe fields available in the laboratory, 
will be practically the same as "wben = €► 

Other Properties of the Ferromagnetic Metals. 

Whatever the ultimate explanation of the very interesting 
properties of ferromagnetic crystals like pyrrhotite and magnetite 
may be, it is probable that they furnish an indication of the 
direction in "which we should look for an explanation of the 
behaviour of ferromagnetic metals. It is well known now that 
all metals are complex aggregates of minute crystals. When the 
metals are impure, as is the case with most specimens of iron, for 
example, the crystals may vary considerably in composition as 
well as size. It is therefore reasonable to expect the behaviour 
of iron to resemble that of an irregular matrix of small crystals 
of, let ns say, pyrrhotite. The behaviour of such a matrix can 
readily be calculated. If, for the moment, we neglect the small 
susceptibility, parallel to the y ^md z axes, of any crystal selected at 
random, the latter will not develop any magnetization until the 
a? component of H reaches the critical value rhus all the 
crystals, supposed initially in random azimuths, will not become 
magnetized simultaneously, and the intensity of magnetization will 
not approach saturation suddenly, as with a single crystal, but 
gradually. This agrees, of course, with the behaviour of iron. 
On the other hand there would on this view be no magnetization 
until Me y whereas iron has a definite susceptibility for J?= 0. 

This can be accounted for when the small magnetizations parallel 
to Oy and Oz are considered, and by considering such additional 
factors as the lack of homogeneity of the material and the possi¬ 
bility of local inequalities in the magnetization, it is probable that 
tbe behaviour of any particular specimen of iron could he imitated 
exactly hy a model of this kind. For these reasons the study of 
ferromagnetic crystals is probably of fundamental nnportance 
towards the understanding of ferromagnetic materials in general. 
It is worthy of remark that in the case of iron deposited electro- 
ly tically in a magnetic field, hysteresis curves have been obtained 
which are almost rectangular like those given by pyrrhotite in the 
magnetic plane‘s. 

* Maurain, Journal de Physique, Sex. 3, voL x. p. 123 (1901). 
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The Ultimate Magnetic Elements. 

In the case of magnetite above the critical temperature, Weiss* 
finds that the value of % is not proportional to T-^ as in the case 
of the typical paramagnetic substances, but that the graph of 
against T consists of a series of straight lines at different inclina- 
tionsf. Since C = where G is Curie’s constant per unit 

mass, m is the molecular weight, and Ji the saturation intensity of 
magnetization per unit mass, this result might be interpreted as 
arising fi:om a variation of either m or 7i, or both. Weiss rejects 
the variation of m on the ground that it does not lead to simple 
results. On the other hand, if m is assumed to be constant, the 
resulting values of Jj calculated from the experimental values of G 
are to each other, within the limits of experimental error, in the 
ratio of the numbers 4, 5, 6,8 and 10. To explain this Weiss is led 
to make the hypothesis that the magnetic properties of substances 
arise from the presence of an ultimate unit, the ^"magneton,” in 
the atoms of the substance. It is apparently necessary that these 
elements should be capable in effect of annihilating each other 
temporarily, as the same substance may contain different numbers 
of magnetons at different temperatures. 

In the case of other substances the number of these elements 
per atom or molecule may he determined in different ways. In 
the case of ferromagnetic substances it may be deduced from the 
saturation intensity of magnetization at the absolute zero. In the 
case of solutions of paramagnetic substances all that is required is 
the value of the constant (7 = mJ//3iJ. In these ways values of 
this number have been deduced for nickel, cobalt, iron and a large 
number of salts of iron, cobalt, manganese, chromium, copper, 
uranium, vanadium and the rare earths. The integral numbers 
vary from 4 to 56 in different cases. In the case of two salts of 
vanadium there is no indication of an approach to simple integral 
multiples, and the agreement in other cases has recently become 
much lei^ satisfactory owing to a more accurate redetermination of 
the susceptibihty of water. At the present time the experimental 
evidence in favour of the magneton leaves much to be desired. 

It is worth while to add that a theory of the behaviour of the 
atom which has had very considerable success in some other 

* Le Eadiumt vol. vm. p. 301 (1911). 

t H. Takagi {Sci. Ref. TSkoku ImpenaX University, toL n. p. 117 (1913)) has heen 
tmahle to <s>iifirm this result. Cl Honda and Ishiwara, ibid. vol. iv. p. 250 (1915). 
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branches of physics loads to the existeace of a magneton. This 
theorj supposes the atoms to he made up of rings of electrons; 
revolving round a positive kernel of small dimensions, having 
a charge equal and opposite to the sum of the charges on the 
electrons. The steady motions are subject to dynamical laws and 
do not give rise to radiation in appreciable quantities. Eadiation 
occurs when the electrons move from one stable configuration to 
another, and its frequency v is determined in accordance with the 
quantum hypothesis by the equation hv = W, where h is Planck^s 
constant, and W is the change in energy which accompanies the 
change in the configuration. Nicholson^ and Bohrf have shown 
that under these circumstances the value of T[v^ where T is the 
kinetic energy of the electron and v its orbital frequency, is always 
an. integral multiple of A./2. Now we have seen tbat the average 
magnetic moment of the magnet, which is equivalent to rt electrons 
revolving in a circular or elliptic orbit, is ilf = neS/T, whore S is 
the area of the orbit and r the time of description. Thus if m is 

Tl 0 2 ^ 

the mass of an electron if = -. Thus it follows from this 

zw mv 

type of theory that M will always occur in integral multiples 
of Y^here Putting e/m = 1‘7T x 10’E.M.XJ. and 

iTt 47r 

Jiz=z 6*55 X10“^^ erg sec., this gives ifo= 9*23x 10~^h This is nearly 
sixj times as large as the value of the magneton found by Weiss 
from experimental considerations. The experimental value of the 
magneton is 1*64 x IQ-^^ in the same units. 

MeckdTiioal Reaction caused iy MagTietization. 

On the theory of magnetism which we have been discussing 
it appears to the vvriter§ that we might expect to observe a 
rotational mechanical reaction when a bar of iron is magnetized. 
Tor simplicity suppose that the magnetization arises entirely from 
the orbital motion of negative electrons whose charge is a. Let 
there be N of them per unit volume, and let denote the average 
value of the projections of the areas of the orhits perpendicular to 
the axis of magnetization, divided by the times in which they are 
* Monthly Not. JRoy. Astr, Soc. vol. kxxii. p. €79 (1S12). 
f JPhil. May. toI. xxti. y. 1 (19IS). 

X Since this wss viitten I have learnt from a conversation {Jnlj 191S) with 
Hr Bohr, wlio had made similar calculations, that a more exact exp^imental 
value of the magneton mahes this ratio exaetlj five. 

§ £hys. JB,ev. voL xxvi. p. 248 (1908). 
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described Then the magnetic moment per unit volume, is 
given by Iz - NeA^- The resultant magnetization is taken to be 
parallel to the axis of 

We shall now calculate the moment of momentum of the 
revolving electrons about the axis. Consider any approximately 
circular orbit, the coordinates of whose centre are given by oCq, 

Let the coordinates of the revolving electron referred to this 
centre at any instant be 97 , The moment of momentum of 
the electron about the z axis is then 


m 


Averaging this over a complete revolution the mean values are 
. ^dr) di area of proiected orhit . 

“■< fs —’H"- ‘^-1- 


•^0^==O = yo 


'dt 

Hence the average moment of momentum about any axis is 
independent of the position of that axis so long as its direction 
is the same. It is equal to 27riA^. The moment of momentum 
Uz per unit volume is 


U,^2NmA^=^-L 


.(19). 


It is thus equal to the intensity of magnetization multiplied 
by 27)1 je. 

By the principle of the conservation of momentum the moment 
of momentum thus created must he balanced by an equal moment 
about the same axis. This reaction might conceivably occur either 
( 1 ) on the electromagnetie system producing the exciting field, 
or ( 2 ) on the atoms of the magnetic material. In the former case 
the effect should depend simply on I 2 and not involve ejm. In 
the latter case the effects observed depend on the looseness of the 
atoms. If they were free to rotate without aflfecting tbe neigh¬ 
bouring atoms, the moment of momentum of the orbits might be 
compensated by local rotations of the nou-magnetic matter. In 
that case the magnetic material would not have any teudeney to 
turn as a whole. On the other hand the j^ct that the magnetic 
properti^ of the material axe very susceptible to changes of 
temperature makes it veiy unlikely that the connection between 
the magnetic atoms and the neighbouring matter is a loose one. 
It »eiiis therefore mcMt probable that the moment of momentum 
in thb way will be compmsated by a motiori. of the 
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Knagnetic material as a Yrhole. Experimenfes which have heeii 
ryiade to detect this effect ha^e not led to a decision as to whether 
it exists or not. 

Since the first edition of this book appeared Einstein and 
Haas* have succeeded in detecting and measuring this effect 
experiaientall^. The moment of momentam. found by them agrees 
vsrithin 27o given hy equation (19). The converse 

effect of magnetization due to rotation has also been discovered 
"by S. J. Barnettf, but the quantitative agreement in this case 
atppears to be less satisfactory. 

Specific Heats of Ferromagnetic Sulstances, 

If a substance is magnetized to an intensity J in a field of 
strength H, and I is proportional to JH, the energy of the system 
is changed by an amount On account of the very large 

magnitude of the internal fields this energy is comparable with the 
ifvhole thermal energy in the case of the ferromagnetic substances. 
This is true even when the average intensity of magnetization is 
zero. A:s the energy of the molecular fields is a function of the 
■temperature, a very considerable part of the specific heat may 
sirise in this way. The molecular magnetization diminishes with 
arising temperature so that additional energy must he supplied in 
order to overcome the attraction of the elementary magnets. The 
eflfect thus involves an increase in the specific heat of the sub- 

\Z dZ 

stance. Since J?a = X.7‘ this part of the specific heat is gj-,, 

where J is the mechanical equivalent of heat. Since I disappear 
suddenly at the critical temperature so will this additional specifiic 
beat. Weiss and BeckJ have shown that the part contributed by 
i}he internal magnetic energy in this way accounts quantitatively 
for the anomalous specific heats of ferromagnetic suhstancesL 

It seems desirable to add that a large uumher of exceptions 
both to Curie s Law of the variation of susceptibility of para¬ 
magnetic substances with temperature and to the law of tem¬ 
perature independence of diamagnetic susceptibility are known. 
.Tt remains to be seen whether these can be accounted for as 
arising from complications due to molecular agglom^:^tion^ the 
requirements of the quantum theory and the like. 

*■ Verh. der dmUch. Pk/sik, Ges. Mo. April 30 (1915). 

t Phys. Pev. voh tl. p. 289 (19I.5>. 

X Journal 4e Physigue, Ser. 4, voL th. p, 249 (1908), 
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THE KIKETIC THEORY OF ELECmOJSIIC OONDTTCTrOlir 


Thermodynamics and the Kinetic Theory of Matter. 

(i) Entropy and Prohability. 

When a material system is isolated in sueh a way tliat its 
total energy U and total Yolume v remain constant, its physical 
state will nevertheless, in general, change with lapse of time. This 
is evident since the two variables U and 'V do not completely 
specify the condition of the system—if we understand by the 
condition of the system the way in which it reacts to instruments 
which measure such quantities as pressure, volume and tempera¬ 
ture, which characterize matter in hulk rather than the individual 
molecules of which we believe it to be composed. For example, 
we might have two systems having^ the same material composition 
and the same values of TI and v, hut the temperatures of corre¬ 
sponding points of the two systems might be different. The two 
systems if left alone would then change in different ways as time 
elapsed. The changes which ensue are not capricious but definite. 
So far as physical measuring instruments are sensible of them, 
they tend to the establishment of a definite end condition. The 
final state is characterized by the feet that a certain function 
called the entropy (S') of the system has attained the maximum 
value consistent with the imposed conditions. 

The entropy may be considered to be defined by the dif¬ 
ferential equation 

dS = +pdv) ....(1), 

wh^?e Tis temperature andp pressure. Prom this definition and 
llio seexmd law of tharmodyaainic^, it may be shown that any 
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xeyersible change occurring in an isolated system leases the value 
of S unaltered, whereas any irreversible change increases E, 
Thus the final state is that for which S is a. maximum. It may 
also he shown that the change in JS produced hy any reversible 
action depends only on the initial and final states of the system 
and not at all on the way in which the change has been effected, 
provided it is reversible throughout. Thus E is a perfect differential 
with respect to the independent variables in terms of which the 
state of the system is described. 

The final state is only steady as regards quantities like pressure, 
temperature and so on, which are usually taken to be sufficient to 
describe the behaviour of matter in hulk If we made use of 
instruments fine enough to determine the motions of the individual 
molecules there is every reason to believe that the system would 
he found to be the seat of very lively, never ceasing changes. The 
final steady state is therefore one of statistical equilibrium merely. 
The actual spatial distribution of the individual molecules and the 
distribution of the momentum and velocity which they possess are 
loth constantly changing. On the average, however, and actually 
if the system contains an indefinitely large number of molecules, 
the distribution of the molecules in space and of momentum and 
velocity among the molecules is definite. We shall now attempt 
to discover what this law of distribution is. 

The number of ways in which a given amount of energy may 
le distributed among an indefinitely large number of molecules is 
clearly infinite to a very high order. Some of these are much 
more probable than others and there will be one distribution which 
is the most probable. Jeans^ has shown that in the statistically 
steady state which is independent of the time the most probable 
distribution is infinitely probable compared with the others; so 
that if we can find the most probable distribution we shall have 
obtained the actual distribution for all practical purposes. 

Boltzmann pointed out the intimate connection between the 
probability of a given state of a system and the entropy of the 
system. In the final state of an isolated system we have seen 
that both the entropy and the probability of the system have 
attained a maximum value. In the intermediate stages both 


Di/naraical Theory of Qoies, CEa-p. m. 
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quantities are moving towards the maxitnum. Let us now intro- 
doce tlie hypothesis that the entropy of a system is a function 
of its probability only. This course is eyidently permissible, since 
me have not yet defined the probability of a system precisely. 
We shall have to take care, when we come to do this, that onr 
definition does not conflict with the hypothesis. Let us see what 
conclusions we may arrive at from the general conceptions of 
entropy and probability with the aid of our hypothesis. 

Consider two entirely separate material systems, let us say two 
stars so far apart that the interaction of their radiations may he 
disregarded. Then we have, by hypothesis, and =/ (w,), 

where S| and ^>2 are the entropies and and'w/g the probabilities of 
the systems separately. If S and w are respectively the entropy 
and probability of the two systems considered together, we have 

/(^)= S = + S, =/K) ■+/K). 

But 

hence 

so that S = k log w . ..(2), 

where k is a universal constant. Thus the difference between 
entropy and probability is only that one combines by addition and 
the other by multiplication. 

Of the total number of molecules under consideration let us 
suppose that in the steady state the ffaction 

f {ix, y, jz, p, q, r) dxdy dzdpdqdr .(3) 

have their centres between x and x + dx, y and y + dy, and 2 and 
s -f dz, and their momenta between the components p and p + dp, 
q and q-\-dq, and r and r-p <?r. We shall suppose that the six 
variables a?, y, z, p, q and r completely describe the state of the 
{»rticles. This is equivalent to treating them as massive points 
subject to the action of forces, and although not general enough 
for many problems in dealing with gases, is suflBciently so for the 
elwtrical problems in which the particles under consideration Me 
electrons. Another interpretation which may be given to f{ ) is 
that it is the probability that a particle selected at random should 
have its six coordinates within the assigned limits. We shall 
aippCNse that/is a continneus function which caa be differentiated. 
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and proceed to determine tLe probability of the state of the gas 
which corresponds to any assigned form of the function/. 

We may consider the gas to he represented by a series of 
points in a six-dimensional space, lengths measured along the 
axes of which give the values of x, y, z and_^, g, r, the components 
of the distance of each particle from a fixed centre and of its 
resultant momentum respectively. Each particle is represented 
by one point, and if we know the density of such points at every 
part of the six-dimensional diagium we shall have a complete 
picture of the state of the gas. Ifow divide up the whole of the 
space so that the six-dimensional elements of volume 

docdy dzidpdq dr — do 

are everywhere equal. We shall define the probability of a given 
distribution /“as the number of ways in which the given distri¬ 
bution may be constructed by distributing the total number n 
of particles among the different elements of volume. We shall 
consider the elements da^ to be so small that the state of the 
particles whicl are defined by the limits of d(r is to be considered 
precisely the same for all of them. This would introduce a 
diflSculty if we considered the diagram to represent an actual in¬ 
stantaneous state of the system. The difficulty can be overcome 
by considering it to represent a large number of successive states. 
In the former case the number of particles in each element of 
volume is necessarily limited ; in the latter case it may be made 
as large as we please by contemplating a sufficiently large number 
of successive states. Since f is given, the number of particles in 
the element d(r is nj da. Since the particles in any element are 
to be treated as alike, any rearrangement of them within the 
element will not give rise to a fresh distribution. The problem 
therefore is to find the number of ways in which n like objects 
inay be distributed among the totality of the compartments d<r 
which make up the whole of the space, when the same distribution 
is considered to arise wherever the same particles occur in the 
same elements of volume, no matter how they are arranged within 
the element of volume. The number of ways is clearly 

nl -r-II {nfd<r)\ ......(4), 

where TI denotes the continned product taken over all the elements. 
A-s an example we may consider the number of ways in which all 

B. E. T. 26 
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the particles may be given the same position and momentum. 
This is evidently equal to one, which is also the value given by (4), 
since, for all the elements da except the one in which the particles 
lie, \ve have (iifd(r)\ = 01=1, and for the remaining element 
{nfda-)\ — n\. 

Since the size of the elements da- is arbitrary the expression 
for the probability above will only be the value in terms of some 
arbitrary standard. It is notnecessary, however, for us to determine 
the value of the standard, since it is possible to arrive at results 
■which are independent of da without doing so. 

By combining (4) with (2) we have 

S= klognl-k'Z]og(nfda)\ .<5). 

Now vi-e can always malce njda as large as we please hy taking 
n big enough. When iV is any very large number we have 
Stirling’s well-known approximation 


nr logi\-! = iV (log i\'' - 1) + |- log 27tN |.* * ” 

= W(logA^-l) J 

with sufficient approximation, since we may neglect log N com¬ 
pared with N when JS"' is large. Thus (5) may he written 

S=^k log n\ — k nfda (log n/dcr — 1) 

= k log nl-- k % nfda (log 7i/+ log dcr — 1) 

= A'[iog?i! —ti(logd<7—1)] —k'l^'iifdaAQgnf 

since all the das are equal and XnJdc = n. Since n is constant 

we obtain 

S = const. — k f n-f log nfda .....(I). 


If the particles under consideration make up the whole of the 
^teni then (7) will be the complete expression for the entropy, 
Without any more elaborate analysis we may add to a paxt 
wMch is independent of the particles under consideration and 
therefore independent of /. With this understanding we naay 
■pnl 
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"VYhere Sq is made up of the entropy" of the foreign parts of the 
system together with an arbitrary constant. 

(ii) The Law of Distribution, 

Now if the total energy and volume of the system are constant, 
the final steady state is characterized by a maximnin value of S. 
This fact is suflficient to determine the function We shall 
suppose the energy U of the system to consist of three parts, 
(1) a part Uq which is independent of the n molecules, (2) the 
potential energy W of the n molecules, and (3) their kinetic 


energy 1 ; i.e. 

?7= CTo-h F .......(9), 

where F= y, js) nf dc = f W^nfda .(10), 


= .( 11 ). 

Thus Wr and are independent of f. Since the entropy is to he 
a maximum for the actual function /we have .by varying nf 


SjS = —/cJ(lc}gnf-hI) 8(n/) d(r = 0 ..(12); 

also since the total number n of particles is constant 

0=Js(n/)dcT ..(IS); 

finally since the total energy of the system is constant 

C — j'(Wr-hLa-) S (nf) da .(14). 


These equations are satisfiled for all possible variations oinfii 
log - 4 ( b io-) b const, 
where 4 is constant throughout the system. Thus 

nf dsd^d 2 !dpdqdr =■ Ae“~'^Aocdydbidpdqdr. ..(15), 
where A is constant throughout the system. 

We may determine 4 fioiri a knowledge of the mean kinetic 
energy LJn of the particles. We have CYidently ^ 
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-f . + h iTVr-hl'a) ixdydzifdqdr 


jjjjjj ^ r+La) dzdpdq dr 

2 [If (P’+ g2^»'=)e~^ dpdgdr 




3 1 , 3n 

2£ ^““-2X- 


2 ko 

Moreover since 


..aJj 

fjJJJg -h(W,+L,) 

,aJj 


$ 

> 

CO 

11 




dpiqdr, 

.(17)- 


From equation (15) we see that if Vr dr is the number of particles, 
with no restriction as to momentum or velocity, in the element of 
volume cfT= dxdydz, then 

v^dT = dr [f[ 2«t dpdqdr] 


- k(yWT 7 

m d-T 

’JJP^r 


...<I8). 


Thus if we compare any two different elements of volume dr 
and dr 


logg, = Ao(F;-Tr.).....(19). 

If we denote the probability that a particle situated in the 
element of volume dr has components of momentum which lie 
iMtween jp and djp,q and q + dq, and r and r + dr, by 

F{p,qjr')dpdqdr, 

lien 

nfdmigdBipiqdb'^m^ drFipdqdr = dr dpdqdi\ 
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md from (18) 


-T^i 


F(p, q,r) dpdqdr 


p2-{.g2^.y2 

' 


dpdqdr 


If. 


-h 


2jtt dpdqdr 


. 


/ 3 )^ \4 ^7:,t±f±f 
WmLI ^ 


dpdqdr .....(21). 


It follows from equations (20) and (21) tkat F is entirely 
independent of the potential energy of the particles in the 
element dr. The distribution of velocity among the particles, 
and also of kinetic energy, is entirely independent of their potential 
energy. We see from (19) that the variation of the potential 
energy causes the numbers of particles in equal volumes to vary 
from point to point, although their mean kinetic energy is the 
same everywhere. 

An apt illustration is furnished by the equilibrium of a colnnm 
of gas, in an enclosure at constant temperature, subject to the 
action of gravitation. The mean kinetic energy of the particles 
is the same at every point, as also is the vay in which the kinetic 
energy is distributed among the particlea On the other hand, 
the density of the gas is greatest at the bottom of the vessel 
where the gravitational potential energy is least. The law of 
variation of density with height is readily deduced from equation 
(19). 


The pressure p exerted loy the particles at a point where the 
number in unit volume is v is easily calculated. Consider a smooth 
impenetrable surface, whose plane is perpendicular to the axis of 
oc, to he placed at the point. On impact with the surface each 
colliding particle will have its w component of momentum reversed. 
The momentum communicated to unit area of the surface in unit 
time is evidently 



® 2 m dpdqdr 


2 1 


V 
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Since we are neglecting effects wliich depend upon the size and 
miitua! potential energy of the particles they will hehave like 
a perfect gas and satisfy the equation j)V=R^T. If E is the 
value of reckoned for an amoiint of gas equal to one molecule, 
this mav be written 

p=vET .(23). 

By comparison with (22) we see that 

h^llET ..(24), 

LS 

and the average kinetic energy “ = 2 frequently 

make use of (19) in the form 


(iii) The Constant Ic, 

Having determined the nature of the function nf we ean now 
write the expression (8) for the entropy of the system in the form 

e c . z. r j / 2. i ^ r I _ >4 ^ 


To determine the universal constant Jc we need only oonsider 
the simplest case, that of a monatomic gas for which Wr is every¬ 
where zero. Ekjuation (25) then becomes 


= 5f/+foi^|logL + logFj J 

where is a new constant, which is independent of L and F*. 
In the pre^nt case L is the total energy of the system, since the 
pitential energy is zero; so that 

TO _ dL’k-pdV 
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On tke other hand we obtain from (26) 



■whence, bj comparison with (27), 

j) F= hn.T 

and by comparing this with the equation of a perfect gas we 
have 

h=R={Tk,Y\ 

The numerical value of is known to the same degree of pre¬ 
cision as that to which -we know the value of the mass of an atom. 
With the accuracy which has recently been reached in this branch 
of physical measurement the different methods of determining R 
are consistent to -within about 1 7o- Oae of the best values, 
deduced by Planck (see Chap, xv, p. 356) from the constants in 
the complete radiation form-ula, is 

Ii = h =1-346 X 10-« . 

sec;^ deg. 

The Theory of Metallic Goyidiiciion, 

The vi^w, that the transportatioa of electricity in metallic 
conductors, lite the corresponding phenomenon exhibited by 
electrolytes, is due to the motion of minute charged particles, 
'ras a definite feature of the old Weberian formulation of electro¬ 
dynamics. The modern, development is due to the labours of 
Riecte, Drude, J. J. Thomson and others. According to the 
most prevalent form of the theory, and the one which we shall 
now consider, the atoms of the metal are regarded as continually 
dissociating into a negative electron and a positively oharg«i 
residue. It follo^vs from the kinetic theory considerations whiidi 
we have just discussed that the electrons will be moving in sdl 
directions in the interior of the metal -with very high speeds. 
They ^vill in fact possess the same distribution of velocily m 
would an uncharged molecule of equal mass, and their meiii 
kinetic energy will be propor tional to the absolute temperature. We 
should rather expect that the atoms and positively changed r^idues 
would have an equal distribution of Muetic energy, but it is 
possible that they are jammed in some way which prevents tiik 
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coming about. "Whether the atoms aad positi\re residues are 
able to move or not, they are to be regarded as only oscillating 
about fixed positions and not travelling from point to point of 
the material. 

■W'e no^v suppose that the effect of applying an electromotive 
intensity is to superpose on the haphazard motion of the electrons, 
which arises from thermal agitation, a velocity of drift which, 
since they are negatively charged, is in the opposite direction to 
the applied force. This motion constitutes the electric current, 
which is thus carried entirely by the negative electrons. A pvioQ% 
one might be tempted to suppose that the positive residues would 
also drift along nnder the influence of the electric field. If any 
such effect exists it must be extremely small For if it were 
appreciable ive should expect an electric current to transport 
atoms of one metal into the other across the junction between 
two metals. Careful experiments have been made to detect 
such effects, but they have always led to negative results. This 
objection would be removed if we supposed the positive particles 
to be of the same nature in different materials. There are, how¬ 
ever, two serious objections to such a view. In the first place 
there is no other evidence of the liberation of such particles from 
atoms under conditions which can be considered at all analogous to 
those which hold inside conductors. In the second place the 
hypothesis appears to be incapable of removing such difEculties as 
are presented by the simpler theory. 

The strongest arguments in favour of the view which asserts 
that the currents in metals are carried by negative electrons are 
as follows: 

(1) Conductors when heated or illuminated are found to emit 
electrons into the surrounding space. The mass of the electrons 
thus emitted from a hot wire may, in favourable cases, be large com¬ 
pared with the number which, on any reasonable hypothesis, may be 
expected to be present in the wire at any instant, showing that 
electrons are continuously flowing into the wire from other parts of 
the system^. 

(2) The typical good conductors at low temperatures are all 
metals: i.e. electropositive elements which are known from other 
phenomena to liberate electrons from their atoms readily. 

* Of. O. W. HichardsoB, Fhil Mag. vol. xxvi. p. 345 (1013). 

























THE KIl^ETIC THEOEY OF ELFGTR02iIC COKDUCTIOIs^ 40^ 


(3) If the particles which carry the current did not possess 
ail extremely small mass in proportion to their charge we should 
not expect to get the well-known effects produced hy a magnetic 
field in electric currents; e.g. the change of resistance in a iiiag- 
metic field and the Hall effect. These effects are unquestionably 
wery complicated, and so far the electron theory has not been able 
to furnish an adequate quantitative explanation of them. On the 
other hand it is the only theory which, has been able to account 
for them qualitatively. 

The Simple Theory of Oo7iditct{on. 

In order to illustrate the problem presented by electric and 
thermal conduction in metallic conductors we shall consider the 
hehavioar of the electrons to he much simpler than it is likely to 
he in any real case. A more exact treatment will he given later. 
Tor the present we shall make the following assumptions: (1) that 
the electrons all move freely for the same distance X between two 
collisions, (2) that they all have the same velocity of thermal 
agitation 'v and (3) that the motion of an electron subsequent to a 
collision is entirely independent of its history previous to the 
collision. "We shall also assume that the only force acting on the 
electrons throughout the free path A is the applied electric intensity 
K. It follows from assumptions (1) and (2) that the free time ^ = X/?; 
is the same for all the electrons. To be consistent with the 
requirements of the kinetic theory of matter we take the kinetic 
energy, of the electrons to be equal to the mean value ^ET 
of the same quantity for the atoms of a monatomic gas at the 
same temperature. Subject to these simplified assumptions the 
electrical conductivity of a metal may be calculated as follows: 

If e is the electric charge of an electron, the force acting on it 
during its free path is Xe and its acceleration is Xelin, If the 
component of the velocity of the electron, parallel to the electric 
intensity, at the beginning of its free path is u, the value of this 

Xe 

component at the end of the path will he u + where t is the 

free time. The average velocity in the direction of the electric 
1 ^ . 

field is therefore since, all directions of ^ being equally 

probable, the average value of w over a large number of electrons 
is zero. Since t = 'K/v the average drift velocity of the electrons in 
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1 e X 

tlie direction of tlie electric field may be written 

tlie iiiirnbci* of electrons in unit volume, tlie number of tliein 

wliieli in unit time, drift across a unit area drawn perpendicular 

1 e X 

to the direction of the electric force X will be Each of 

tlieso carriers a charge 6, so that the (][iian.tity of electricity trans¬ 
ported across unit area in unit time or, in other words, the electric 

ciirieiit density i will he 


Thus the specific electrical conductivity 

i ne^'^v 

" Z WBf 


X. 

<T is 


(2S). 


It is a well-known result of experiment that for the pure metals, 
which are good conductors, <r is almost exactly inversely proportional 
to the absolute temperature T except at very low temperatures. 
Now e and 12 are universal constants and do not vary with tempera¬ 
ture. Hence if our assumptions are to be compatible with the facts 

it is necessary that should be independent of 11 Since v oc 
this requires that ?i\ should be inversely proportional to Vll 
At present we are not in a position to say wdiether this variation 
with T is to he attributed to the variation of 7i or X or of both 
of them. 


Oom])arison with Thermal CondiLCtivity. 

The best conductors of electricity are also the best conductors 
of heat. Under the circumstances it is natural to attribute the 
two effects to the same cause, viz. the motion of the electrons. 
From this point of view the problem of the conduction of heat 
in a metal is the same as that in a gas having the same number 
of molecules in unit volume, the same free path and the same 
molecular weight and temperatnre, as the electrons in the metal. 
In our calculations ’we shall suppose that the amount of heat 
which is distributed by radiation and by the dynamical action 
of the molecules and positive residues on each other is negligible 
compared with that distributed by the rapidly moving electrons. 
The results can therefore only be expected to' be true for good 
elec^ic&l mnductora, since the worst electrical conductors have an 
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appreciable thermal conductivity. Tinder these restrictions the 
problem of determining the thermal conductivity is mathematic¬ 
ally identical with that of finding the thermal conductivity of the 
corresponding gas. In the notation we have previouslv emploved 
the therinal conductivity h of the correspondiDg gas, which is given 
in any standard teNt-book on the kinetic theory of gases*, is 


k = hiKjuR ..( 29 ). 

Comparing this wfith equation (28) we have 

kla=Z^T .(30). 


Equation (30) is the expression of a simple and very remark¬ 
able conclusion. The ratio of the thermd to the electrical con¬ 
ductivity has the sarne'Doliie at the same tejiiperatuTe for all good 
conductors: for different temperatures the 'value of the ■ratio is 
proportional to the absolute temperature. The first part of this 
generalization is knovm as the law of Wiedemann and Franz, by 
whom it was announced as an experimental discovery about 1850 ; 
the law of temperature variation was discovered experimentally 
by L. Lorenz somewhat later. 

The more recent experiments of Jaeger and Diesselhirst 
enable an accurate comparison with equation (30) to he carried 
out. They determined the values both of the ratio of the two 
conductivities at IS"" C. and of its temperature coefiicient, for a 
large series of metals and alloys. The values they found are 
exhibited in the table on p. 412. 

Assuming that the charge on the electron is equal to that 
carried by a hydrogen atom in electrolysis the evaluation of Rf 
does nob require any unfamiliar data. If n is the number of 
molecules in one cubic centimetre of a gas at 0°C. and 760 mms. 
pressure, then rH is the value of the constant Jtj in the equation 
pv —jRjT, where v — I cm.^ =76 x 13*6 x 981 dynes/cm.^ and 
5'= 273° abs. On the other hand, since the molecule of hydrogen 
is diatomic ne is equal to the quantity of electricity which passes 
through a water voltameter when c.c. of II-o is liberated at 0^ C. 
and 760 mms. This is equal to *4327 e.m. unit, so that the value of 

2 — T Sii 18° C. = 6*5 X 10^®. It will be observed that for the pure 
€ 

metals which are good conductors the experimental value of the 
* Eor iastance, Jeans’s JOynamical The/)ry 4>/ G-aseSt p. 25^. 
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Eatio: 

Temperattire 


Thermal Conductivity 

Coefficient of this 

Slaterial 

to Electrical Conductivity 

Eatio, per ceut. 

Copner, eoinmercial . 

6-76 xlOM at 18” C. 

— 

Coprter (1pure . 

6-65 X101“ at 18° 0. 

•39 

Co|)|>erpure . 

e-71xl0i« at 18” C. 

•39 

Silver. Dui’e . 

6-S6xl0i« at IS” C. 

•37 

Gold I': . 

7-27 X 10»« at 18° C. 

•36 

Gold pure . 

7-09xl0>« at 18° G. 

•37 

Nickel. 

6-99xl0i« at 18” C. 

•39 

Zinc (V) ... 

7-05 X 10i« at 18° C. 

•38 

Zinc pure . 

6-72 X10“ at 18° C. 

•38 

Cadmium, pure ... 

7-06 X 10“ at 18° C. 

•37 

Lead, uiire . 

7-15 X 10“ at 18° C. 

•40 

Till, pure . 

7-35 X10“ at 18° C. 

•34 

Aluminiuni ... 

6-36 X 10“ at 18° C. 

•43 

Platinum . 

7-76 X 10“ at 18° C. 

— 

Platinum pure . 

7-53 X 10“ at 18° 0. 

•40 

Palladium. 

7-54 X 10“ at 18° C. 

•46 

Iron (!'.. 

8-02x10“ at 18° 0. 

•43 

Iron (2). 

8-38x10“ at 18° 0. 

•44 

Steel.. 

9-03 X 10“ at 18° 0. 

•35 

Bismuth . 

9-64 X 10“ at 18° C. 


Constantan (60 €u, 40 Ni). 

.11-06 X 10“ at 18° 0. 

•23 

Mauganiii (84 Cii, 4 Ni, 12 IMii) 

9-14 X 10‘9 at 18° 0. 

-27 


ratio is very close in all cases to the theoretical value. The 
deviations are greater for the poorer conductors and in almost 
all cases are in the direction of values greater than the theoretical. 
This is what would happen if the part of the thermal conductivity 
which does not depend on the motion of the electrons were to 
become appreciable. Thus the deviations lie in the direction in 
which they would be expected to occur. The behaviour of alloys 
is exceptional, but so are most of their electrical properties. In 
fact Lord Rayleigh^ has pointed out that the electrical resistance 
of alloys may be expected to be unduly high on account of the 
existence of a “ false resistance ” arising from the Peltier heating 
effect at the junction of parts of the material of varying com¬ 
position. It is also desirable to mention that Leesf has found 
that the divergence of the values of k/crT fox different substances 
is greater at the temperature of liquid air than at ordinary 
temperatures. On the whole, however, the concordance of the 
values of this quantity for so many metals over' so wide a range 
of temperatures is more- striking than the differences, when one 
considers the number of factors which might enter. 

The percentage temperature coefficient required by the theory 

Naturet vol. ov. p. 154; Scientific JPapere, vol, rv, p. 232. 

+ Phil Tram. A. vol. ccviii. p. SSL (1908). 
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is 0-366 The experimental Tallies for the good conductors 
are practically equal to this within the limits of experimental 
error. 

More Complete Theory of Conduction, 

The extent to which the preceding calculations account for the 
observed relations hetT^eeu the electric and thermal condiictiYities 
of good conductors is the more suiprising when one considers the 
approximate nature of the assumptions on vhich the calculations 
are based. Tor example, we assumed that all the electrons moved 
through equal free paths with equal velocities. hTow the results 
of the kinetic theory considerations at the heginning of this 
chapter lead us to expect that instead of possessing equal veloci¬ 
ties the electrons would have a velocity distribution in accordance 
with MaxwelFs law. This requirement is not obviated by the possible 
feet that the electrons may he snhj ected to very intense forces; 
for the distribution of kinetic energy amongst the particles is, 
as we have seen, independent of the potential energy. Moreover 
the fact that the atoms, with which the electrons collide, are so 
massive that the velocity of an electron does not alter in mag¬ 
nitude during a collision with one of them makes no difference, 
for the encounters of the electrons with one another will ensure 
that Maxwell's law of distribution of velocity is established. 

The following calculation * is much more general than the one 
we have considered. It assumes that when no external force 
acts on the conductor and it is all at a uniform temperature the 
velocity of the electrons is distributed according to Maxwell’s law. 
"When an electric force acts, or when the temperature varies from 
point to point of the material, we shall suppose the law of distri¬ 
bution to be slightly modified. We shall fieglect the immediate 
effect of collisions between electrons compared with that of those 
between electrons and atomic or sub-atomic structures, and shall 
treat the latter as though they were immovable centres of force. 
The theory is therefore incomplete, since we assume that the 
normal distribution of velocity is that of Maxwell and at the same 
time that the collisions take place with particles which are im¬ 
movable and are therefore unable to change the resultant velocity 

* Of. H. Al. Lorentz, Theoiy of Electrons, p. 266 ; N. Bohr, Stidiermier metal- 
lernest JElektrcntheori, Copenhagen (1911); O. "W. Eichaxdson, £hiL Mag. 
vol. XXIII. p. 594 (1912). 
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V.f ilie coliiiliiig particles. Thus, so far as the set of assumptions 
we are dealiisg with is concerned, a complete theorj wotild have 
iti !;ske into account the occurrence of collisions hetween electrons, 
or M.ii If thing which produces the same effect, in. order to account 
lor the existence of Ma.xwell’s distribution under normal con- 
(iitimis. Tlie mathematical diflSculties of a more complete theory, 
u 1! flirt iiiiatel V, appear insuperable. Our method of attack will be 
to try to find a lair of distribution of velocity, slightly different 
froivi tlie lioriiial one, whicli will make tlie distribution at e^ery 
point a steady one ivlieDL electric or othex forces act on the 
electrons in the metal. 

Consider the causes whicli tend to change the nninher of 
electrons, at any point, which hare assigned components u, v, ^ 
of velocity. These are two in number, yiz. (1) the free motion 
of the electrons from one part of the conductor to another, and 
(2) collisions. Let us imagine the distribution of velocity among 
the electrons at any point to be represented by a three-dimen¬ 
sional vciocity diagram. The diagram is drawn so that the 
resultant velocity of each electron at the point is represented by 
a radius from the ^origin. The density of the points which are 

the ends of such lines and whicli lie within any element of volume 

dcr = dudvdw of this diagram will represent the number of elec¬ 
trons at the given point which have velocity components between 
u and u ^ dn, v and v +• dv, and w and w +- dw. In this discussion 
we mean, of course, by the expression the number at any point 

2 the number in an infinitesimal element of volume dT—dxdy ds 
wliich contains the point x, y, z. Let us denote the number of 
electrons wLich have velocity components n, v, u> at the point 
X, y, z at tie instant ^ by jf v, x, y, z, f) dcrdr. If the 

electric intensity in the metal is X it will give rise to an 

accfdi*ration of each electron equal to Xejm. X is supposed to 
be parallel to the x axis. If there were no collisions these 
electrons would he found in a different element da dr of the 
velocity and space diagram at a later instant t -f dt. Owing to 
the motion the new velocity coordinates would evidently be 

-l-X — dt, V, w, and the space coordinates xi-ndt, y-hvdt and 

M-hwdt instead of respectively. Corresponding 

points would be displaced equally in each diagram so that 
da*^d<T and dr dr. If there were no collisions we should 
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liave as the conditioH for the existence of a distrihiition of 
Yelocity invariable with the time, that: 


clt, V, w, £0 -h udt, y-\-v(lt, s -h ivdt, t -f dh, 

% IV, x,y, z,t\ 

The occurrence of collisions, however, makes it iiecessarr to 
modify this equation. The number of electrons in the elements 
dij'dr is equal, not to the miinher in the element dadr at 

time t, but to the latter minus those which have disappeared from 
the original group phis those which have come into the group 
from other gi’oups, owing to the occurrence of collisions. Since 
these quantities are each clearly proportional to the range of 
velocity and space covered by the group aud to the interval of 
time dt, we may write them in the form ada-drdt and bda-drdt 
respectively. The condition for the existence of a steady distri¬ 
bution of velocity may therefore be ivritten: 

/ ^ 1^4 X ^ dt, V, lu, x + iidt, y + vdt, z i-n'dt, t 

=/ (it, 7), w, x, y, Zy t) ^-{h — d) dt, 

and on expanding 

f X “ dty etc.^ 


by Taylor’s tbeorem, we have 


w ^ 9 / , ?/ , 9 / 3 / 0 / 1 

'in die ox oy cz dt 


.(SI). 


If we can evaluate h and u in terms of / we shall evidentl}’ obtain 
an equation from whieh^ if we are able to solve it, the function f 
may be deduced. 

The evaluation of a and Z? is a particular case of a more general 
calculation given by Maxwell In the present instance we are 
treating the centres of force with which the electrons collide as 
immovable. This will correspond very closely with the facts on 
account of the small mass of the electrons. The relative velocity 
of the colliding particles is thus equal to the actual velocity 
V = 4- 4- 2^^ of the moving eleefron. Strictly speaking, any 

moving election will he influenced by all the centres of force at 
every instant; but we shall suppose that when the important 

* Scientijic ^aj^ers, vol. ii. p. 35. 
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clefli€tioiis take place the iafliieace of one of the centres is vei 7 
c^eat compared 'with that of all the others. As the term collision 
Ts often understood to imply the occurrence of geometrical ^con¬ 
tact, like that hetween hard elastic spheres, we shall replace it by 
the iriore general term encounter, throughout the rest of this 
discussion." The sequence of changes which characterize an en- 
counter is then to be represented mathematically as follows. As 
tile previous history of the electron cannot affect the results of the 
calculation we can suppose it to have been moving for an indefinite 
time with the imifonn velocity F in a straight line. As the en¬ 
counter begins to occur the linear path becomes curved, but the 
magnitude of V is unchanged. As we are neglecting all encounters 
in which more than one centre of force plays an important part, 
the orbit of the electron will lie entirely in one plane, that which 
contains the direction of its original motion and the perpendicular 
from tile centre of force upon it. If the orbit is an open one it 
will end bv becoming asymptotic to a straight line inclined at an 
angle, which we shall call 29, to the direction of the original 
straight path. 9 is evidently the deflection up to the apse, about 
which the orbit is spnmetrical. If the perpendicular distance 
from the deflecting centre to the original straight path is b, the 
number of collisions made in unit time by a single particle whose 
speed is F, such that the distance b lies between b and b db and 
the plane of the orbit lies in an azimuth between and 
where is measured from a fixed plane passing through the 
direction of F, which is taken as the axis about which is 
measured, is nrhdbd'^, where n is the number of the deflecting 
centres in unit volume of the substance. This follows since the 
expression above is equal to the number of centres in the region 
between two circular cylinders of radii b and b 4- db, whose height 
is equal to the velocity F of the moving particle, which is cut off 
by the two planes and ^p' 4 d^ which pass through F and 
determine the plane of the orbit. Since there are f {u, v, w} dtr 
particles with velocity components about w in unit volume, 
it follows that the number of particles which leave the group 
If, t\ iL\ X, y, z in unit time owing to deflections through angles 
which lie between 2Q and 2 (6 4 dd') in an azimuth between 
i|r and is 

nV/(u, V, w, a:-, y, z, t) hdbd^dadrdt 


(32). 
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The relation l3et\^een h and 6 may be found from the theory of 
central orbits*. The law of force "being Kjd^, where d is distance 
and K is positive when the forces are repulsive, let 






.(33), 


(il4 + -^ 1 ^ 2 )/ 

where Jfi is the mass of an electron and that of one of the 
centres of force. Then 


TT 

2 



2 

s- 1 



where is the least positive root of ’ 


1 _ ^2 _ 


2 

7^ 



= 0 


.(34), 

,(.35). 


Evidently a is a function of 9 and s only. 

Since ilfj/ifo is very small we can put (il/i + MsYMiilfg = 
where, m is the mass of an electron. Hence 

2 

ldb = (-^)'~^xdcL 
\m ¥“/ 


Thus the expression (32) may he written 
^ X. - ^ 

n (~y ^ V ^ ^ 'V, w) CL dad^jr dcrdrdt .(86), 


Ifow consider the reverse collisions which bring new electrons 
into the group u, v, ojo. Let xif, v\ wf denote the velocity components, 
before the encounter, of an electron which, as the result of the 
encounter, acquires the velocity components v, w, i.e. joins the 
specified group. Consider first the reverse encounters for which 
6 and lie Avithin the assigned limits considered above. Since 
the value of the resultant velocity is unchanged by a collision, 
we have 

T' = \/u''^ -P 4- F". 

The individual components u'.v^vf will be different from on 
account of the rotation of F through the angle 2 A They may be 
written down by mahing use of the fact that the component of 


*■ Maxwell, Scientific Papers, vol. u. p. 36; Routi’s Particle csliap. 71 . 

p. 198 (Cambridge, 1898). 


R. E. T. 


27 
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velocity along the apsidal distance has been reversed whilst the 
perpendicular coniponeiifc is unaltered. Thus if — 0 is the plane 

containing V and at, _ 

u' = n - 2 m sin= 9+Vv^+w^- sin 20 cos 

with similar expressions for -v' and w'. The volnme du'dv'dw' of 
the three-dimensional velocitj^ diagram which is occupied by the 
defected points will be equal to dudvdw, since the new points 
may be obtained by reflecting the undeflected points in a plane 
perpendicular to the orhit and tangential to it at the apse. Thus, 
in considering the reverse collisions which bring extraneous elec¬ 
trons into the group /(m, v,w) duivdiv, the only change we require 
to make in (36) is the replacenoent of f{-u, v, w) by f{u', v', w'). 
Hence 

l-a=n Jjl/K "/K <^dad^lr. 


Ve shall confine our discussion to the one-dimensioiial case in. 
which tlie stoTte of the material depends only on the x coordinate, 
i,e. in the electrical problem shall suppose the electric intensity 
to be parallel to the axis of a and in the thermal problem we shall 
suppose the temperature gradient to lie in this direction. Under 
these restrictions eq[uation (31), 'when applied to the steady state 
which does not change with the time, becomes 


. :±. 1 ^ 


, -I-It ...(37). 

m oti ox 


The left-hand side is the rate of change of / owing to collisions, 
and the right-hand side that which arises from the displacement 
of the group of electrons as a whole. 

Kow when the material is at a uniform temperature T and 
there is no applied electromotive force, the distrihution of velocity 
among the electrons is in accordance with Maxwells law. Thus, 
if/o (ii, V, w) denotes the value of the function / under these con¬ 
ditions, we may write 

/o (w, V, . ..(38), 

where A and h are constant throughout the material. It is Tikely 
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bhat this distribution will be onlj slightly changed by the cliaiigifri 
conditions we are contemplating, since the new forces which coiiir 
into play are always small compared with the internioleciijar 
forces. Let ns see if we can satisfy (37) by a solution of the 
form 

V, w) = . (38 a), 

where the term is small compared with and x(l^) 

is a function of F, the resultant velocity, only. There are tWi> 
conditions which any solution will have to satisly. These are 
that the total number of electrons in unit volume of the material, 
and their mean kinetic energy at any part which is at an assigned 
temperature, should both have the same values as in the uniforiii 
condition to which (38) applies. If we cari^y out the integrations 
over the whole of the velocity diagiani, we find that the former is 

J.( 7 r/A)^ and the latter whether we use (38) 

or (38 a). Hence (38 a) satisfies the required conditions so far. 

In order to determine x(^) make use of equation (37). 
Since the differences of / do not occur on the right-hand side of 
this equation, we shall neglect the effect of the small term 
on the right-hand side of (37). Substituting the assumed solution, 
the left-hand side becomes 


a {ii — ti) ad()id-%}r 

) 


K\—i 


vhilst the right-hand side is 


/CO 

I — djTTii sin^0adcit, 

J 0 


-2kAX--i-^- 

m 0(G 




f 2MX - -1^ + V’‘A e-**-’’ 


I 


.<“>■ 
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wilt* re 

2 

^-1 sm^ 6ada. .(41) 

The definite integiul in (41) is a function of 5 only, and may he 
evaluated graphically when s is known. Thus %(F) does not 
invtdi'e CL nor and only inYolyes % v, w in the combination V. 
It is therefore possible to satisfy (87) by a solution of the form 
of (SScd, where %(10 ^ function of V only and is given 

by (39).' 

The electric cuirent density, J, will be obtained if we multiply 
the niiiiiber of electrons in unit yoliime within a specified in- 
finitesimal range of velocities, hy their component of velocity 
parallel to the electric intensity and by the charge each carries, 
and then integrate the product over all the electrons in unit 
voiiiiiid Thus 


^ A'tt 

1=4770 1 u"x(V)V-dF= -^e .V\{V)d.V 

J 0 ^ Jo 


/ 2 

9 Pi -- -f 2 

27 r , \s — l 

= — 


;,s-l 

reine inhering that 


+ 2 


2MZ 

M dx 


VS — 1 J Iidtc 


dji 
Ji dso 
(42). 


r(j) 4-1) =pr{p). 

The specific electrical conductivity, c, is the coeiBcienh ofin 
(42) iviien there is no temperature gradient in the material, i.e. 
when dAjdjs and dh/dce are zero. Thus 


a* 


47r 

8 ^ m 



(43). 


The thermal current density IF is obtained by integrating the 
product of the number of electrons in unit volume, which have 
velocity components within 4 given range, by their thermal 
energy fniF* and by their velocity component u. parallel to the 
temperature gradient, over all the values of tz, r, which occur. 
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W=27rmJ^ u-xcr) V*dr= ni 


J. 

= ^<f>7n 


+ s ^4 1 ?f 

L-+S L «■ V'S-1 .. /! c.r 

.i-iS (7 


When the electric current density J vanishes, we ii:ive from (4-2 j 


2/iAX--^ 

m do? 


— 1 / h CX 


Since, from p. 405, A=^ = ^hy equation (.21), we see that 

l^ = _i 

h dco T 0x‘ 

Tlie thermal current, Tfo, when there is no electric current, is 
therefore 


IT (j»n \ s — 1 


and the coefficient, k, of thermal conductivity is the coefficient 


01 ^ 111 this expression or 


TT <f> m \s~l 

y-1 


The ratio of the thermal to the electrical conductivity is 


k 1 7) f s — 1 


1b 


'4<e^T /f s-l ^ 


The simplicity of equation (45) is very striking. It shoe's 
that the ratio of the thermal to the electrical conductivity m ia- 
dependent of the number and mass of the free electrons and of 
the number and strength of the c^ntr^ of force, la siitiitiaii u 
H, e and T it depends only on s, the index which deferraiiei thv^ 
mode of vaiiation of the force exerted hy lie centra with the 
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unit iial distance. We have seen (p. 411) that the results of experi- 
viieat.s show that for the pure metals the value of k/a-is 2Jt-Tje-; 
wlu-ncf we conclude that 2 s/(s - 1 ) = 3 or s = 3. It follows that 
the encounters of the electrons in all metals are such as would 
occur with imiiiovahle particles which exert central forces varying 
as the inverse third power of the mutual distance. 

We can estimate the order of magnitude of the strength, K, of 
the centres from that of the electrical conductivity of the metals 
by siihstitiition in equation (43). Substituting the values of 
A and we have 

. 

JO 

where v is the nnmher of molecules in 1 c.c. of any gas at (>°C- and 
7t30 iiims. We do not know either the number, IT, of free electrons 
or the number, n, of centres of force in unit volume; but we shall 
assiinie that both these quantities are of the same order of mag¬ 
nitude as the number, p, of atoms of the metal in unit volume. 
Let us put = and n=hp', then 7 and S are numbers com¬ 
parable with unity. The other data required are, in g^eneral: 
vM = 3*T2 X IQ^ ergs/°C., vm = 5 x 10""® gni. per c.c., 1'6 x 

J oo 

sin^ (betda which, when s = S, is 
0 

ec|uai to 

4^.yt£2!y^=.396. 

J 0 (tt^ — 

Taking the case of silver as an illustration, <7 = 6 x 10 ”^ E.M, unit 
and 8 E '/7 = 8*5 X 10-^1 

This result is of additional interest because several other 
considerations point to the occurrence of forces varying inversely 
as the cube of the distance as an important feature of atomic 
structure.. Thus J. J. Thomson* and Jeansf have shown that 
some of the laws which govern the emission of thermal radiation 
would follow if the collisions of the electrons were with centres 
of force obejdng the inverse third power law. The strength, of 
thcTO centres can be estimated from the constants in the radiation 


* Mil Yol siv. p. 217 (1907); vol. xx. p. 238 (1910). 
t Ibid, Yol XX. p. 642 (1910). 
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formulae. The mean of the estimates given by Thoiiisoo and 
Jeans is jr= 2*5 x This agrees satisfactorily until that 

g'iven by the electrical conductivity. 

If the centres of force are due to the occurrence of eiectrical 
doublets inside the atom, it is possible to have a state of steady 
motion ia which an electron revolves about the axis of the 
doublet. The energy of the steady motion, as well as that of 
the small oscillations about it, is proportional to the frequency ol 
the rotation. Thomson* has suggested this result as an explana¬ 
tion of the emission of electrons by the action of light (c£ p. 4i)9); 
in- ■which case, as we shall see in the next chapter, the kinetic 
energy of the emitted electrons is a linear function of the fre¬ 
quency of the exciting light. Another interesting property of 
these orhits is that the moment of the magnet to which they are 
equivalent depends only on the moment of the doublets abmit 
which they are rotating. Since the universality of the law con¬ 
necting radiation and temperature suggests that the strength of 
these doublets is independent of the matter in which they occur, 
they would furnish an explanation of the atomic magnets, or 
magnetons, whose existence has been inferred by Weiss (cf also 
p. 395). 

Ulectnoal Conductivity c&a cu Function of Temperaiure, 

Although the electron theory has been very successful in 
explaining the laws of Wiedemann and Franz and of Lorenz, which 
are obeyed by the ratio of the thermal to the electrical con¬ 
ductivity, it has not been so successful in accounting for the 
behaviour of these two properties individually. In point of^ fact, 
for the pure metals the thermal conductivity is practically mde- 
pendent of the temperature, whereas the electrical conductivity is 
approximately inversely proportional to the absolu’te feenij^ratune, 
except at low temperatures. Since 
2 .v/2 F fR\^ 

. 

even if we assume the index s which determines the law of force 
to he pxaeticaJly independent of T, the ohservwi law v varies as 

* Phil Mag, toL xx. p. 343 (1910). 
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might arise from an appropriate variabioH of one or more of 
the quantities iV, and K with T. At present there is no means 
of Gliding the connection of K, N and n separately Ydth T. 

Recent experiments by Kammerlingh Onnes and his collabora¬ 
tors have shown that the resistance of the pure metals heeomes 
exceedingly small at very low temperatures. This result cannot be 
said to be definitely indicated by the formnlae which we have just 
developed. It is, however, not necessarily in conflict with them. 
For example we might identify the centres, with which the elec¬ 
trons collide, with the vibrators which take part in thermal 
phenomena. The most obvious physical interpretation of these 
vibrators is to regard them as electrical doublets. The doublets 
might arise, for example, by the vibration or steady motion of 
electrons about an equilibrium position. They would exert forces 
on the moving electrons which would vary inversely as the cube 
of the mutual distance, a result which, as we have seen, is required 
by several considerations. It follows fi'om Einstein’s theory of 
specific heats that the energy of the vibrators approaches zero 
exponentially as the absolute zero of temperature is approached. 
Now the average moment of a doublet constituted in this way is 
proportional to the square root of its energy: so that the moment 
or strength of the centres will also approach zero exponentially as 
the temperature is reduced. Since there is no reason for sup¬ 
posing that the number of free electrons approaches zero at so 
fast a rate as this, the conductivity would become infinite at very 
low temperatures. 

Such a view is in satisfactory agreement with the experi¬ 
mental measurements. By assuming that K times the product 
on the right-hand side of (4T) varies as which gives the 

right variation of <r with T at high temperatures, and that the 
variation of K with T depends upon the contained heat energy, 
as deduced from the specific heat measurements, in the manner 
just indicated, I find that the calculated temperature at which the 
electrical resistance disappears agrees quite accurately with that 
given by Kammerlingh Danes in the case of mercury and is not 
fer from the values given for lead and gold. The way in which 
the calculated electrical resistance varies with the temperature is 
also very similar to that found experimentally at these low tem¬ 
peratures. The same results would not follow from Planck’s later 
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bheoiy of specific heats mentioned in Chapter xu. According to t hat 
view the energy of the vibrators does not approach the value zero at 
low temperatures but the finite value /u;/'2. This would make K 
approach a finite value, so that the resistance would not Tanisli. 

The explanation just offered is in any event only a partial one 
For Kamerlingh Onnes^ has shown that there is a further sudden 
diininution of the remaining resistivity at liquid helium teiiipera- 
tures in the case of the pure metals. An inmrestiiig suggestkn 
to explain this effect has been given hy Sir J. J. Thofiisuir*^^ whii 
assumes that the electrons are emitted along the axes of svsteins 
which align themselves in the direction of the external field when 
the heat energy is sufficiently diminished, in a way analogous to 
the behaviour of the elementary magnets in Weiss's theory of 
ferromagnetism. It is interesting to note that the siipra-eoiidiietive 
state, as it is called by Kainerlingh Onnes, disappears in a strong 
magnetic field]:. 

TIiermoelectric Pk en oniena. 

As is well known, if a circuit which consists of -wires of two 
different materials is constructed, a current will flow round it 
without the assistance of a battery, if the two junctions are at 
different temperatures. There is no current when the two j unctions 
are at the same temperature. As there is no observable change in 
the nature or composition of the materials constituting the circuit, 
the electromotive force which drives these currents must be derived 
from the available thermal energy. By causing the electric cur¬ 
rents to perform mechanical work we could evidently construct 
a heat engine out of a circuit of this kind. As long ago as 1854 
Lord Kelvin showed that valuable information about thermoelectric 
phenomena might be obtained by the application of the principles 
of thermodynamics to thermoelectric circuits. 

The thermoelectromotive force of a circuit eonsistiog of the 
two conductors A and B may be denoted by £ab- It has been 
found that for a very large number of pairs of substmces cmi 
be represented within the limits of accuracy of experiiiieiitai ob¬ 
servation by the comparatively simple empirical fomiiiki 

-Eab = »(r, - Td + ( 1 ? - m 

where and Ti are the temperatures of the two jiioetions aiitl 

^ Comnmiications Lab, Leiden^ SmpptesMiil M to Nu*. 1^^144, 

p, 55 (1913). t Ma 0 : rol xxx. p. IM 

4 Kamerlingh Onnes, l&c. ciU No. 1S$, p. €5 (1§14). 
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(t ciiid h iiTt* consttHits. TIig diffcrGnti^l co6fficiGnt of witli 
respect to the upper temperature Ja is called the thernooelectric 
power of tlie circuit. It is clearly a liaear function of the tem- 
p>eratiire within the limits of accuracy of the formula above. The 
rhermoeleetromotive forces between circuits of different metals 
teriiiinating at the same pair of temperatures are connected by 

the relation + Ebg — E^q ..(48). 

This is evident since the circuit composed by the addition of 
and BG in the order of the letters only differs from JLG by the 
inclusion of a single wire of the material B, the temperature of 
which varies from one extreme to the other and bach again. As 
inequality of temperature in a closed circuit of a single uniform 
material does not give rise to any thermoelectromotive force^ this 
cannot cause any difference from the effect given hy AO simply. 

In addition to the thermoelectromotive force caused by a differ^ 
ence of temperature there are the converse reversible heating and 
cooling effects which are produced by the flow of an electric current. 
We have thus to consider the Peltier effect, which is the heat 
liberated when an electric current flows across the junction between 
two different metals, and the Thomson effect, which is the heat 
developed reversibly when an electric current flows along an un¬ 
equally heated bar. These are measured by the respective coeflfi- 
cients P and cr. Both of these refer to the amount of heat liberated 
by the passage of unit quantity of electricity. In specifying cr the 
electricity has to flow against one degree difference of temperature, 
the directions of the electric and thermal gradients being coinci¬ 
dent. (T is positive when positive current flowing in the direction 
of increasing temperature causes an absorption of heat. 

The application of the conservation of energy to a thermo¬ 
electric circuit gives Ei = Ri^i^Pi crdT if JR is the 

resistance of the circuit. When i is made very small the Joulian 
development of heat vanishes in comparison with the other 
terms, so that the reversible quantities satisfy the equation 


E=1P+Ja-dl .(49). 

Similarly hy applying the second law of thermodynamics in 
the form J = 0 to the reversible heat production, we have 

— ..,.(50). 
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It follows from tkese equations that 

dEP a fP\ 

^ = and as-c^i= T~{j,\ ., 51 .. 

These concliisioas have been coafirmed in manv partieiikirs*, and 
there are no experimeiital results w^liich can he said with cerraiiitv 
to conflict with them. The values of the ditfereiit thermo el e etri e 
quantities may he derived from the expressions given on ppi, 4»(>~ 
421, for the rate of transportation of electricity and heat. These 
expressions were derived on the hypothesis that the law of furce 
between the electrons and the centres with wiiicli they collide varied 
as a power of the mutual distance. They will hold strictly only if 
the centres are at distances apart which are large compared with 
those within which the forces are appreciable. The two principal 
reasons for this are: (1) if this condition is not satisfied all the 
particles are under collision conditions at every instant and the 
physical foundation of the calculation disappears, and (2) as 
the potential energy varies very rapidly from point to pcdnt io the 
neighbourhood of any electron the quantity^ A will be subject to 
corresponding sharp variations (cf. equation (15), p. 40S), and the 
actual A cam therefore scarcely be regarded as differentiable. 

In order to embrace these conditions we shall generalize the 
former calculations a little at the sacrifice of a certain amount of 
rigour. We shall assume that the average value of A is differ¬ 
entiable however complicated the internal flelds of force may be 
and that, for the steady flow parallel to the axis of ii, / is always 
of the form A.e-^^^ -hnxiV), where % involves ti, u and through 
V only. By working through a calculation similar to that already 
carried out, it becomes clear that, provided the medium is 
isotropic, x will be of the form 

where the function involves only the mass, m, of the electrons, 
the nuiiiher, ri, of the centres in unit volume, the law of forte 
and V. In this way the equations for the currents of electrieily 
and heat may he written: 

. 

. 
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ivliere 


3 i\ 


dx) 


T . dh T 


.(54) 


.(55) 


I 


RT . ,dT 


.(56), 


J 0 


47r ^ 


cTo = specific electrical conductivity = -g- 


X' = thermal coDduetivity ~ J • ^ ^ |'^8 “ = 


and Z'/Vf, = 


“ ^ ^ ~ ©] " ? 


't* r4l; 


If the centres are far enough apart and act on one another 
with forces which vary as the inverse ath power of the distance, 
we have, as before, 






and 



In the equations above, X is the mechanical force on an electron. 
IfZ 0 is the electric intensity, then eXo = mX. 


The thermoelectromotive force X round any circuit is the 
value of I X^doo which is required to reduce the current i to zero, 
when there are no batteries in the circuit. Thus from ( 53 ) 


E 


= J X^doc when 2=0 
[[rp dlagA _ 

e]\ dx 


dx 


= j|| riog^ |-| (log j. +/i)dr|.(57), 


after integrating by parts. If the integral is taien round a closed 
circuit of two metals with varying temperatures, the integrated 
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•prirt has the same value at the identical liiuits. The uniu*. - 
pai-t, since the integrand is not necessarily a pcrieet .iihtr. 

'will not necessarily be zero. If the temperatures of the iuiu-:; : 
are T' and it may he -written 

. 

where the suffixes 1 and 2 denote the respective oiateriah. Ti: 
thermoelectric po^ver is 


0^2 

df 



Jii j P 


The Thomson coefficient, cr, m^y he ohtaiiied as fuliow-:_Tiir 

heat developed per unit area and thiekness (Le in the direction 
the current is equal to the work done by the electric force in>i( 
the voiiiine -f the stream of energy towing in — the streain of 
energy flowing out. This is 




\RT a , 0 , ? /, ?T 


from (53) and (56). The first term on the right in (CO) repreMJins 
the Joule heating effect and the third term is inde|)endent of the 
electric current. The middle term alone reverses with the eltetrie 
current and is therefore the heat production owing to the Thomson 
effect. The Thomson coefficient cr, which is the ainoiiiit of heat 
absorption per unit current per unit time per unit rise of tein- 
perature, is therefore 

.RT 0 4 , \ PI 

= - —gjT(log4 +/i) .(.bi). 


The value of the Peltier effect may be obtained by applying 
the same equation to the passage of a current across the junetioo 
between two metals at the same temperature instead of coa” 
sidering the flow along a bar of the same metal “with varying 
temperature. The magnitude of the Peltier coefficient i\i is 
given by 

ePn = RT (log + Mz -1-.).- 

This is not quite equal to the work done by the electric foicv 
in the neighbourhood of the separating surfece. For we see iri iii 
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jP \ 

< 53) tliat when there is no difference of temperature 
/ approaches zero Z„ approaches so the ^york 

A 

rime hy the electric force at the boundary is i^flogj-'. The 

dift'erence between this and is due to the fact that, when the 
law of force is different in different metals, the amount of kinetic 
ener<(v transported by the electrons which carry a given cuiient 
is different. As the ratio of the thermal and electric conductivities 
indicates that the law of force is wery nearly the same for the pure 
metals which are good conductors, it is probable that is not 

large. It may, however, be of the same order of magnitude as the 
observed Peltier and Thomson, effects. 

The values given by (58), (59), (61) and (62) satisfy the 
equations (49)—(51) of Lord Kelvin’s thermodynamic theory. 
A different method of deducing some of the thermoelectric for¬ 
mulae will be considered in the next chapter. 

Oo7idiictwity for Periodic Forces. 

The behaviour of the electrons in metals under alternating 
forces has been considered by various writers^. The following 
investigation, due to H. A. Wilsonf, is an elaboration of a method 
originally given by JeansJ. Tbe electrons instantaneously present 
in any given volume may be divided into groups cbaracterized by 
a particular velocity of agitation Y, Tie number of collisions of 
the electrons with one another is regarded as small compared with 
the number of collisions between electrons and atoms. Owing to 
the relatively small mass of the electrons the latter class of 
collisions will have very little effect in changing tbe magnitude 
of the velocity Y, Thus the electrons in any given group will 
remain in that group throughout a large number of collisions. 
Let dF denote tbe number of electrons in the group characterized 
by the value V and let n denote the average component of velocity 
of this group in the direction of the electric intensity X. Consider 
* More complete discussions than that considered in the text have been given 
by H. A. Lorentz, Proc. Acad. Amsterdam, voL v. p. 666 (1903), and N. Bohr, 
SU&dler over Metallernes Elektrontheori, p. 76 (1911). Some of Bohr’s results have 
been obtained by Livens {Phil. Marjf. vol. rxx. p. 434 (1915)) by a diSerent raethod. 
t Phil Mag. TI. vol. xx. p. 335 (1310). 
t Ibid. vol. xvn. p. 773 (1909). 
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the rate at which the momentum of the group is clian^inr T < 

group is gaining momentum from theapplietlfield at iirne-t'.; i. 

is equal to the force which acts on the electrons in the sr-uf. Ti;- 

magnitude of this is XedK A.t the same time the niosii. n-jna 

thus acquired is being dissipated by collisions at a r.ite f.-e/di’A'. 

where ^ depends on F, on the strength of the eentr. s jr:-i . n t i; 

law of force which governs the collisions. The valu-- i.f eats 1<, 

found by considering the deviation of the t-leetron- -1 h. 

collisions*. Thus in general the change of rnomenti mi. ,-r .1 

with time will he in accordance -with the differeiitistl ura.i; si ii; 

€l ^ 

^ (inu dF) = XedF - umSdX ........... j r.::; 


When we are dealing with direct currents a stF.idiv in-ti is 
soon established which is independent of the time. Tlit* \:muc < 4 
u for this case is thus obtained bv putting the left-liainl >ide 
equation (G3) equal to zero. The current den;<ity is ej udJ ■= a-X. 
where a- is the specific electrical condiictivitj. When tlit^ 
assumptions are made about the nature of the collisions aiei abi’it 
the law of distribution of velocity aitioog the elecrreiis enV .i 
function of V), this leads to values of <r in agreeiuent witli tii i>v 
given hy other methods for direct currents. 

To find the conductivity for periodic forces let X = X, in js pt. 
After dividing by dN, (63) becomes 


m -y-r “f mSa = cos pL 
at 


As in the theory of dispersion, the solution of this wri 

corresponds to stationary conditions is the pirticuiar intt-grai 



cos (pt — 



where taai 5 The mean value of u for all the ekctm^ns is 



Since all the wori done by the electromotive forte is eimveit.ed 
into heat the rate of heat production is the mean value of 


FeuX == FeuX^ om pi 

It is also equal to where Cp is the conductivip' f-.r f .uv 

whose frequeucy is p. This state nvemfc may be taatu ns >ij' 


Cf. H. ik. 
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definition of ap. The mean value is to be taken over a time 
■wliicli is iari^o compared with Tims is ec^ual to tlie 

mean value of 

^dlf 

-uxv ciuu ap, = — I 

+ /3- 


and o-^=^r 

i “j ^ m] _ 


-1-^^ 


...(64). 


In this expression N and are functions of V and the integral is 
one with respect to V between the limits 0 and + oo . As an 
illustration we may consider the simplest possible supposition that 
we cait make, namely that the electrons all have equal velocities. 
The integral then reduces to a sum over the N electrons for all of 
which 0 has the same value. For zero frequency^ (p= 0) the value 


of cTp then becomes 




and 


- i’ -#3j- »./(! ^■rf!S•> - 




...(65). 


All the quantities except on the right-hand side of this 
equation are known with considerable accuracy, and crp can be 
deduced from experiments on the optical properties of metals. 
Schuster^ has applied equation (65) to the optical data accumu¬ 
lated hy Drudef. In this way he finds that for all the commoner 
metals the number of free electrons in a given volume is from one 
to three times as great as the number of atoms present. It may 
be that these estimates are subject to errors arising from the 
occurrence of selective optical absorption, a phenomenon which is 
disregarded in the theory above; but it does not seem likely 
that the number can be much smaller than this. For the experi¬ 
ments of Eubens and Hagen with infra-red radiation show that 
(Tp does not differ appreciably from (Tq until the visible spectrum 
is approached rather closely. This would not be true if Jf had 
values much smaller than those calculated by Schuster. 


Thermal Hadiation. 

The theory of the motion of electrons in metals is of import¬ 
ance from another point of view because it helps us to form a 

* Phil Mag. VI. toI. vri. p. 151 (IMI). 

+ Atm. ierPhysik, toI. xxxix.p. 587 (1890); vol. xlu. p. 189 (1891). 
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judgment as to the mechanism of the emission of eiectruiriagnirtic 
thermal radiation from hot bodies. We saw in Chap, xv that 
the spectral distribution of energy in the radiation inside an 
enclosure in eqnilihriiun Yvith matter was independent of tlie 
nature of the matter and determined solely by the temperature of 
the enclosure. It follows that if tve can imagine a type of matter 
which is sufficiently real and at the same time sufficiently simple 
in its behaviour to admit of our calculating the properties of the 
radiation which is in equilihriiiin with it at a given teiiipenitiire. 
we shall hav^e solved the radiation problem. Such a possibility 
would seem to be offered by the theory of the motion of electrons 
in metals. We know that during the collisions the electrons are 
accelerated and that when electrically charged particles are ac¬ 
celerated they emit radiation. The accelerations of the other 
constituents of the system are probably negligible in comparison 
with those of the electrons; so that it would seem that we are 
not likely to be led into serious error if we attribute all the 
radiation to the motion of the electrons. A very general know¬ 
ledge of the nature of the motions enables ns to analyse the 
radiation thus emitted into its constituent frequencies by means 
of Fourier’s series. In this way we can arrive at a knowledge of 
the way in which energy of assigned frequency is being emitted 
by the moving electrons. In the steady state an equal amount of 
radiant energy ivill be absorbed by the system. The absorption 
of energy occurs throngh the Joule heating effect of the electric 
currents established by the electric in tensity in the electro¬ 
magnetic waves. If the intensity in the waves of frequency j) is 
Xp the absorption of energy per unit volume per unit time is the 
mean value of where o-p is the conductivity for currents of 

frequency p. As we have seen cr^ is a function of j>. By equating 
the amount of emitted energy of a given frequency to that ab¬ 
sorbed we arrive at an expression for the steady^ energy density of 
given frequency. 

This method of calculating the distribution of energy in the 
black body spectrum was frst used by Lorentz His calculations 
were confined to waves of low frequencies, ■ The method has since 
been extended by various ivriters, including J. J. rhoinsonf, 

* Of. Theory oj JSlectrom, p, 80; Amsterdimi Froc, 190‘2-S, f. 660. 

t Fhil Mag, WI. vol. xo. p, 217 (m?); wl. xx. p. m (1910). 


n. B. T. 
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Jeans*, F. A. AVilsoiif and Eohr^. It appears that if the same 
assumptions are consistently carried through the calculations the 
distribution of energy found, is that given hy the laiY of Jcans and 
lord Rayleigh. As have seen, this law is not in accordance 
with the experimental facts; so that the method is not adequate 
to the solution of the problem. In fact, Jeans§ and McLareiilj 
have shown pretty conclusively that any dynamical method leads 
inevitably to Jeans's law, so that a dynamical foundation of the 
theory of radiation does not seem to be possible. 

Galvanomagnetic and The7inomag7ietic Phejiomena. 

. A number of interesting- phenomena are observed when a 
conductor carrying an electric or thermal current is placed in 
a magnetic field The effects are conveniently classified according 
to whether they are exerted across or along the primary current. 
The transverse effects are as follows: 

(1) Fall Effect. When an electric current flows across the 
lines of force of a magnetic field an electromotive force is observed 
which is at right angles to both the primary current and the 
magnetic field 

(2) von Ettingshausen’s Effect. Under the like circum¬ 
stances a temperature gradient is observed which has the 
opposite direction to the Hall electromotive force. 

(3) Kernst and von Ettingshausen’s Effect. When heafc 
flo'ws across the lines of magnetic force there is an electromotive 
force in the niiitiially perpendicular direction. 

(4) leduc and Eighis Effect. Under the like conditions 
there is a transverse temperature gradient. 

The transverse effects are all proportional to the vector 
product of the intensity^ H of the magnetic field (at any rate for 
sufficiently small fields) and the primary current i of heat or 
electricity. Thus any of the effects of amount E may be considered 
to be measured by the coefficients 7ri,7r2,7rs, 7r4, wherejor each suffix,' 

E= 'IT Hi ..(66). 

Fldl. Mag, \ol. xvir. p. '774 (1909); vol. x-viii. p. 209 (1909). 

*i- Ibid. vol. XX. p. 835 (1910). 

4: Siudier over metalleriies JSlektrontheori, Copenhagen (1911). 

§ J?Iiil. Hag, VI. vol. xvii. p. 229 (1909). 
fl IbuLvoL XXI. p. 15 (1911). 
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The suffixes carrespoud to tlie numbers which precede the 
effects as euumerated above, tt is taken to be positive ii; when 
the primary current flows in the positive direction along tlie .r 
axis and H is in the positive direction along the y axis, the resiiitiiig 
electric or temperature gradient is in the positive direction along 
the ^ axis, the arrangement of the axes being such that a right- 
banded screw travelling along 0^ would rotate from Oij to Oz, 
This choice of signs is not, however, the one which occurs in the 
literature of the subject. A series of measurements by Zalin of 
the various coefficients for different conductors led to the Tallies 
in the following table: 


Conductor 

TTi 




Iridium 

+4-02 X 10“4 

-S-SkIO-s 

-5x10-^ 


Palladium I 

- 6-91 X 10-4 

+ 3-3x10-8 

+1-27x10-4 

j 

Palladium II 

-11-12x19-4 

+1-8x10-8 

+0-51x19-4 

I 

Plafciiiuiu 

-1-27x19-4 

+ 2*1x10-8 

very small 

too small ; 

Copper 

-4-28x19^4 

+ 23-2x10-8 

-2*7x19-4 

to measui-e T 

KSilver 

-8-97x10-4 

+ 40-4x10-8 

-4*3x19-4 


Zinc 

+ 10-4x10-4 

-12-9x10-8 

-2*4x19-4 

./ 

Iron 

+ 10-8x10-4 

-39x10-8 

-10*5x10-4 

+ 5-7x10“^ 

Steel 

+ 133-6x10-4 

-68-7x10-8 

-16*6x10-4 

+ 6-7x10“^ 

Nichel I 

-46*9 x lO-4 

+ 20x10-8 

+13x10-4 

-2-8x10-^' 

Nichel II 

-125 X 10-4 

+ 55x10-8 

+35-5x10-4 

-17-6x10-^ 

Antimony 

+ 2190xlO“4 

-202x10-8 

+ 176x10-4 

-134x10-^ 


It is clear from these numbers that the phenomena are very 
complicated. The sign and magnitude of the observed effects 
exhibit no obvious relation to any known property of the materials 
concerned. In the case of bismuth, a conducting material which 
can he obtained in the form of large crystals, it has been found 
that the Hall coefficient changes sign as the orientations of the 
primary current and the magnetic field are changed with reference 
to the crystal axes. 

The longitudinal effects are different according as the magnetic 
field is across or along the direction of the primary current. "With 
a transverse magnetic field the following longitudinal effects have 
been observed. Each corresponds to the transverse effect with 
the same number prefixed. 

(1) When a conductor is placed in a transverse magnetic 
field a change in its specific resistance is found to occur. 
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(2) There is a Peltier eHoct at the junction hetween trans- 
Tersely magnetized and iinmagnetized material. 

(3) There is a thermoelectromotive force between trans¬ 
versely magnetized and unmagnetized material 

(4) There is an alteration in the thermal conductivity in a 
transverse magnetic field. 

All these effects also occur in a longitudinal magnetic field, 
but as a rule they are then smaller. In "both cases (2), (3) and (4) 
have been observed only with bismuth and the ferromagnetic 
metals. The change of resistance in a magnetic field, also, is 
much larger with these metals than with any of the others. 

Since the change of resistance cannot depend on the sign of 
provided the material is isotropic, it follows that for small fields 
the change SJ2 in the resistance R must satisfy the equation 
SR IE = AH-, ^here A is a constant. This equation is satisfied 
over a considerable range of values of H by the metals which 
exhibit only small changes. The following values of A have been 
determined by Patterson: 


Oadiniimi. 2*82x10“^- 

2iiic. 0-87xl0~i2 

Gold.>37x10-12 

Silver . 0*26xlO’^^ 


Copper . 0*26 X 10-12 

Till. 0 - 23 x 10-12 

Palladium. 0-llxl0-i2 

Platinum . 0 - 06 x 10 -12 


The effects are much larger at low temperatures. Thus Laws 
found the following values of 10^^ x A: 

Temperature -> 186= O. -f 18'’ C. + 50'“ C. H-100“ G. 

Caiiniiiini 51 2*60 1-70 0-S8 

Zinc 18 0*88 0-58* — 

With crystals the effect depends on the direction of the current 
with reference to the crystal axes, and with the ferromagnetic sub¬ 
stances the intensity of magnetization appears to be ^t least as 
important as the magnetic intensity. 


Theory of Gralvanorndgiietio Effects, 

The electron theory cannot be said to have been very success¬ 
ful, as yet, in unravelling these complicated magnetic phenomena. 
Ko doubt one of the factors having an influence is the deflexion 
of the paths of the moving electrons which is produced by an 
external magnetic field. The magnitude of the Hall effect which 
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would be expected to arise in this way may be calculated as 
follows: 


We shall suppose the Hall effect to be measured by the 
external electromotive force which it is necessary to introduce 
in order to reduce the defl exion of a galvanometer again to zero. 
The galvanometer is connected across two points at unit distance 
apart which were at the same potential before the magnetic field 
was applied. Let the primary current i be along the axis of a\ 
the Hall current j along the axis of y and the magnetic intensity 
H along the axis of 2 ^. The components of the electric intensity 
at any instant are X, F, 0. If x, y, z are the coordinates of an 
electron, its equations of motion are 

7 nx = <3X- ey, 7ny—eY -f — mz = 0 ..(6 v). 

c c 


Thus 


Qiix = e±t— -^61/ + ?nu 
^ H 

'iny •= ex t-\- •— esc4 * 


.( 68 ), 

..(69), 


if we take the origin of time to he the instant at which the last 
collision occurred, and put ^ = y = 0, = and y=v when ^=0. 

From (68) 


^ — Xt^ - eyi itt, 

2 m mo 


and from (69) 


i/=l rt+- -S- ...(ro). 

^ m c m (2 7 n c xn J 

If T is the time between two collisions, assumed for simplicity 
to be the same in all cases, the average value of y is 

^ Tjo ^ m 2 c 7 

How w = i) =0, since these (quantities are as likely to be 

H 

negative as positive, ^nd — y may he neglected compared with 
jXr, so that 


e ^ , If S e \ \ 

- Xt® -y 

m 2 V G 771^ J } 


4 V. 


- la 


r+l^lxr|. 

3 cm J 
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The Hall ciirrent density ^ is = ney, so that, fox this to vanish, 

IH e ^ 


T 1 ^ Tr 


if we neglect y as before. 


Therefore 


— 1 6^ 

i = ned) — -n — Xr^ 


,, 21 E , 

^ 3 0 720 


The Hall coefficient tti is 


__F _ 2_1 
S “ 3 «e 


if all the quantities are in electromagnetic units. 

Several methods of estimating n lead to values of the order 
10-^ and putting e=--10““® E.M.u. approx., we see that the 
order of magnitude of tti is - IQ-^. To the values which are 
given on p. 435 the following, which have been found by different 
observers, may be added for comparison: 


3Ietal ... Ei Sa Pb Sb Te 

771 -0*0 - 0-00004 +0-00000 H-0-192 +530 


Na Cu 
-0*0025 -0-0005 


According to the theory above, the Hall coefficient should 
be negative for all substances. The positive coefficients ex¬ 
hibited. by Lead, Antimony, Tellurium, Iridium, Zinc and Iron 
might be taken to indicate the presence of free positive electrons 
if there were any independent evidence of their occurrence. A 
theory along these lines has been worked out by Drude^, hut it 
cannot he considered to have been very successful It seems 
more likely that the effects are all due to negative electrons, but 
that the theory only takes account of part of the phenomena It 
seems probable that the magnetic field affects the conditions of 
equilihrium of the electrons and the way in which they are emitted 
hy the parent atoms. Suggestions towards a theory of this kind 
have been made by Sir J. J. Thomsonf. It is also probable that 
the current-carrying electrons are deflected by the magnetic 


* Ann. der Physik, vol. m. p. 369 (1900). 
t Corpmcular Theory of Matter^ chap. v. New York (1907). 
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fields of the electrons revolving within the atoms and tluit the 
orientation of the orbits of revolution is affected by the external 
magnetic field. 

In the case of cuprous iodide, a compound substance which 
exhibits fairly typical electronic conductivity, it is possible, by 
adding varying amounts of iodine in excess of that which is 
normally present, to cause the conductivity to vary over a wide 
range. Presumably this alters the concentration of the free 
electrons without changing other important factors appreciably; 
for Steinberg^' has shown that the Hall coefficient for this sub¬ 
stance is directly proportional to the specific resistance. It is 
therefore inversely as n in accordance with equation (71). 

The change of resistance in a transverse magnetic field may 
he calculated on the electron theory in the following manner: 

Using the same notation as in the theory of the Hall effect 
and neglecting the term Seyfo, because it is small when averaged, 
we have 



He_ {H^ 

0 ( C TUI 




El 

c in 



6 in 2 / 


) 

i’ 



-r n 

— nex = ^ — 
2 in 


s) T 

T — X. 

12c^ m- 


If there is no magnetic field £[=0 and 


^0 


~-ToX= VX 
2 m 


It is important to notice that in the presence of a magnetic 
field the free time t will not be 'the same as tq, because the 
magnetic field affects the curvature and therefore the average 
length of the free paths, and it may also affect the orientation of 
the systems with which the electrons collidef. Calling St the 


* CL Baedeker, Elektrischen Brscheimtngen, etc, pp. 101, 
t Cf. E. P. Mams, LBhys. Itev» vol. xxiv. p. 428 [1907)- 
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cliaiige in. t tlius produced, the increnienfc S'l in the currenfc. 


etfeeted ly the magnetic field If, is 

7i e- (' 1 6 - . 

Bl= - — sOT — - -T 

2 ni i 12 7?i- 


If p = 1 ir is the specific resistance 
Sp S<r _ 1 f ^ 


X = ScrZ. 


p cr To ( 12 C- 

Since the difference between t and Tq is small compared with 
either of them, this may be written 

(72). 

p cr To 3 KneJ 

If we may neglect St/to this equation may be used to deter¬ 
mine n, since ail the quantities are known. Using this method, 
which is due to Sir J. J. Thomson, Patterson^ found that his 
measiiiemeiits of the change of resistance led to the following 
values of 71: 


. Ft 
1-4x1023 

Zii 

5-8 X 1023, 


Au 

2-2 X 1032, 

Cd 

2-7x1021, 


Sii 

4-5x1021, 


3-6x1023, 


Oil 

3-4x 1022, 


Hg 

4-3x1020, 


C 

i-08xm 


It is difficult to judge how much reliance ought to be placed 
on these magnetic methods of evaluating n until a more satis¬ 
factory explanation of the anomalous values of the Hall coefficient 
is forthcoming, 

A detailed account of the modem experimental data relating 
to galvanomagnetic and thermomagnetic phenomena will be found 
in Baedekers Die JElektrischen Erschevnwigen in MetaUischen 
Leitem, p. 94. 


r/dL Ma(j. vol. nr. p. 643 (1902). 
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THE EQUILIBEIUM THEOHY OT ELECTRONIC CONDUCTORS 

The E'mission of Ulectrons from Hot Bodies and Thermo- 
eleotrio Phenomena, 

When bodies are heated an. emission of negative electrons 
is found to occur, which increases v^er^ rapidly with increasing 
temperature. The salient features of this phenomenon as they 
have revealed themselves experimentally may be briefly re¬ 
capitulated as follows: 

(1) The number of electrons'* N emitted at different tem¬ 
peratures T is governed by the formula 

]!f = AT^e-^l^ ....(I). 

A, X and b are constants. A varies very much from one substance 
to another. X. is of the order unity, and its precise value makes 
very little difference to the foxmnla. b in equivalent volts is always 
comparable with five. 

(2) The emission (evaporation) of electrons is accompanied 
by an absorption of heat-f. In the case of the only metals 
(osmium, tungsten and platinum) which have been examined the 
magnitude of this effect is about what would be expected from 
the values of 6. 

(3) The absorption]: of electrons by a cold metal is accom¬ 
panied by a liberation of heat. For a large number of metals 
this has been found to be approximately what the value of b 
would lead us,to expect. 

* 0. "W. Richardson, Fhil. Tram. (A), voL cci. p. 543 (1903). 

t "Wehiielfc and Jentzsch, Ann. der Physik, vol. xsviii. p. 537 (1909); Cook© and 
Richardson, Phil. May. voL xxv. p. 624 (1913), vol. xxvi. p. 472 (1913); Welinelt 
and Liebreick, Verh. der dentsch. pliysik. Gee. 15. Jahr^ang, p. 1057(1913). 

X Eichardson and Cooke, Phil, Mag. vol. xs. p. 173 (1910); vol. xxi. p. 404 
(1911). 
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(4) The energyof, and the distribution of Telocity among, 
the emitted electrons is identical with that given by Maxwelhs 
law for molecules having the same mass as an electron at the 
same temperature as the emitting metal 

In addition to the points outlined above a large amount of 
information hearing on this subject in other ways has been 
acenmnlated. For an. account of this the reader may refer to 
The Electrical Ti'operties of Flames and of Incandescent Solids, 
by H. A. Wilson (University of London Press (1912)), or to The 
Emission of Electridty from Hot Bodies by O. W. Richardson 
(Longmans, Green and Co. London (1916)). 

In some cases, notably those furnished Toy the alkali metalsf, 
this emission may he greatly augmented by the occurrence of 
chemical action. In fact, some recent writers have taken the 
standpoint that chemical action is an essential condition for the 
emission to occur. This is very unlikely on general grounds. 
For it amounts to denying that the simplest type of chemical 
action, namely, the decomposition of an elementary atom into 
a negative electron and a positive ion, can ever occur under 
the influence of heat alone. In the opinion of the writer, the 
facts also are decisively against it. The behaviour of platinum, 
which is the substance which has been most thoroughly studied, 
is very diflScult to reconcile with any chemical theory, and the 
currents which can he obtained from incandescent tungsten are 
much too large to be attributed to chemical action 4 . 

We shall therefore assume that there is an emission of electrons 
from elementary and compound substances which is a purely 
thermal elFect and try to find out what laws we should expect 
such a phenomenon to obey. It is convenient to have a separate 
name for an emission of this kind, and we shall describe the 
emission of electrons which occurs under the influence of heat 
by the term thermionic. 

It is also worth while to consider for a moment what laws we 
should expect an emission to observe which is conditioned by 

* Richardson and Bro*wn, Phil. Maff.Yol. xvi. p. 353(1908); Richardson, Phil 
Mag. Tol. XVI. p, 890 (1908); vol. xvin. p. 681 (1900). 

f Cf. Fredenbagen, Verh. der deuUeh. physik Ges. 14. Jalirgang, p. 384 (1012). 

X Cf, 0. W. Richardsou, Phil. Mag. vol. xxvi. p. 345 (1915). 
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chemical action. Tie electrons which are liberated are then 
be regarded as one of the products, either intermediate or fiiiaL 
of the chemical action, and the extent to ^vhich they are forniefl 
will be determined by tbe laws -which govern the formation of 
other chemical products. Now, the law which governs the rate 
of chemical actions in general is not essentialh^ different from (I), 
and something very like the other results enumerated on p. 441 
would also follow in this case, so that such considerations will not 
enable us to distinguish between the two phenomena. The oiilv 
satisfactory criterion is whether the emission of electrons is 
accompanied, ptwi passu, by chemical combination or decomposi¬ 
tion of the more generally recognized type. There is no evidence 
that this is universally the case. 

Ve shall now return to the consideration of the theory of the 
purely thermal emission. This phenomenon may be attributed 
to the increased kinetic energy of the electrons at high tempera¬ 
tures enabling them to overcome the forces which tend to retain 
them in the conductor. The rate, of variation of the emission with 
the temperature may be calculated in a variety of ways. It will be 
conducive to clearness if we sacrifice generality to a slight extent 
and make a definite hypothesis about the structure of tbe interior 
of a metallic conductor: although many of our results will be more 
general than the hypothesis we are making. We have seen that 
the electrons in a good conductor behave as though they were 
acted upon by fixed centres of force varying as the inverse third 
power of the mutual distance. The potential energy of an elec¬ 
tron must therefore be continually varying from point to point 
of its path. We shall suppose that the potential energy of an 
electron inside a metal is a function of its position only. In other 
words, we are supposing that the interior of a metal may be 
sufficiently described by mapping it out by a series of fixed 
surfaces, the level surfaces of W, the potential energy of an 
electron. These surfaces are supposed to be definite and charac¬ 
teristic for each conductor. The fact that the electrons are in 
motion prevents this from being a complete representation of 
the state of affairs, but it will be fairly certain to give a 
satisfactory account of the more important features of the 
phenomena. 

The state of the electrons at any point of such a system as we 
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are considering is defined by the average number v of them per unit 
volume at that point at any instant, by the potential energy W of 
the electrons at that point, and by the temperature -which is 
proportional to the average kinetic energy of the electrons. At 
points just outside any conductor W takes the constant value Wq, 
In the state of equilibrium the values of Wq are different and 
characteristic for different conductors. This definition of TTo is not 
sufiSciently exact. At points veiy close to the conductor an electron 
is attracted towards it by its mirror image in the conductor. 
Thus W increases for some little distance a^vay from the conductor 
and the points at which it approaches a sensibly constant value 
are not immediately outside the hounding surface. On the other 
hand, at considerable distances fi'om the surface W will be affected 
by the potential of other bodies in the neighbourhood. The true 
value of IFo is the value of TF at points at a considerable distance 
from the surface, either in a cavity inside the conductor or outside 
if there are no other bodies in the neighbourhood. 

It follows, as a result of our investigation of the kinetic 
theorv" of matter (p. 404), that at any point in a system in 
equilibrium at temperature T, 

dn= V dr == dr .•-•(!)} 

where dii is the number of electrons, which participate in thermal 
phenomena, in the element of volume cJt, and X is constant 
throughout the system, being a function of T only. 

We shall now consider the formulae which determine the 
equilibrium between the external free electrons and the internal 
electrons which can become free. Confining our attention to a 
single conductor, consider first the special case in which there are 
a finite number p of finite internal regions each characterized by 
constant values Fi, ... t^. Then if ¥^o, To are 

the values of the corresponding variables just outside the con¬ 
ductor, we have 

^0_ jv — ^ 

Q-W,mT q-WJKT - • • • — ^-WpfMT - . 

where n is the total number of electrons which can become free 
that are present in the system. In general it will he posbible 
to regaid W as having a constant value only over a region of 
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infinitesimal volume, so that 

g~WIMT^^- Jg-n- XT^l^ .t 

'where the integra.! is taken throughout the entire system. If we 
regard Wq as a fixed constant, 

= m//'e-(iT-7r.)/Er,;^ .(4), 

The next step is to calculate the absorption of heat when 
electrons are allowed to evaporate from a coiicliictor. Consider 
the conductor to be surrounded by an insulating boimclaiy such 
that the volnme of the space between the conductor and the 
bouudary is ‘V. If the boundary is displaced so that the volume 
increases hy dv, work pclv will he done by the equilibrium pressure, 
p, of the atmosphere of electrons. If we admit that such a change 
of the external volume is not accompanied by any material 
alteration of the mutual potential energy of the positively charged 
parts of the atoms which make up the conductor, the increment 


dS in the entropy of the system will be 

dS = (cZ [7 + j) dij)...(51, 

where ^ =n(^IiT + J) .U>)? 

J = dr jin- . {7 ), 

and i)=z-.Kr .(S). 


71 is the total number of electrons in the system 'which can 
become free, and the integrals in J are extended throughout the 
system. Since n is constant, it follows that when the' voliiiiie is 
increased by dv the heat abstracted is 

dQ = TdS = dv ^?i ^ 4 voRT^ .(9)- 

Since 

j / J T-ftJ-fSo 

r Ye-^l^'^dr 4 
_ J -T-i-fi _____ ^ 

J T+t? 
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-_ == Lt ^ {J Sz, — J r+tj} 


e-wiiiT^^ 


f W — ~ 

I / 


We-^l^-'^dT] 


e-W/RTdr 


...( 10 ), 


where / denotes that the integral is taken over the volume t 

J T + tl 

of the conductor plus the volume 'v of the external space. 

Let 71^ be the number of electrons in the external volume v 
and Ur the number, of the kind contemplated, in the metal. Then 
in these problems is always extremely small compared with 
And since 


Is” 


■ = E= 






by (3), we may replace 


f in (10) by f e-^^^^dr. 

JT+v Jr 


Also since 


\re-wiRT^T 


We-^^^^dr 


Jv'^v _ Jv ^ Vv ^ 

Jt 'yi'T Jr Ur T t/y Vr T* 


and the following equation is true as regards order of magni¬ 
tude, 


_ Yy —. = ^ 


the order of magnitude of 


We-wiRT^^ 


We-wiRT^r 


is that of J. Thus' We-^mrdr may also be replaced by 
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J We-^^/^^’dr ia (10). Whence 
dJ e-u'-o/er 


dv 


>and from (3) 


J 


W^/MT^y 


■OVo-J) 


n — Vi, { TFo — /) 


( 11 ), 


a2i. 


By comparison with (9) the loss of heat which accompauie: 
the escape of one electron is 


dQ 

vqSv 


Wo-Ji-RTi=w-\-Rr 


\ 13). 


Since RT is the external work, w = W„ — J is the interna! 
latent heat of eYapoi'ation of one electron. MoreoTer, since /S' 
is a perfect differential, 

dv [d2% ~ dT[de)r 

From (5) and (6) 


(dS\ _n/3j,dl\ . ^dS\ 1/0/ S 

ri,.s »|+y.r|.-3'(..j!+iirg 


and 


so that 


T> /Pa ^^^0 


dJ 


= A ' 


10 


Vq = Ae 


/IT — f ^ 


dT 


.(14), 


'where /4 is a quantity, characteristic of the material, which is 
indepeiideiit of T. 


Equations (14) exhibit the relation between the equilibrium 
concentration vq of the electrons in the exteraal atmosphere, the 
temperature T and their internal latent heat of evaporation te. 
If u w^ere aknoA^^n function of (14) would enable us completely 
to specify vq as a function of T. Some information about the way 
in which 'w depends on T maybe obtained by the following slightly 
different thermodynamic arg'unient. 
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The Melation with the Specific Beat of EUciriciiy, 

There is an intimate connection between E, w and the specific 
heat of electricity a within the conductor imder consideration. 
Suppose that we have two conductors A and A' made of the same 
material, but maintained at the different absolute temperatures 
T and f". They are to be of sufficiently great size and are 
connected by a thin conductor of the same material. The atmo¬ 
spheres of electrons about A and A' are enclosed and separated 
from each other by a suitable insulating boundary (see Tig. 50). 



Fig. 50, 


If contact difference of potential depends upon temperature, the 
potential T" at the surface of A' will nob be the same as that 
at the surface of J.. If the value at the latter surface is V, the 
electrons in the enclosure surrounding A will be at a different 
electric potential from those surrounding A', Let eV' he >eF, 
and surround A with a screen which is permeable to the electrons 
and maintained at the potential V\ This may be imagined as 
a wire gauze of indefinite fineness which is connected to one 
end of a battery, the other end being connected to A. The 
electromotive force of the battery is V'— K There is no work 
done by the battery, but even if there were it would not affect 
the argument. The nett effect of this arrangement is that the 
electrons in the enclosure outside the potential filter have the 
temperature T and the potential V\ Their pressure po is different 
from the pressure p outside A^ the relation being evidently 

€(F'-T) 

log i)o= log p - - pip 


( 15 ). 
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With, the arrangettieiit shown, in the figure the electrons are 
made to perforin a reversible thermodynamic cycle between the 
temperatures T and T' in the following manner: 

By means of a suitable piston and cylinder arrangenienT N 
electrons are taken out of the enclosure hounding A. This opt^ra- 
tion is conducted at constant pressure ^^ojhhe temperature being T 
and the potential Fh The externaRvorh done is and the heat 
absorbed from A is {uj + 6(^V'ItT]. The J\ electrons 
are then caused to expand adiabatically to the temperature Jh 
The worh done during this adiabatic transformation is 

NR ^rpf _ 

1 —y 

where 7 is the ratio of the specific heats of the electrons at 
constant pressure and at constant volume. The heat absorbed is 
nil and the pressure is changed from bo 

The next step consists in expanding to the pressure 'p' at the con¬ 
stant temperature T\ The > 7 ork done here is 

and an equal amount of heat is absorbed. The electrons at the 
temperature T and potential F'are then allowed to flow into J.' 
under the uniform pressure p'. The work done during this stage 
is - NET and the heat absorbed is-N {w' + RT), where w' is the 
internal latent heat of evaporation of one electron at T. Finally the 
electrons are allowed to flow down the connecting conductor back 
to A, when the whole system is in precisely the condition at which 
we started. There is no work done in the last operation and 

the heat absorbed is Ne f 8dT, where S is the heat absorbed 

J f' 

when unit quantity of electricity flows agaiust unit rise of 
temperature. 

Since the heat absorbed during the flow down the conductor is 
taken in at a series of continuously varying temperatures we have 
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to apply tie secoad law of thermodynamics in the iafcegral form 

fdQ 


This gives 


ft 

J 


T 


0 . 


w -f- 


e{T-V)^IlT p'fT-s^-y w->rRT' _ 

- 5 ^—-- I ^ jrdT=0, 


T 


•po\r 


whence, by (15), 

[log j) - Iog 2 ,'} - (log T -log r)+ . jlpT=0 

.(16), 

or logp-^^\ogT-\-^+^fpT = A .(17), 

y _JfL_£ l^—dT 

and P,RT=p^A,Ty-^e .(18), 

_ eS\^ 

or Vo = -^ 2 ^ n J T .(19). 


In these equations A, Ai and are constants which are 
characteristic of the substance and are independent of T, e is 
used for the base of the natural logarithms to distinguish it from 
the electronic charge e. 

A certain amount of caution is necessary in the interpretation 
of these equations. In measuring the specific heat of electricity a*, 
a continuous current is driven along by means of an impressed 
electromotive force. If we are to he certain that S and <r are the 
same thing it is desirable that the flow down, the conductor should 
be a continuous process. This can be realized to any desired degree 
of approximation by making the cylinders sufficiently small and 
numerous and working them rapidly enough. As we have not 
proved that the thermal effects arising from a current inspired by 
diffusion are identical with those due to a current driven by an 
impressed electromotive force, it is desirable that the current in the 
unequally heated conductor should he driven in this way Our 
cyclic process may be adapted to this end by introducing a battery 
in the wire, which is made indefinitely thin, whilst the conductors 
A and A' are indefinitely large. The transference in the wire is 
thus electrically driven and outside of A and A' it is effected 
mechanically, the whole process being continuous. 
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Uudex these circuiustaiices the lo of equations (16)—(19 i is not 
necessarily the same thing as the iv of equation (14). The latter 
refers to a virtual displaeemeat of electrons across the boimdarv 
subject to the equilibrium conditions, whereas the former refers to 
a continuous stream such as actually occurs under an iinpressed 
force. Since the electric transference produces no permanent 
change in the materials, the difference between these two quantities 
will be equal to the difference in the quantities of energy which 
accompany the transference of unit quantity of electricity in the 
respective media on the two sides of the boimdaiy, if such a 
difference exists. If we keep the symbol w for the w of equations 
(16)—(19) and denote the time latent heat of evaporation—the 
of equation (14)—by (/> we have 

-(Xi--7y.o), 

where \ is the energy transferred by unit electric current in the 
metal in unit time and Xq is corresponding quantity for the 
current outside the metal. Thus instead of (19) we get 




' jK J r 


AVe have no-vv arrived at two different expressions (14) and 
(20) for va in terms of <7 and T. Since, if <j> and cr could he 
expressed in terms of T, these expressions would have to hecome 
identically equal, it follows that 


eir\dT_f^ 1 d(f> -jrp 

M’dT 


for all values of T. Hence 0 will he given hy each of the equa¬ 


tions : 


: ™ d (21) 

+ ^ dfl T ) dT] .^ 


w — <f} d'W 


Jdf di \>j Aq dij) 

dT~T df 


■ 


29—2 
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Approadmation to Vq as a function of T, 

If the electrons are treated as point charges, they have three 
degrees of freedom and 7 = f. If the collisions of the electrons 
occur with centres of force varying as a power of the mutual 
distance, it follows from the kinetic theory calculations in the last 

chapter that ^ that, under these conditions, 



The value of a is different for different metals and may be either 
positive or negative. In general it also varies with the tempera¬ 
ture, often in a complicated manner. If the thermoelectric powers 
of different pairs of metals were accurately linear functions of the 


Metal 

Temperature 

°C. 

<7 

Erg/El. mag. c.g.s. unit 

Observer 

Mercury 

+ 60 

6-8 xl02 

Schoute 


+ 100 

8-6 xl02 



+ 150 

10-6 xl02 

a 

Copper 

-100 

0-9 xl02 

Berg 


0 

1-6 xl02 



+ 100 

2'0 xl02 



+ 300 

2-1 X 102 

Lecher 


+ 600 

2-6 xl02 

i ) • 

Silver 

+ 100 

3-46x102 



+ 300 

4-20 X 102 



+ 500 

4-95 X 102 


Platinum 

- 50 

-9-4 xl02 

Berg 


0 

-9-1 xl02 



+ 50 

-9-0 X 102 



+ 100 

-9-1 xl02 


Iron 

0 

-4-0 xl02. 



+ 100 

-12-4 xl02 

” 


+ 100 

-13-8 xl02 

Lecher 


+200 

-16-8 xl02 



+300 

-14-2 xl02 

jj 


+400 

-7-5 x l02 

jj 

Constantan 

0 

-23-0 xl02 



+200 

-19-9 X 102 

» 


+400 

-13-7 xl02 

» 

)» 
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temperature, then the difference in the values of a for any two 
metals would be proportional to the absolute temperature (equa¬ 
tions (51), p* 426). This is not borne out by the preceding 
experimental values of cr which are taken from a table compiled 
hy Baedeker^. Thus for iron o* is negative and its numerical 
value is greatest at just over 200° C. It is questionable, however, 

whether tire reliability of the experimental determinations of 

and a warrants us in rejecting equation (50), p. 426, Chap. xvii. 


In all cases it has been found that ecr is a good deal smaller 
than IJ?, so that f may be taken as a first approximation to the 

value of Thus neglecting the second and higher derivatives 


of cf) we have, approximately, 


^ = cf>Q-h f ijr 


.(26), 


•where is independent of T, Substituting this value of <|> for tv 
in (14) we obtain 




In this equation Ai and are independent of T to the extent to 
which the assumed approximations are valid. 

Now there is a simple relation between vq and the number 
of electrons emitted by unit area of the conductor in unit time, 
provided we can neglect the reflexion, at the surface of the con¬ 
ductor, of the electrons which return to it from the exterior. It is 
kno\^ frona experimental results that such reflexion is appreciable, 
but we shall disregard it for the present, and consider how^ it may 
be allowed for later. In that case, since vq represents the number 
of electrons per cubic centimetre of the space in the steady state, 
the number emitted by the surface in unit time will evidently be 
equal to the number returned fi*om the exterior in the same interval. 
This is 

JV" = I/O I” cZu I* dv j°° dwn dudvdw 


= .(28). 

2 (7r/bm)5 


*• Elek. Erscheinungen in Metallischen Leitern, p. 76. 
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If we apply a sufficiently great potential difference all the iV 
electrons emitted hy the conductor may be collected on a neigh¬ 
bouring electrode. The ensuing saturation current is, per unit 
area of the emitting body, 

^ .(29), 

where Aq and ai'o constants characteristic of the substance but 
independent of T. Had we not made the approximations above 
the index of T would be slightly different from 2 and we should 

have had exponential factors of the type where ap is an 

extremely small constant. The values of these factors cannot differ 
much from unity. We should therefore expect (29) to give a fair 
representation of the mode of variation with temperature of the 
electrons emitted by hot bodies. The number of substances which 
have been tested in this way is now very considerable and for all 
of them the emission has been found to be consistent with an 

equation of the form Ne = AT^ As, however, the variation 
is almost all in the exponential term the results can be fitted as 
well by Ne — AT-e"^^^, by taking a slightly different value of the 
constant h in the exponential index. 

We shall now consider the bearing of these effects on the 
nature of contact electromotive force. 


Contact Difference of Pote^itiaL 

Imagine an enclosure limited by an msulating boundary, main¬ 
tained at temperature T, Suppose the enclosure to contain q 
material bodies, arranged in any manner, and that the whole system 
has come to a state of thermal equilibrium. The temperature 
will then be uniform and equal to T throughout the system. In 
general the surfaces of the bodies will assume different potentials 
Fi.Fg, ...Fg. Clearly 

.(30), 

where TFo^ is the potential energy of an electron just outside the 
mth body. If we can show that ~ ITo^ are uniquely determined 
by the constitutive equations of the system it will follow that 
Vm — represent true intrinsic differences of potential. Let Vq 
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etc. represent the concentrations of the electrons at points 
outside the different bodies. Since there is equilibrium 
the electrons which are just outside each pair of bodies we e vhlent I? 
haue -1 equations of the type 

VcP = e RV . 

Ifiom (14) and (12) we see that there are q equations of the trpe 
V”'= ^>w 2 ( From (7) there are also q equations of 

the type Rnd evidently there are q eqiiatii^as of the 

type = constant. Altogether there are % -1 equations between 
the 3q variables j/q, J and A, theg— 1 differences — TI'-^ and 1 
Thus there are 4g1 equations and ^ variables, so that if one of 
the latter, say Z is given all the variables including the ^ - 1 
differences lFo^~lfo^ are determined These equations involve 
neither the size, shape nor relative orientation of tie bodies, so 
that the differences of potential V,r,-Vp are characteristic of the 
substances under consideration. Tbey are clearly the same whether 
the bodies are in contact or not. 

Since from (IZ) tv ==Wq—J it follows that 

TfV" ~ Wo^ = iVm -tVp-hJm - 4- 

We shall see beloAV (p. 457) that is small compared wiih 

; so that according to this view the contact difference of 
potential may be estimated from the internal latent heat of 
evaporation of the electrons. The experimental determinations 
of w for different substances are not yet stiff ciently trustAvorthy 
to furnish a satisfactory test of this relation; although such 
indications as there are tend to show that w is smaller for 
electropositive than for electronegative elements. 

The Peltier Effect, 

We shall now proceed to obtain expressions for the various 
physical quantities which are grouped under thermoelectric 
phenomena Let us first consider the Peltier coefficient P. To 
do this we need only to consider a reversible isothermal cycle 
involving two different conductors. The arrangement and opera¬ 
tion is in fact much the same as that shown in Fig. 50 except that 
the conductors A and are of different materials aud are at the 
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same temperature T. Let the suffixes 1 and 2 be used to denote 
tlie various physical quantities which relate to the separate materials, 
the notation being otherwise as before. Let eV^ be > eY Sur¬ 
round the first conductor, as before, hy a potential filter maintained 
at Fo. This will reduce the pressure of the electrons from to 
and will change their potential energy from eV^ to eFg but will not 
affect their temperature T, The cycle commences by removing- N 
electrons fi*om the enclosure surrounding under the uniform 
pressure The work done is NUT and the heat absorbed is, by 
virtue of (13), e(F 2 — RT], Next expand at T from 

Pi^ to po. The work done and heat absorbed are each equal to 
NRT\og{p-^^ljp 2 y Next condense atpa and in the second body. 
The work done is — NUT and the heat absorbed is 
The electrons are then allowed to flow along the connecting con¬ 
ductor to Aiy thus completing the reversible cycle. Daring this 
operation no work is done, but there is an absorption of heat NQe 
at the junction. The total amount of work in this isothermal 
reversible cycle is log Since the cycle is isothermal 

this must vanish, so that j>/ = _p. 2 . The total absorption of heat is 
N 4- e ( Fq — 7i) 4 RT 4 RTlog(pi^/p 2 ) — RT 4 Qe], and since 

this also must vanish we have 

= e(V2-Vj) ..( 31 ). 

If Q is to be the same thing as the coefficient R which is measured 
in experiments on the Peltier effect, it is necessary that the cycle 
should he operated under the same conditions as when a current 
flows continuously under an impressed electromotive force. Hence, 
as in dealing with the Thomson effect, and will be the values 
of the latent heats which correspond to a steady flow and not to 
equilibrium conditions. Denoting the former by w and the latter 


by as before, we therefore have the equations 

eR — Fg— Fi)...(32), 

— 02 “ (^2 ■" Ai) 4 6 (F 2 — Fi) .-(33), 

= t/j t/g (^2 ~ Ai) . (34<), 

since <^ = Tf^ — J. 


A series of experimental values of P as well as the values 
of the thermoelectrie power of the same pairs of metals at the 
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same temperatures are given in the folloi;viiig table, taten froii 
Baedeker^. 


Materials 

Temperature 

C. 

Peltier coefficient in 

1 

1 Thermoelectric f 
power. 

1 1 = 10“^ volt per 
degree C. 

Milliealories 
per coulomb 

I ^ 

i Ergs per 
E.M. unit 

Cu Ag 

0 

0-137 

1 0-0576 X ar>: ; 

; 2-12 

Fe-^ Constantcan 

0 

3-4 

1-4-2 X 10® 

1 /4:-r 


100 

4-1 

1*72 X IO« 

(50‘7'‘‘ 


200 

5*5 

2-31 xlff 

; ,53-7/ 

Pb Constantan 

0 

1-90 

0-80 X10® 

i 27-1 


100 

2*73 

1-14 X 10® 

33-5 


200 

3-6 

! 1-51 xlO® i 

39%9 


300 

4-4 

1-84 xlO® ; 

46-3 

Cd-^Pb 

0 

0-197 

0-082 X 10® i 

3-03 


100 

0-390 

0-163 X 10® i 

4-48 


200 

0-646 

0-271 X 10® 

5-93 

Cii^Ni 

0 

1*9 

0-80 XlO® 

(27; 


lOO 

2*2 

0-02 XlO® 

(30; 


about 220 

2*5 (max.) ' 

1-05 XlO® 

(34“; 


about 340 

1-9 (min.) ; 

0-80 XlO® 

(23) 


450 

2-4 

1-00 XlO® 

(25) 


In all these cases the Peltier coefficient when expressed in 
equivalent volts is of the order 10“"—10~^ volt. The ratio of the 
thermal to the electrical conductivity of metals, which contains X as 

a factor, shows that ~ (Xs X-j) cannot be much greater nimiericall}^ 

than this value of F. On the other hand — Fi may amount to 
several volts in extreme cases. It follows that ^(Fg —Fj), w.i—Wi 
and <f >2 are approximately equal to one another. Thus J„i — Jp 
is small compared with — as stated on p. 455. 

* Loe. cit. p. 73. 

t The values in brackets were obtained from specimens of material different 
from those used in measuring the Peltier coefficient. 
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The Tho?nson Effect. 


A n umber of expressions for cr have alread 7 been given (p. 451). 
For the purpose of conipariiig the results of different theories it 
is (k-sirable to express some of them in terms of the quantities 
J etc. which describe the internal structure of the material 
instead of ^ etc. Consider, for example, equation (23). We have 

^|, == Ifo -/) and from (2) and (14) 

d log j'o _ d log K IFo 1 BWq _ Wo J 


Thus 


r<^ 

ir 


J 


that 


iJ 

R 


1 ( 

O’ = - •:-7 

e 17 — 1 


dT ~ dT 

, rp ( J H-V ] — ^-0 

^ cT\ T 


^--Kiogx: 

BlogK 


...(35). 


Tins expression is more general than equation (61) of the last 
chapter, and the two become identical only in rather simple cases. 
We have seen that the kinetic theory methods employed in 
Chapter xvii can only be regarded as strictly accurate -when the 
linear dimensions of the regions, within which the forces exerted 
on the electrons are appreciable, are small compared with the 
distance between collisions^. In that case the potential energy W of 
the electrons will only differ by a negligible amount from the 

mean value J. Also the A of the last chapter is equal to N 
ii N is the number of free electrons in unit volume. Since 


W T 

log w = iog^: ~ = log AT - 

Thus, from (35), 


c 


^ 3 d 

e(y-l 2 



— T — 
e dT 


{log 



T )\ 



Bohr has, however, snc(^ded bj a different treatment in showing that 
efnation (61) of Chapter xvn holds for a very general case. Cf. Studier over 
Metmllemm El^ktrontheori, Copenhagen (1911). 
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This is in agreement with (61) (p. 429), since under the conditions 

contemplated ^ • 

These equations, which have been deduced from thermo¬ 
dynamic considerations, are thus in agreement with those given 
by the kinetic theory calculations when the latter are accurate. 
In virtue of (34), equation (35) satisfies the condition 

0 -,= 

postulated by Lord Kelvin’s Theory 


Th er mo electromotive Force. 

Having found expressions for the Peltier and Thomson co¬ 
efficients we can, by means of the energy equation (49) of the last 
chapter, deduce from them the value of the thermoelectromotive 
force of the complete circuit. For a circuit of two materials with 
junctions at T and Tq one finds in this way, for example. 






dT...(36). 


In a similar way equations may be obtained containing other 
combinations of the variables which occur in equations (21)—(24) 
and (32)—(34). 

By making the assumption of thermodynamic rever.sibility and 
substituting the values of P and <r from equations (23) and (32) 
in equation (49), p. 426, we obtain 

\w^-w, + e{V^-V^)\^' 




and, after integrating by iiarts, 

U(F2-r,)F'. 






</)x - = e |U - F, - Pg^(Fx - U)[....(37), 
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Bv making use of (37) the following expressions for E may 
be obtained from (36) or tlie equiTalent equations: 


ejT,- J 




1 

T' 2 fT' ,(.5 — Wi-(ps-h<pi 
4* T f rf7 

To I 

!v-u 

. 

To To r 


.•-•(38) 

dT .(39) 


The values in terms of /„ J., etc. may be derived by obvious 

'bE 

substitutions. The thermoelectrie power is given by dif¬ 
ferentiating (38)—(41) respectively by the upper limit T. These 
equations obviously satisfy Lord Kelvin’s condition 

as 

ar T 

Alteyniative Expressions for the Thermoelectric Coefficients. 

If we wish to express these quantities in terms of the number 
of electrons fv = in unit volume at each point of the conduc¬ 


tor, instead of in terms of the functions J which depend on their 
mean potential energy, we may proceed as follows : 

_jr 

Since from (3) v ~ Re have 


= f r [ETlog K-RTlog vldr^j^ 

nT r I 

= JiThgK-i^l i/logi/(ir 

Thus, for example, 

eJP = e-/j t/g 4“ ■” 


......(42). 




and similarly with the other quantities cri,,P and 1 
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If the distance between collisions is large compared with the 
distances within wliich the forces are appreciable, then the poten¬ 
tial energy of the electrons is constant in ail but a small fraction 
of the available space. In this case we can replace the average 
values of v and W hj actual values without serious error. If, in 
addition, the law of force during collisions varies as a power of the 

distance, we see from the last chapter that ^^ 

finally, if the law of force is the same for the different materials 
then, for any pair, = 0. Under these circumstances ike 

expressions which have been found reduce to 


jPe = RT log vjvi 


R 
e L7 
R 


^ -3’l(log.O 




^ J Ta 


dE R , 


•( 43 ), 

.( 44 ). 

.( 45 ), 

( 46 ). 


These equations are exact if the collisions are always like those 
between hard elastic spheres. 


Comparison with Experiment, 

There are a number of reasons why formulae (43)—(46) are 
unsatisfactory. In the first place the ratio of thermal and electrical 
conductivities indicates that the force during collisions does not 
vary very sharply with the mutual distance. Moreover the computed 
strength of the centres indicates that the electrons are never free 
from very considerable forces. Thus the theoretical conditions are 
far from being satisfied. In the second place the formulae are 
contradicted by the thermoelectric data themselves. By h 3 rpo- 
thesis all the electrons are to be treated alike, so that v in 
equations (43)—(46) represents the number of current-carrying 
electrons in unit volume of the material. Now the electrical 
conductivity is proportional to v, and there is no reason to expect 
that the other factors which enter into it will not be of the same 
order of magnitude for different substances. We should therefore 
expect that v^jvi would, for different substances, be comparable 
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with tberati^ of their specific electrical condiictmties. Formula 
(43) would tlii'ivthre lead us to expect an exceptionally large 
Pdtier eticct at the junction between a very good and a yery bad 
eoiidnetor. The Peltier etfect in a number of cases of this kind 
has recently been investigated hy Koenigsberger and Weiss 
Alt hemgh these experiments are difHciilt to make, they seem to 
have established that tiie Peltier eftect in such cases is not, in 
general, of exceptional magnitude. In some cases it was found 
to be ill the opposite direction to that gixen by equation (43). 
The iiK*re complete theory involves two considerations which are 
neglected in equation (43). In the fd’st place, the'law of force 
during collisions may vary from one material to another. It is, 
however, extremely improbable that the term Xi — X 2 > which, arises 
from this circumstance, can be comparable with the term involving 
log vj Vo, when the ratio of the two conductivities is very great. 
We are thus driven to the conclusion that the difference in the 
potential energy of the electrons is not, in general, measured, even 
approximately, b\’ RTlog vilvo) wdiere Vi and i '2 are the volume 
concentrations of the free electrons. This objection cannot be 
made in the case of the formulae given by the more complete 
theory, which make the Peltier efiect depend on the mean poten¬ 
tial energy of all the electrons which may, from time to time, 
become free under the dynamical actions actually occurring, and 
not on the actual or average number of those free instantaneously. 
The number of the former may be quite considerable, although, on 
account of the intensity of the attraction of the rest of the atom, 
very few of them are able to get free enough to take part in 
carrying the current at any instant. 

A second point which is of interest in thi:: connection is that 
raised by the phenomena exhibited at the melting-point. For-all 
the metals which have been tried, except antimony and bismuth, 
the specific conductivity of the solid at the melting-point is greater 
than that of the liquid. The changes are quite considerable, 
the ratio of the two specific conductivities varying from 1*34 
in the case of sodium to 4*1 in the case of mercury. In the 
case of antimony the ratio is 0 70 and in the case of bismuth 
0*46, All the metals except antimony and bismuth contract when 
they solidify. In accordance with (43) and (46) we should expect 
Am. der Physik^ yoI. xxxv. p. 1 (1911). 
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tliese cliaiiges in tlie electrical condactiYity to be accompaaiei] bv 
Yeiy considerable changes in the Peltier effect and the xheriiii i- 
electric power. Such effects have been looked for most care full v 
and with negative results. It is clear that the change in ih** 
thermoelectric power, if there is any, is much smaller than we 
should expect from (46). However, it cannot he said that tht* 
absence of Peltier effect at the melting-point is properly iimler- 
stood on the more general theory. It is evident that it might 
happen in a numher of ways which it would take too long to 
discuss here. 

In the case of the iodiferoiis cuprous iodide, to which reference 
has already been made in conitecbion with the Hall effect, Baedeker ^ 
finds equation (46) to be accurately verified if the relative values 
of 1 / are measured by the relative conductivities. It seems as 
though the conditions affecting the motion of the electrons are 
much simpler in the case of this substance than in the case of the 
metals. 


The Conducting Electrom, 

The expressions which have been obtained for the various 
thermoelectric quantities involve hitegrals which are extended 
over all the electrons which are able at any time to take part in 
thermoelectric phenomena. In general we should expect only part 
of these electrons to he capable of engaging in the transportation 
of the electric current. Many of them 'will he so strongly attracted 
to the atom nearest to them that they will only rarely be able to 
escape from its immediate neighbourhood. Such electrons will 
only be slightly displaced under the influence of an external field 
and will not participate in the conveyance of the conduction 
current. 

It seems natural to suppose that the conduction current is 
carried by those electrons of the class contemplated which are 
instantaneously executing open, as opposed to closed, orhits. In 
expression for the numher iV of electrons which are executing 
open orbits may be obtained on the assumption, which accords 
with the results of the discussion in the last chapter, that the 
electrons are attracted by centres of force varying inversely as the 

* N"ernst Festschrift, p. 62, Halle (1912). 
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cube of the miitiial distance. Let R be the instantaneous radius 
to the centre and 6 the angle this makes with the direction of R 
when ^ = 0. Let T be the tangential and R the radial component 
of velocity. Let Fj. be the velocity from infinity, then 

= - W. 

It is shown in South’s Dynamics of x Particle (Cambridge, 189S), 
p. 231, that all the orbits for wLich Vf < are open. 

The equation to the others is given by 
K 

where = Ii(A-^ B\ Rq — nh {B — A), and are the values of 

1^2 

rp A U j. -—A T 11 nrn • 


T and H when t and 6 are 2 ero, .?i- 


~ 1 and h — BT, Evi¬ 


dently R can only become infinite if A and B have opposite signs. 
Since 


5 = -^ 


rn 

l4-n4-® 

_^ 

T ' 

l^n-r^ 

Ro 


the condition that B and A should have the same sign is 

7^2 xr2_7T2 

Ro^ 

i.e. 

The complete condition for an open orbit is therefore that the 
initial kinetic energy should exceed the kinetic energy due to the 
attractive forces supposed to act from infinity to the point con¬ 
sidered. If we put (^ = — 1F= we evidently have 

.. (hm\i r .7.. ^7. PL7 . . . n 


k77l\^ foo fTT r 2 ‘ir 

—y / dr de d4>r^ sin 9e- 
fryJr, Jo Jo ^ 


-^■hy 

-MS) 
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Avliere Sn denotes the mimher of electrons of all sorts at a point 
'where their potential energy is W at any instant, and BX denritcs 
the number of them \which will execute open orbits. This calcula¬ 
tion assumes that the distribution of kinetic energy among the 
particles is independent of the potential energy, a conclusion which 
we have already established (see p. 405). 

Now the number dn of electrons of all speeds in the element 
of volume dr is equal to vdr where, from (3), 


niRT 




whence the total number N of cuirent-carrying electrons in the 
volume T is 

J7==[ vx{WIRT)dT 
J T 

e-^'^^dr .(48). 

It is impossible to predict anything very precise about the 
behaviour of integrals like those in (48); but it will be observed 
by comparing with formula (39), for example, and neglecting 
Aa-Xi, that both the number of current-carrying electrons in a 
cubic centimetre and the thermoelectric power are functions of 

the distrihution of in the space inside the conductor. We 

should therefore expect that any cause which produced a Gontinimis 
alteration of the electric conductivity of the substance at a given 
temperature would produce a corresponding alteration in the 
thermoelectric power. The changes in the one quantity would 
be expected to follow changes of the other quantity in a corre¬ 
sponding manner. 

Evidence of a correspondence of this kind exists in the case of 
alloys. Their electrical behaviour is found to depend very largely 
on the intimate structure of the alloy From this point of view 
alloys may be regarded as falling into two main classes: (1) those 
which consist of mixtures of crystals of the constituents and 
(2) those formed of crystals whose constituents are mutually 

30 


B. E. T. 
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soluble. In some cases tlie constituents are only able to dissolve 
in one another to a definite limited extent. In other cases cliemical 
coiiipoiinds are formed 'vvMcli give rise to considerable complication. 
The behaviour in such cases, however, is determined by the mntnal 
solubility of the compounds and the independent constituents; so 
that the effect of chemical combination is practically to increase 
the iinmber of substances which have to be considered. Ofchenvise 
their behaviour is similar to that of cases where no chemical com¬ 
bination appears to occur. 

Let us consider the two simple cases of complete immiscibility 
and of complete mutual solubility, from which all the others may 
be developed. In the case where the constitnents are entirely 
immiscible the specific electrical conductivity, expressed as a 
function of the composition, changes linearly from the value 
characteristic of one of the pure substances to that characteristic 
of the other. Precisely the same statement is true of the thermo¬ 
electric power referred to a standard metal. The behaviour of 
alloys whose constituents are mutually soluble is entirely different 
in character. The addition of a small quantity of either constituent 
to the other pure metal produces a large diminution in the specific 
electrical conductivity. The diminution produced by the ad¬ 
dition of a given quantity of the foreign substance diminishes 
progressively as farther amounts are added. Thus the curve 
which expresses the conductivity as a function of the percentage 
composition drops sharply from the value corresponding to either 
pure metal and has a flat minimum in between. The curve which 
expresses the thermoelectric power as a function of the composition 
is entirely similar in character. The reader who is interested in 
the electrical properties of alloys will find a very good account of 
the recent developments in Die elektrisohert Ersoheimmgeii in 
metallischeii Leitern by K. Baedeker (Braunschweig, 1911). 

We have seen that a considerable change in electrical con¬ 
ductivity is unaccompanied by corresponding changes in the 
theimoelectric quantities in the ease of pure metals at the melting- 
point. It seems probable that in this case there is something in 
the conditions of equilibrium which makes J* H- X. take the same 
value for the electrons in the two phases. This would not 
nece^rily involve a corresponding equality in the fraction in 
(48). In addition there is the possibility that liquefaction causes 
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^ consideraHe change, -^Yifchoufc altering /, in the centres whieli 
deierniine ^vhafc corresponds to the mean free path. 

It is worth while to consider the form taken by (48) in twu 
simple cases. In the first let us suppose that the iiiTerior of the 
conductor may be divided into two classes of regions, for the first of 
which, Tj, (;£>(=— IF) has a lai*ge Talue which we can deiiott.* hy 
Por the second suppose that 9 = 0 . Then (48) becomes 



.(49). 

This forinuk makes the conductivity increase rapidly with in¬ 
creasing temperature on account of the factor 
eKperiments made by Horton, Koenigsberger and others on the 
conductivity of comparatively poor condiictoi's show that the 
temperature variation can be represented satisfactorily over a 
considerable range by a formula for the conductivity developed 
from an expression of type (49) for the number of current-carrying 
electrons. 


In the second place suppose to be small Then if we neg¬ 
lect terms involving (d/JJT)- and higher powers we find 




(50), 


where is the mean value of cp^ taken throughout the voliinie 
of the conductor. \Te should expect this type of formula to apply, 
qualitatively at least, to the best conductors; for the variation of 
conductivity with temperature in such cases is comparatively 
small. According to (50) iF will always he less than m, which it 
approaches asymptotically as (pjRT approaches zero. Thus JF will 
always increase with rising temperature. In order to explain the 
decrease in the conductivity of the pure metals with rising tem¬ 
perature it is necessary, if this theory is to hold, to fall back on an 
increase either in the number of the centres of force per unit 
volume or in their strengths. 

Some of the rather bad conductors investigated by Koenigs- 
berger exhibit very interesting phenomena. Thus in the case of 

30—2 
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magnetite the conductivity increases rapidly with increasing tem¬ 
perature at low temperatures, to a maximum at about 240° C. 
After that it- falls off as the temperature rises in a manner which 
resembles the behaviour of the metals. The rapid increase at low 
temperatures is evidenth- due to the large increase of W with T 
when (p;RT is large. The subsequent decrease may tentatively 
be attributed to an increase in the number of the repelling centres 
or to a change in the magnetic structure of the substance. A 
comprehensive account of the temperature variation of the electrical 
properties of the comparatively poor conductors, by Koenigsberger, 
will be found in the Jahrhiich der Radioaktivitdt imd Electronik^ 
voL IV. p. 158 (1907). 

The Reflexion of Electrons at the Surface of Conductoi's. 

According to the theory on p. 444 et seq., the concentration Vq 
of the electrons at a point close to a conductor in an enclosure at 
a constant temperature T is determined by T and the intrinsic 
potential Tm of the conductor. Thus the equilibrium pressure 
p has a definite value and in accordance with equation (14) is 
given by 

f—— rlT 

p = .(51), 

where ^ is the internal latent heat of evaporation reckoned per 
electron and A is a constant characteristic of the material but 
independent of T, This equation can be established in a very 
general manner and is true even if the electrons are emitted 
wholly or in part by the photoelectric action of the complete 
aetherial (black body) radiation*. Now in accordance with (28) 
the number of electrons which reach unit area of the surface of the 
conductor from outside in unit time is 



In the steady state this quantity must be equal to the number 
emitted by unit area of the substance in unit time provided all 
the incident electrons are absorbed by the conductor. However, 
the experiments of von Baeyerf and the writer| have shown that 

* See 0. W. Richardson, Fhil. Mag. vol.xxiii. p. 619 (1912). 

f Ber. der Dentsch, Physik. Ges. Jahrg. 10, p. 96 (1908). 

X Phil Mag. vol. xvi. p. 898 (1908), voL xvnn p. 691 (1909); Phys. Bev. vol. xxix. 
p. 557 (1909]. 
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a very considerable proportion even of the veiy slow 
electrons •which are emitted by photoelectric and therDnonic aetic-n 
is reflected by metals, so that it is necessary for us lo take 
reflexion into account. 

If the body is not a perfect absorber then some of the iT 
electrons will be reflected by it. Let the proportion reflected be r. 
Then the number actually absorbed by the conductor in time dt is 
(1 — r) Ndt Let the number emitted by the same surface in time 
dt be eJS^dt. Then the eqiiiilibrium condition gives 

€ = 1 —r. 

Thus the emissivity (compared with a perfect absorber) and the 
reflecting power are complementary. 

This result is somewhat analogous to Stewart and Kirchhoff s 
radiation law. By introducing kinetic theory considerations it can 
be shown that the equality holds for each group of velocities 
u, V, Wy dll, dv, dw^. Measurements of the reflexion of slow 
electrons by different metals have recently been made by 
A. Gehrtsf. 


Photoelectric Action, 

As is w^ell known, the fact, discovered by Hertz, that a spark 
passes more easily between two terminals -when that wdiicli is 
negatively charged is illuminated by ultra-molet light, led to the 
discovery that the incidence of light of sufficiently high frequency 
caused the emission of negative electrons from conductors. This 
phenomenon, which is called the photoelectric effect, is certainly 
very general and appears to be a universal property of matter. 
There is no doubt about the universality of this effect when the 
term light is understood to include X rays and 7 rays, although 
some experimenters have recently called in question the per¬ 
manence of the effects exhibited by metals and ordinary ultra¬ 
violet light|. We shall now consider what conclusions may be 
drawn as to the nature of photoelectric action, by the application 

* 0. W. Richardson, Phil Mag. vol. xxin. (1912). 

t Ann. dev PMjsih, vol. xxxvi. p. 995 (1911). 

j G. Wiedmann and W. Hallwaclis, Ver. d. P. Physik. Ges. vol. xvi. p. 107 
(1914). H. Kustner, Phijs. JAeita. vol. xv. p. 68 (1914). 
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of the principles of therinod^namics and the kinetic theory of 
matter. 


Consider an enclosure maintained at the constant temperature 
T containing a material which is photoelectrically active but which 
has negligible thennionic emission. No such material may exist; 
but thiswull not vitiate the results if thermionic and photoelectric 
actions are independent, a hypothesis which we shall adopt. The 
equilibrium concentration of the electrons near the photoelectric 
material will be determined by equation (51), as we may show by 
considering the work done against a piston which is transparent to 
radiation but impervious to electrons. The number which return 
from the enclosure per unit area of the surface of the material in 
unit time is therefore given by (52). If a is the proportion of 
these which is absorbed, i.e, not reflected, it is necessary, in order 
that the conditions should be steady, that the number emitted in 
unit time should be equal to 


ctA 


■ T U 

^TTraR) ^ 


(54). 


But the number emitted is a function of the intensity or 
density of the surrounding radiation. Experiments have shown 
that for monochromatic radiation the number is almost, if not 
exactly, proportional to the intensity of the illumination and varies 
little if at all with the temperature, when the other conditions are 
constant. We may therefore assume the photoelectric emission to 
he proportional either to the density of the aetherial radiation 
present or to its rate of emission or absorption. We shall take 
the latter as being the more general. Our results can then be 
adapted to the former hypothesis by making the emissivity e equal 
to unity. If the steady energy density in the vibrations between 
V and v-^dv is L {v) dv the energy belonging to these frequencies 
which is incident on area dS in unit time is 


j^L(v)dvdcodS cos 0, 

where dco = 27r sin 0d0 and the limits are from 0 to 7 r/ 2 . Thus, if 
€ is the emissivity of the raaterial, the amount of energy of these 
frequencies which is emitted from unit area in unit time is 
ic€L(v)dp, Let us suppose that the emission or absorption of 
unit quantity of radiant energy of frequency v at temperature T 
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causes the liberation of F (z/, T) electrons. Then the total number 
of elections emitted in unit time ly the complete radiation is 


iV^= IJ eF{v,T)L{v)dv. ... .(55). 

For equilibrium (54) and (55) must be identically equal for all 
values of T. Thus if we can express L (y) as a function of v and 
T, and as a function of 1\ we shall lia\-^e an integral equation of 
which eF (y, F) is a solution. 


We see from equation (26) that ^ is approximately equal to 
where <j)Q is independent of T. Over the part of the 
spectrum we are dealing with, l(y)dv can he represented with 
great accuracy by equation (4T) of Chap. XY, or 

hv 

r X ^ 1 ^ 7 

L (y) du = Sirh — e civ. 


Thus jfcom (54) and (55) 


hv 


f eF (y, T) hv^e dv = e 
J 0 


where 


^1 = 


0x4 c- 


{2Tre)%n^R^ 


A 

HT 


.(56'b 

,(57). 


We shall assume that Ai is independent of T. This has not 
been proved, strictly speaking, as <j> is only approximately equal 
to and oc will also involve T. All that we shall claim 

for our results, therefore, is that they will represent the way 
6F(v, T) varies with the parameter ^o^ben the matter is supposed 
to satisfy certain ideal conditions which may be only approximately 
realized in practice. However, solutions could be found for other 
cases in which T'^ on the right of (56) is replaced by certain other 
functions of T. 


When Ai is constant, (56) is solved by 

eFivy T) = 0 when 0 < hv <cj)Q .(58), 

and eF (vy T) = ~ ^ when cj)Q<hv<co .. .(59). 

This solution. makes the photoelectric action of monochromatic 
light independent of T, and the emission zero when the frequency 
is below a certain critical value. These results aue both in agree¬ 
ment with experiment. 
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Now consider the average kinetic energy of the electrons 
which are emitted by light of frequency v. The total energy E 
emitted under the influence of the complete radiation at T is 
clearly 


E=^-rr E^eF{v)L(y,T)dv 
4 Jo 


.(60). 


This must be balanced by the kinetic energy returned to the 
metal by the stream of electrons, N per unit time, from outside. 
If 71 is the number of electrons per unit volume of the space 
outside, the stream of energy which reaches unit area in unit 
time is 


E'-- 


‘'2\ TT J 


‘ I I f urn + t;- + w’^) dudvdw, 

J 0 J -coJ —00 


and since h — {2RT)'‘^ and E 


I RT 


E' = 2NRT .(61). 

Of this energy let the proportion 1 —/3 be reflected; then ^ is 
the proportion which is absorbed. Thus for equilibrium 

E^^.WRT .(62). 

If we neglect the effects of reflexion, by putting a= = 1, and 
substitute the value of N given by (47), Chap, xv, making the 
same approximations as before, we obtain from (60) and (62), 

rd^E,eF{v)hv^e-^^'^(^^=^ (63). 

Jo 

Subject to 

eF {v) = 0 from = 0 to v = (jbo/A, 

A h 

and eF{v) = (1 — <j)olhp) from v — (pojh to co, 

the solution of this is 


Ey = hv — when (f}Q<hv<oo ......(64). 

For values of hv which lie between 0 and b^-s no meaning, 

as the corresponding electrons have no external existence. 

The solution (64) is dependent on the assumption that the 
reflexion of electrons can be neglected. This is equivalent to 
assuming that effects which arise from the collisions of the 
electrons may be disregarded. But if we consider this from the 
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point of vie-v^^ of tlie elecfcxons emitted under the influence of th e 
light, \VQ see that neglecting the effect of eoilisions is tantamount 
to assimiing that the only energy lost hy the electrons is used up 
in overcoming the work of the forces which tend to retain them 
in the interior of the substance. Under these circumstances the 
kinetic energy of the escaped electrons will he equal to that which 
they acquire by^ the action of the light (not necessarily’ from the 
light directly) minus the work <f> which they" have to do to escape. 
It is clear that the energy which they acquire under the influence 
of the light is hv, where 7i is Planet's constant. It evidently has 
the same value for all the electrons liberated hy light of the same 
frequency; any difference in the energy^ of the electrons emitted 
by monocbromatic light must therefore be attributed to the effect 
of collisions of the escaping electrons in the interior of the 
subs tan ce. 

We can take account of the reflexion of electrons tentativeh’ 
by putting 13 = 5a Then instead of (64) we get 

Ey {hv — (jf>o) when <p(i<hv <oo .(65). 

For small velocities of incident electrons, such as those with 
wfliich we are concerned, the proportion reflected increases with 
increasing energy. It follows that out of a mixed aggregate of 
incident electrons a greater proportion of the slow ones will be 
absorbed than of the fast ones, and that the proportion of incident 
electrons which is absorbed will be greater than the proportion of 
their incident energy which is absorbed. Thus s will be a positive 
quantity which is less than unity. 

There is no conclusive reason for denying the applicability^ of 
the type of argument given above^' to the emission of material 
particles of all kinds, whether charged or uncharged and of what¬ 
ever chemical nature, under the influence of every type of aetheriai 
radiation, provided the chemical actions are of a reversible character 
so that an equilibrium in the material part of the system can occur. 

The foregoing treatment of this subject is taken from papers 
by the writer-f. An equation resembling (64) was first given by 
Einstein]; as a consequence of- the view that the energy of light 

* Of. 0. "W. Bichardson, FMl. Wag. yol. xxvn. p. 476 (1014), 

i* Phys. Rev. vol. xsxiv. p. 146 (1912); Phil. Mag. vol. xsiv. p. 570 (1912). 

+ Ann. d. Physik, vol. xvii. p. 145 (1905). 
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Yraves vas distributed in discrete quanta. For farther deYelop- 
ments of the subject the reader may consult the follo\Ying papers:— 
Einstein, Ajm. der Phjdh, vol. XXXYII. p. 832 (1912); Journal ch 
PhyBiqiie, 1913; Planck, Sitziingsher. d. k. Preiiss, Akad. d. Wiss., 
Hath. Phjs. Kl Yol. XYin. p. 350(1913); 0. AV. Richardson, Phil 
Hag. voL xxvii. p. 476 (1914). 

3Ieasnrements of the kinetic energy of the electrons emitted 
l)y various metals under the inhnence of light of different 
frequencies, which have recently been made by the writer and 
Dr K. r. Compton^, afford considerable support to the above 
theory. Denoting the maximnm observed value of by JEm, Rud 
the mean value by these quantities were found to satisfy the 
relations 

E-hyi = km (v ~~ Vq) 

and jEJ^=h{v-Vo) 

corresponding to (64) and (65). The values of the constants found 
are given in the accompanying table : 


Metal 

Values from JB^ 

Values from Ev 


J'o 

^0 

I’m 

»'o 

^0 

kj/ 

Na.. 

51*5 

58-3 

5-2 

52 

57*7 

2‘6 

A1 . 

63 

47-7 

4*3 

73 

41*1 

26 

Mg. 

78-5 

3S-2 

6*2 

80 

37-5 

2-55 

Zn. 

80 

37*6 

5*1 

84 

35*7 

2*8 

Sn . 

83 

36*2 

4*9 

89 

33-7 

2-75 

Bi . 

91 

33 

3*55 

89 

33-7 

1‘9 

Oil. 

lOO 

30 

3*8 

97 

30-9 

1-65 

Pt . 

104 I 

28-8 

6*85 

103 

29-1 

2*8 


The units are: for Vo, lO’^sec.^^: for Nq, 10 ®cm.: and for kj^ 
and fcy, erg sec. 

According to these results s in (65) is very close to ^ for all the 
metals investigated. The values of k-m are all somewhat less than 
the radiation value & = 6'55 x 10“^ erg sec., but there are a number 
of minor causes which might give rise to this discrepancy. There 
is another way in which h maybe estimated from these observations 
the least frequency which will give rise to any photoelectric 
emission, is equal to <|>o/A. If we may assume that has the 
same value as in the thermionic emission and that it is correctly 
* Phil, Mag. vol. xsiv. p. 575 (1912). 
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given by the measurements of the latter eifect ■which have been 
made, we can evaluate li from (^o RRd Vq, A number of observers 
have found values of for the thermionic emission from platiiiuiii 
in the neighbourhood of 8’32 x 10“^- erg. Whence 

h = (j)Qlvo = 8’07 X 10“^ erg sec. 

Thus this method of evaluating h leads to numbers which are 
about as much above the radiation value as the others are below 
it. From the experimental values of Vq the corresponding values 
of (f)Q can be calculated. The differences of for different metals 
are found to agree fairly closely with e times the corresponding 
contact differences of potential. This is in agreement -with the 
theory of contact electromotive force which has already been given. 

The linear relation between Em and v has been verified inde¬ 
pendently by A. LL Hughes* whose values of km exhibit a fair 
concordance with most of those given in the preceding table. 
Similar experiments leading to a much closer agreement between 
the constant and the radiation value of h have recently been 
made by Kadesch-]* and Millikan t. The first measurements of the 
energy of the electrons emitted under the influence of ultra-violet- 
light were made by Lenard§. 

These results must be considered as confirmatory of the 
validity of Planck’s radiation formula. 

A number of interesting theories of metallic conduction have 
recently appeared which differ in radical points from those 'we 
have considered in this and the preceding chapter. These theories 
will he found described by their authors in the following papers:— 
Keesom, Comm. Leiden Phys. Lab, ISTos. 30 and 32 (1913), cf. 
O. W. Richardson, Phil. Mag. vol. XNViii. p. 633 (1914); Wien, 
Berlin Sitz. Ber. p. 184 (1913), Columbia University Lectures 
(1913); J. J. Thomson, Phil. Mag. vol. xxx. p. 192 (1915), cf. 
O. W. Richardson, Phil. Mag. vol. xxx. p. 295 (1915); Stark, 
Jahrbuch der Pad w. Elek. vol. ix. p. 188 (1912); Lindemann, 
Mag. vol. xxix. p. 127 (1915). 

* Fhil. Trans. A, vol. ccxn. p. 205 (1912), 
t Thys. Rev. vol. in. pp.'63, 367 (1914). 

X Rhys. Rev. vol. rv. p. 73 (1914). 

§ Anti, der RhysiJc, vol. viii. p. 169 (1902). 













CHAPTER XIX 

TYPES OF PcADIATION 

In recent years the number of different kinds of radiation with 
which we have become familiar has been greatly extended. This 
is especially the case if the expression radiation is made to include 
any invisible form of energy which originates at a material source 
and is capable of travelling through empty space at a very high 
speed. We shall adopt this extension of the term for the present, 
as it is convenient for the immediate purpose of our discussion. 

To classify the different radiations it is desirable to place them 
in the following groups : 

(A) Material and electrically charged. 

(B) Material and uncharged. 

(C) Aetherial. 

To determine whether a given radiation falls in group (A) or 
not is usually a comparatively simple matter. The rays are bundles 
of electrified particles in rapid motion. They will therefore behave 
like an electric current flowing in a flexible conductor and thus be 
deflected in a magnetic field. The direction of the deflexion enables 
the sign of the charge which the particles carry to be determined. 
Another method is to receive a beam of the radiation in an elec¬ 
trically shielded and insulated conducting cylinder. The cylinder 
will then charge up with electricity of the same sign as that carried 
by the particles which constitute the radiation. This method, 
though more direct, is often less easy of practical application than 
the method which makes use of the magnetic deflexion. 

To distinguish between groups (B) and (G) may be extremely 
difficult. In the Ciise of radiations whose frequencies lie within 
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or close to the range covered by the visible spectrum the occur¬ 
rence of interference, diffraction, refraction and dispersion is taken 
to indicate that they are aetherial; since it is only on the theory 
of waves propagated in a continuous medium that the phenomena 
enumerated have received an adequate explanation. On the other 
hand if the frequency of the waves were very great it might be 
extremely difficult, if not impossible, to detect these efrects; so 
that this criterion would not necessarily he available. 

Rather recently W. H. Bragg* has suggested a different method 
of distinguishing between aetherial and uncharged material rays. 
The distinction depends upon the geometrical distribution of the 
seoondcury rays which arise when the primary mys tail on matter. 
Recent investigations have shown that these secondarj* rays may 
differ greatly in character according to circumstances. Generally 
sj)eaking, their nature is determined partly by that of the primary 
radiation and partly by that of the matter on which it impinges. 
It often happens that the impact of a simple primary radiation on 
a chemically simple substance will cause the simultaneous emission 
of more than one type of secondary radiation. The different types 
of radiation which may thus arise will be considered more fully 
below. For the present it is only necessary to realize that the 
secondary rays in general consist partly of negatively charged 
particles (electronic or /5 type) and partly of rays wffiich are similar 
in their properties to Roentgen rays (X type). 

Xow consider the emission of yS secondary rays which occurs 
when a beam of X primary rays impinges normally on a slab of 
absorbing matter of indefinite thinness. The number of rays 
emitted from the side of the slab on which the primarj^ rays are 
incident would be expected to be smaller than the number emitted 
on the emergent side, if the X rays are uncharged material parfcicles. 
For, in this case, the emitted electrons will be either those which 
were originally present in the slab and which are knocked out of 
it by the moving uncharged particles; or they will consist of those 
of the moving uncharged material particles which have lost a 
positively charged constituent by collision with the atoms of the 
slab. In either event the average value of the component of 
velocity of the emitted electrons along the normal to the surface 
will not be zero and will he in the direction of the incident radiation. 

* NaturCf yoI. lxxvii. p. 270, Jan. 23 (1908); PhiL Mag. vol. xvi. p. 918 (1908). 
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There will tlierGfor© be a. groatGr miinber of /3 rays Gmitted from 
the emergent tlian from the incidenfc side of the slab. 

O 

At first sight it appears that this difference ought not to be 
found if the incident radiation consists of aetherial pulses similar 
to those -which, as we have seen in Chap, xii, are emitted when 
a charged bod^ is accelerated. Under these circumstances the 
natural view of the emission would seem to be that the electrons 
present in the slab receive an impulse from the electric intensity 
in the passing pulse. Now the electric intensity is always normal 
to the direction of propagation of the pulse and thus lies in the 
plane of the slab. From this point of -view there is nothing to 
favour one side of the slab rather than the other, so that the 
emission of electrons slio-uld be the same on the incident as on 
the emergent side. 

The distribution of the secondary jS emission produced by the 
7 and Roentgen rays has heen examined experimentally by Fragg 
and others. In every case it has been found that there is a larger 
emission from the emergent side of a thin plate than from uhe 
incident side. These results have led Bragg to maintain that 
the y and Roentgen rays consist of uncharged material particles 
and are not ‘'aetherkr’ pulses. It -was shown first of all by 
0. Stiihlmann^, and about the same time, independently, by 
E. D. Xleeman'f*, that a similar lack of symmetry occurs in the 
emission of electrons from thin plates when illuminated by the 
ultra-violet light h:om the arc. It thus appears that Bragg’s 
criterion leads ^to the view that light, as well as the radiations 
previously enumerated, consists of neutral material particles. 

Under the circumstances it is desirable to reconsider the 
position. One of the chief difficulties lies in the fact that we 
have no adequate theory of the mechanism of the absorption of 
light and similar radiations leading to the emission of electrons. 
The view 'which imagines the kinetic energy of the electrons to 
be derived from the work done by the electric intensity in the 
pulse, as it passes over them, leads to values of the kinetic energy 
which are far smaller than those observed experimentally. Thus 
the occiiiTence of asymmetrical emission is not the only difficulty 

* Natun^ May 12 (1910); FhiU Mag. vol. xx. p. 331 (1910), vol. xsii. p. 854 

(1911). 

t NtUitre, May 19 (1910); Eoi/. Sot. Proc. A., toI. lxxxit. (1910). 
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experienced by this simple theory. In this connection it is ivortii 
Awhile to point out that the simple theory does lead to a slight 
excess of emergent emission owing to the deflexion of the moving 
electrons caused by the magnetic force in the aetherial pulse. Tlii> 
deflexion, ho^rever, is far too small to produce the observed effects 
if the force in the pulse is supposed to be distributed 
in the usual way. On the other hand the application of thermo¬ 
dynamic and statistical principles to the study of thermal radiatioii 
and photoelectric action led us to the view' that when radiant 
energy causes the disruption of an electron from a material system, 
the electron acq[iiires an amount kv of energy, where A = 6*55 x 1D“-- 
erg sec. and p is the ff'equency of the radiation. This value is in 
good accord with experiment, although for any moderate value of 
V the amount of energy kv is much greater than that which we 
should expect the electron to acquire, on the simple view dis¬ 
cussed above, from the direct action of the pulses. It seems 
fairly clear either that the (electromagnetic) constitution which 
we have assumed for the radiation is at fault or the mecliaiiisiri 
of the process of absorption is dififerent from what we have 
supposed. 

In view of the latter possibility it is very desirable to see i f 
we cannot find out anything about the magnitude of the Bragg 
and Stuhlmann effects to be expected from aetherial radiations, 
without making any definite assumption abont the way in which 
the radiation is absorbed, but keeping to thevedneliv of the energy 
acquired by the disrupted electrons, which, as we have seen, is 
confirmed by experiments on photoelectric action and by the 
theory of heat radiation. Consider again the case of aetherial 
radiation incident normally on a thin slab of absorbing material. 
In general, absorption may occur through the operation of processes 
of very different nature, for example, conduction as opposed to 
accumulation by relatively fixed and stable arrangements ; but we 
shall suppose that the only type of absorption which we need^tc 
consider in our slab is that which results finally in the disruption 
of electrons from material systems. We shall fix our attention on 
the state of things which exists after the slab has been illuminated 
for a sufficiently long time so that there is no further accumulaticm, 
in the slab, of energy abstracted from the incident beam. Under 
these circumstances the energy absorbed from the incident radiation 
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vill appear, at any rate m the first instance, as the kinetic energy 
hv which the disrupted electrons possess at the instant of disruption. 
Thus if there are N of them disrupted in unit time the energy 
absorbed from the radiation is Nhv. It is important to obserre 
that the energy of the electrons which we have to consider here 
is that which they possess before, not after, they are emitted from 
the slab. 

But energy is not the only physical quantity of which the 
incident beam suffers depletion. We have seen in Chap. X, p. 211, 
that when a material system similar to that under consideration 
absorbs an amount E of aetherial energy an amount of momentum 
Ejo disappears from the aether. In the present case this momentum 
must be communicated to the slab and the electrons it contains, 
in order to satisfy the law of action and reaction. How according 
to the electron theory the action of the radiation is on the electrons; 
so that this momentum is communicated to them in the first 
instance, and such of it as is ultimately received hy the slab of 
matter only reaches it indirectly through d}mamical actions of the 
nature of collisions. We shall therefore assume that the electrons 
receive momentum as well as energy from the incident radiation 
previous to the occurrence of disruption; although we do not know 
the precise nature of any process which will communicate an appre¬ 
ciable amount either of momentum or energy from a peiiodic 
aetherial disturbance to them. Now consider the accumulation, in 
any small interval of time, of momentum by the electrons in the 
slab. The increase of momentum of the slab and contained electrons 
is due to (1) the momentum of electrons which come into the 
system, (2) the momentum, reckoned negatively, of the disrupted 
electrons, and (8) the momentum accumulated during the interval 
hy the electrons present in it. Since the state of the electrons 
instantaneously present in the slab is steady, by hypothesis, it 
follows that the difference of (1) and (2) is equal to (3). When (1) 
is zero, (3) is the momentum derived from the radiation. It follows 
that the momentum which is acquired by all the absorbing electrons 
from the radiation, is exactly equal to the momentum of the dis¬ 
rupted electrons at the moment of disruption. But since the energy 
absorbed is Nhv the value of the former amount of momentum is 
Mhpjc. If n is the average component of velocity of the dis¬ 
rupted electrons, in the direction of incidence of the radiation^ an 
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alternative expression for the momentum of the N electrons is 

Nmu. Thus u — ——~ . (li 

_ me 2 c . 

if V- is the average value of the square of their velocity at the 

instant of disruption. 

As {v^)^ approaches c, u approaches so that for those 

radiations which give rise to the emission of very high speed ^ ravs 
there will he a very marked preponderance in the emergent direc¬ 
tion. In the case of ultra-violet light, however, for which v is 
equal to about 10 ^®, the ratio of u to is only about 1 : 500. Tlie 
effects indicated by these calculations are of the order of magni¬ 
tude of those found by Bragg with 7 and X rays; but with light 
the calculated effects are much smaller than the experimental 
However, Partzsch and Hallwachs* have shown that the effects 
observed by Stuhlmann can be attributed to a difference in the 
absorption of the light by the thin films according to the side of 
incidence; so that it is not certain that the differential emission 
caused by ordinary light has yet been observed. 

It thus appears that the results obtained by Bragg and 
Stuhlmann may be accounted for without supposing the primary 
radiations which exhibit them to be of a material nature. There 
does not therefore appear to be any simple criterion -which will 
invariably enable us to distinguish between aetherial and neutral 
material radiations. In fact there does not seem to be any 
convincing evidence of the existence of any radiations which 
belong to group (B), so that as a working hypothesis it seems 
most reasonable to classify as aetherial all those radiations vrhich 
do not belong to group (A). This conclusion is fully substantiated 
by recent experimental discoveries which have shown that X rays 
under suitable conditions can exhibit the phenomena of reflexion, 
diffraction and interference (cf. p. 609). 

The nomenclature which is currently employed in describing 
these radiations is very confusing, as it is not based on any definite 
system. Thus in different contexts radiations may be differently 
named, either according to their mode of origin or according to 
what is believed to be their nature, or according to the effects 
which they produce. In this way it often happens that radiations, 
which we have every reason for believing to be identical in nature. 


B n. T. 


* Amu der Fhys, vol. xll p. 247 (1913). 
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have entirely different naaies depending on more or less fortuitous 
circumstances. Thus a high speed negative electron is called 
a ^ ray if it originates in a radioactive substance, a cathode or 
Leiiard ray if it is produced in a vacuum tube, a secondary 
Eoentgen ray if it is produced by the impact of the Roentgen 
rays on a solid obstacle, and so on. As it is not our purpose to 
describe the properties of all the different kinds of radiation in 
detail ^Ye shall extend the scope of the term /3 ray so as to cover 
any negatively charged material ray. In the same way we shall 
call a positively charged material ray an a ray, although this term 
also is usually applied only to those rays which originate with 
radioactive substances. The uncharged, and presumably aetlierial, 
radiations will be referred to as X rays. We shall use the term 
7 rays fox these when they originate from radioactive substances 
and Eoentgen rays when they are produced in vacuum tubes. 
Eor a detailed account of the properties of these radiations the 
reader may be referred to the following authorities : J. J. Thomson, 
Conduction of Electricity through Gases, Chaps. XI, xii, XIX and XX; 
Eutherford, Radioactivity, jmssim. 

The difference between a and /3 rays is not merely one of sign. 
In all cases the specific charge (e/771) has been found to be of a 
different order of magnitude. For the /3 rays e/m alway^s has the 
large value which corresponds to electrons, whereas for a rays e/yyi is 
always of the same order as the corresponding quantity in. electro¬ 
lysis. As all the evidence points to the charge e being either 
equal to, or a small multiple of, the elementary electronic charge 
in all these cases, it follows that the a rays consist of atoms or 
molecules which have lost one or more negative electrons. Their 
properties do not furnish any evidence that we have succeeded 
in isolating any fundamental positively charged electrical atom 
which would correspond to the negative electron, unless it be the 
hydrogen atom which has lost a negative electron. 

The most convenient test for the presence of the various types 
of radiation under consideration is that furnished by the pro¬ 
duction of electrical decomposition (ionization). Thus the passage 
of the rays through an insulating gas imparts to it the property 
of electrical conductivity. The amount of this ionization is often 
taken to be a quantitative measure of the energy absorbed from 
the rays. In the case of the X radiations this , has proved to he 
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the only method of estimating the energy which is arailahlt^ 
except in rare cases, although with the a and radiations more 
direct methods can usually be employed. The other tests for 
radiations, in addition to the production of ionization, such as the 
excitation of fluorescence, photo-chemical action, etc., are probabiv 
secondary and depend on electrical decomposition, or at any rate 
disruption, in the first instance. 

The Aether Pulse Theory of the Roentgen Rays. 

The suggestion that the Roentgen rays are pulses in the 
aether, \vhich are produced when the cathode rays are stoppl'd 
by the walls of the tube or other material obstacle, was first made 
by E. Wiechert* * * § ' and Sir G. G. Stokes f. A view, which is really 
equivalent to this, that these rays are transverse aetherial vibra¬ 
tions of exceedingly short wave-length, had previously been put 
forward by Schuster J and others. The consequences of the aether 
pulse theory have been worked out by various physicists, including 
J. J. Thomson §, Abraham || and Sommerfeld^ 

We have already seen in Chap, xii that when an electricall}’ 
charged body or electron- is accelerated or retarded, an electro¬ 
magnetic pulse spreads out in all directions with the velocity 
of light. In accordance with equation (11) of Chap, xii the total 
amount of energy in the whole pulse remains constant as it spreads 
outwards, so that the amount falling on unit area varies inversely 
as the square of the distance from the source. We also saw- that 
at any point of the pulse the electric and magnetic intensities are 
equal and mutually perpendicular. They are also at right angles 
to the direction of propagation. The thickness of a pulse pro¬ 
duced by stopping a particle which moves with a given velocity 
is gi'eater the smaller the acceleration, whilst, at the same time, 
the energy present in the pulse is less. On this view the main 
difference between the X rays and thermal radiation or white 

* Ann. der Phys. vol. mx. p. 321 (1896). 

t Nature, p. 427, Sept. 3 (1896); Mem. Manchester Lit. and Phil. Soc. vol. sli. 
(1896). 

X Nature, p. 268, Jan. 23 (1896). 

§ Phil. Mag. vol. XLV. (1898). 

II Theorie der Elektrizitdt, n. Chap, ii., Leipzig (1905). 

IF Sitziingsher. der Kon. Bayeriseh. Akad., Math. Phys. Kl., Jahrg. 1911, p. 1. 
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light is due to the fact that the X rays originate from particles 
which move -with much greater speeds. These high speeds enable 
the electrons to penetrate right into the interior of the atoms, where 
they are subject to fields of force much more intense than those 
to which the slow moving electrons are exposed. Thus in the 
X ray pulses the forces are both more intense and also change more 
sharply than those in the light waves. Since, in both cases, the 
aetherial disturbances are quite irregular, the X rays, on this view, 
evidently correspond to light waves of high average frequency. 

Many of the salient differences between X rays and light may 
at once he accounted for by these considerations. The absence of 
diffraction,interference and refraction under ordinary circumstances 
is an immediate consequence of the extremely high frequency of 
the vibrations to be expected. jX evertheless the pulse theory can 
at most only account for the origin of part of the radiation from 
an ordinary X-ray tube. For, as we shall see later, recent investi¬ 
gations have shown that such radiations consist largely of mono¬ 
chromatic wave trains similar to the ordinary spectral lines hut of 
enormously higher fi'equency. These can be accounted for, in a 
similar way to the explanation of ordinary spectral lines now 
current, as a consequence of the return to the normal state, of an 
atom from which a deep-seated electron has been dislodged^ (c£ 
Bohr’s theory at the end of Chap. xxi). 

There is one peculiarity of the aether pulse theory which 
deserves further consideration. By means of Poynting’s theorem 
and the expressions for the electric and magnetic vectors found in 
Chap. XII we can write down the density of the stream of energy 
in different directions from the accelerated electron. In the 
simplest casef, when the acceleration T is in the same straight 
line as the velocity v (= )8o), the energy radiated across unit area 
at a point distant r from the accelerated particle, where r makes 
an angle X with the direction of v, is 


sin^X 

ICTT^c^r^ (I— jS cos xy 


( 2 ). 


In this expression T and are the values of those quantities at 
the instant when the radiation left the accelerated particle, and 
therefore at a time t^rfc previous to that at which it reaches the 


* Cl J. J. Thomson, FML Mag. toI. xxin. p. 456 (1012). 
t Cf. Sommerfeld, loc. cit. 




TYPES OF RA.DIATIOI^ 


#S5 


point under consideration. We see from (2) tliat when 

X = 0 or 77 , so that there is no K radiation along tlie axis 
motion. If /S is small the maxiimim of E' occurs when A = w 2, 
so that the maximum radiatioa is in the eq_uatorial plane. This is 
no longer the case when ^ becomes comparable with unity, i.e. 
when the velocity of the electron becomes coniparahle with that 
of light. In fact as j8 approaches 1 the value of X for which E' 
is a maximum approaches zero, so that the resulting X rays all lie 
in an infinitely narrow hollow cone about the original axis of 
motion. Some recent experiments hy J. A. Gray^ on the X (or y) 
rays which are produced when ^ rays are stopped by matter, 
show in a convincing manner that the intensity of the resiiliing 
X radiation is much greater in the forward than in the backward 
direction of the /3 rays. Similar phenomena in the production 
of X rays by the stoppage of cathode rays had previously been 
observed by Xaye*]*. Gray concludes that the asynitnetry which 
he has observed is too large to he accounted for by the aether pulse 
theory of the production of X rays. 


The Scatterings of X Eays, 


A simple theory of the scattering of X rays by matter has been 
given by Sir J. J, ThomsonWhen matter is traversed by an 
aether pulse, the electrons in the former will be accelerated by the 
electric intensity in the latter. Consider the case in which matter 
is traversed hy a plane pulse in which the electric intensity is 
imagined to be parallel to the axis of a;. Let the direction of 
propagation of this '^primary"’ pnlse he along the axis of i*, and 
let X denote the value of the electric intensity in it. When the 
primary pnlse passes over an electron the latter will be subject to 

aa accelerafcioa T=^. If ve suppose the initial velocity of the 

electron to he negligible compared with that communicated to it 
by the pnlse, we can put sin e = e = 0 in equation (11) of Chap. xii. 
Thus the energy radiated hy the electron in time it whilst the 
primary pulse is passing over it is 


ciF= 


^X^ dt 

67r'm^c®(l 


(3). 


* Hoy. Soc. JProc. vol. lxxxti. p. 513 (1912). 

*1* Cantb. Phil. Proc. vol. xv. p. 239 (1909). 

^ Conduction of E lectf'icity through (J-am, Second Edition, ^p. 321. 
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This result will only be true provided Xe is large compared with 
the forces called into play by the resulting displacement of the 
electron from its original position of eq[uilibiium. The linaitations 
thus introduced will he considered below. The energy radiated 
by the electron during the complete passage of the pulse is 



where the integrals are extended over the time of passage. It is 
probable that, except in the case of Yerj penetrating radiations, 
we shall not be led into serious error if we neglect compared 


with unity. Thus 


X-di _ pd _ IF 


( 5 ), 


where = is the energy in unit volume of the 

primary pulse and d is its thickness. If X is the number of 
electrons in unit volume of the matter, and if the primary pulse 
only loses energy in this wa^^, the energy — S IF which is lost by 
the primary pulse in travelling a distance S-s; is given by 

SW=S(Fd)=:-^J^WS^ .(6). 

bTrm-c-^ ^ ' 


Thus the relation between the energy IF of unit area of the pulse 
and the distance z traversed in the matter is 


If = IFoC 

if TFo is the value of IF when ^ = 0. 


( 7 ) 


On the theory that we are considering, the thickness of a 
primary pulse is clearly equal to the distance traversed by an 
electromagnetic disturbance in the time during which the accele¬ 
ration of the emitting electron is appreciable. This time will be 
determined hy two factors: (1) the velocity of the moving electron 
relative to the retarding atom, and (2) the geometrical distribution 
of the field of force, inside the atom, which produces the accelera¬ 
tion. The velocity of the moving electrons is always large and 
has the value c of the radiation velocity as an upper limit. The 
linear dimensions of the fields of force will depend upon the 
constitution of the atom, hut will be comparable with the distance 
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between tlie electrons which are present in the latter. As wt,- 
shall see later, there are good reasons for helieving that the lotal 
number of electrons present in the utom is nearly proportional no 
and coniparahle with the atomic w-eight: so that the distance 
between them will he comparable with, but somewhat siiialler 
than, the diameter of an atom. We should therefore ex|?eet 
that the very penetrating pulses which are produced hr the 
stoppage of very rapidly moving electrons by heavy atoms Wi.ulfj 
have a thickness of the order of 10~» cm. If the stoppage lor 
acceleration) is produced by light atoms the thickness ijf the 
pulses might he ten times as great with electrons moving* at 
the same speed. With slow moving electrons the pulses in each 
case will be correspondingly thicker, since, other factors beimr 
eq[ual, the thickness varies inversely as the speed of the electron. 
We shall see later that values similar to those above for the wave¬ 
lengths of the monochromatic X-radiations are given by the quite 
different theory referred to on p. 4?84 

When very penetrating X radiations fall on light atoms there 
is every reason to believe that the pulses are so thin and the 
electric intensity in them so large that the forces called into play 
hy the resulting displacement of the constitutive electrons of the 
matter are relatively small. We should therefore expect the tlieory 
which leads to equation (T) to hold in such cases. Under tht* 
same circumstances the thickness of the secondary pulses will be 
almost the same as that of the primary pulses. For the thickness 
of the secondary pulse is equal to the distance travelled by 
radiation during the time taken by the primary pulse to piss 
over an electron. But the diameter of an electron is only aboni 
cm. and is therefore practically negligible compared with tie 
thickness even of a very penetrating pnlse. It follow^s that tie 
thicknesses of both the primar 3 ^ and secondary pulses are the same 
under these conditions and we should therefore expect them to 
exhibit very similar properties. In confirmation of this result 
Barkla has found that the '' scattered ” secondary Roentgen rays, 
which are produced when penetrating primary Roentgen lays pass 
over substances made up of light atoms, have the same absorption 
coefficient as the primary rays, whatever the chemical nature of 
the matter in. which they originate. 
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For such rays, according to equation (7), the coefficient of 
scattering is jW/67r??i“C^ Since e, m and c are independent of 
the nature of the matter, the coefficient of scattering for different 
types of matter made up only of light atoms should be pro¬ 
portional to N, the number of electrons in unit volume. In the 
case of air Barkla foimd that the energy, measured by the 
ionization produced, of the scattered radiation from 1 cubic centi¬ 
metre is equal to 0-00025 of that of the primary radiation passing 
through it. Thus, for this substance, 

= 0*00025. 

Since ^/2 Vtt = 4*81 x 10“^®, ej^ ^irmc =-1*77 x 10'^ and 
c = 3 X 10^®, X 5*95. 

But if ?i is the number of molecules in 1 c.c. of air, the results 
of electrolytic experiments show that = 2 a/ttc x 0*4327. Whence 
iV'/ii = 14 Thus the number of electrons divided by the number 
of molecules is about half the molecular weight. Since the absorp¬ 
tion of penetrating X rays by light atoms depends only on the 
quantity of matter traversed and not on its chemical nature, we 
are led to the further conclusion that the atomic weights of the 
different elements are proportional to the number of electrons 
their atoms contain. Combining the two inferences, it follows 
that the number of electrons present in the atoms of different 
elements is a common submultiple of their atomic weights. This 
conclusion we shall find to be supported by other lines of reasoning 
(see pp. 490—496). 

Folarization of X Rays, 

By making use of the properties of the scattered X radiation 
it is possible to show that Roentgen rays possess features analogous 
to the polarization exhibited by light and other electromagnetic 
waves. The existenqe of this polarization was first demonstrated 
by Barkla* and his results have since been confirmed by a number 
of other observers. The principle of these experiments is as 
follows: Let AB be the direction of the cathode stream in the 
tube in which the Roentgen rays originate. The cathode rays are 
stopped by the anticathode at B. Let the Roentgen rays which 
travel in the direction BG, which is normal to ABj pass through 

* Phil. Traju, A, vol. cciv. p. 467 (1905). 
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matter consisting of light atoms at G and thus give rise 
scattered” X rays. Now it is probahie that the cathode rays are 
not stopped by a single impact at B so that their motion will 
become irregular before they cease to cause the emission of 
Eoentgen rays. We should, however, expect the most pe not rating 
rays to arise when the cathode rays are moving at their greatest 
speed, that is to say, before they have been deflected by many 
encounters. The main features of the penetrating rays will there¬ 
fore be determined by the properties of pulses emitted during the 
acceleration of electrons moving in the direction AB. Let CE be 
a line parallel to X5 in the plane of ABG and let CJ) be per¬ 
pendicular to EC, CB and BA. The acceleration at B of an 
electron whose velocity is along AB will give rise to an element 
of pulse travelling along BG in which the electric intensity is 
parallel to GE and the magnetic intensity is parallel to CD. If 
this pulse falls on an electron at G, the latter will be subject to an 
acceleration along GE. If we assume the electron to be at rest 
initially, the secondary pulse will have zero intensity along the 
axis CE and its maximum intensity in the equatorial plane 
through G Avhich contains CD and BO. If the cathode rays were 
stopped by the first encounter at B the secondary rays would have 
zero intensity along the polar axis GE and a maximum intensity 
at points in the equatorial plane through G. If the primary tube 
were rotated so that AB became parallel to OD, the secondary 
rays would fall to zero in the direction of CD, and GE would 
become one of the directions of maximum • intensity. Since the 
electrons are believed to be only partially stopped by a single 
collision the intensity of the secondary rays will never drop to zero. 
We shall only be able to observe a minimum value in the directions 
indicated as compared wuth the maximum value in the perpen¬ 
dicular plane. 



The observations alluded to are in satisfactory accordance with 
the theory just outlined. The maximum difference of intensity 
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The Scattering of a and ^ Rays ly Matter. 

When these veiy rapidly moving particles traverse matter it 
seems fairly certain that they pass through the interior of the 
atoms and not simply through the space between them. For 
instance, it is found that when a pencil of a rays is made to 
pass through sufiSciently thin sheets of solid substances, only a 
small fraction of them are either deflected through appreciable 
angles or stopped, whereas a calculation based on the fairly con¬ 
cordant values of the dimensions of molecules given by various 
inetliods shows that the chance of a particle passing through such 
a sheet without colliding with a molecule is excessively slight. 

A-dmitting that the moving charged particles pass through the 
interior of the atoms, in many eases without sensible deflexion, it 
follows that such deflexions as occur must arise from encounters 
with systems forming part of the atom rather than with the atom 
as a whole. We should therefore expect that a study of .the 
scattering of pencils of these particles which results from their 
transmission through matter would afford valuable indications 
toward a knowledge of the structure of the atoms of the latter; 
although it is possible that the effects to be expected might not 
be very dissimilar even if widely different views of the structure 
of the atoms were adopted. The problem has been considered 
theoretically by both Thomson^ and Rutherfordf, who have 
adopted rather divergent views both as to atomic structure and as 
to the nature of the deflexions. Let ns consider Thomson s treat¬ 
ment first. 

Thomson considers the atoms through which the .charged 
particles pass to he made up of negative ele<!itrons accompanied 
by an equal quantity of positive electricity. The deflexion of a 
moving negative electron, for example, will then arise from two 
causes: (1) the repulsion of the electrons distributed through the 
atom, and (2) the attraction of the positive electricity. In regard 
to (2) two cases are considered: (1) the positive electricity is 

* Cavib, JPhil. JProc, vol. xv. p. 465 (1910). 
t FhiL Mag. vol. xxi. p. 669 (1911). 
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distributed with uniform volume density throughout a sphere 
whose volume is equal to that of the atom (see Chap, xxi), and 
( 2 ) it is divided into separate equal units, as to which it is con¬ 
sidered probable that they occupy a much larger volume than that 
occupied by an electron. 

The deflexion of an individual electron due to its passage 
through a single atom will depend on the manner in which the 
atom is approached, but the average value of this deflexion taken 
over a large number of encounters will be a definite quantity 0, 
If we consider a suflSciently large number of consecutive deflexions 
it is probable that no serious error will be introduced if they are 
all treated as equal to the mean value 0. It is to be remembered 
that the direction of any individual deflexion is a matter of chance 
and its magnitude is very small. By considering the resolution of 
any large number n of such deflexions 0 along any two perpen¬ 
dicular axes in a plane at right angles to the original motion, it 
is evident that the problem of finding the average effect of the 
n deflexions is the same as that of finding the average amplitude 
of the resultant of n vibrations, the amplitude of each of which 
is 6 and the phase of each of which is entirely fortuitous. This 
problem has been solved by Lord Rayleigh* who has shown that 
the average resultant amplitude is 

.( 8 ). 

It follows that if the rays pass through a plate of thickness t, 
containing N" atoms, of radius h, per unit volume, the average 
deflexion which they experience is 6Nirlrt. The problem is 
thus reduced to the determination of the value of 9. 

The part 6i of 6 which arises from deflexions caused by the 
negative electrons can be found by means of the theory of particles 
moving under central forces which vary inversely as the square of 
the distance i*. When the velocity V of the /3 particles is so large 
that the resulting deflexion is small, the deflexion produced by a 

2g2 1 

single encounter is —777 -, where oc is the perpendicular distance 

between the electron encountered and the undeflected path. The 
average value of this for all the electrons which lie within a 

* Theory of Sound, Second Edition, vol. i. p. 35, 
f Eouth, Dynamics of a Particle, Cambridge, 1898, Chap. Yi. 
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distance a of the line of motion is 7 " • If ? is tlie ayerage 

7/A V uj 

length of the path of the moving particle which lies inside the 

atom, if the electrons are uniformly distributed in the atom and if 

there are v of them per unit voliinrje of the latter, the number of 

collisions with electrons which lie within a distance a is virdH. 

If we suppose for the moment that the negative electrons are alone 

operative and consider any very large number <r of encounters 

with atoms the average total deviation would be 

1 ,-Tr 4^2 J - J- 

—^ - worv'ira% = — ^yorvTTb. 
ct mV- 

Since this must he times the effect of a single encounter the 
effect of the latter is 


4e- ,—- 16 ^ 1 hi 


2 


.(9). 


substituting where h is the radius of an atom. 

If (^1 is the average deflexion due to the sphere of positive 
electrification the theory of central forces shows that this is 
given hy 

b 4 .. 


provided <^i is small When the positive electricity is made up of 
definite units the mean deflexion <f >2 due to these is given by 


. 


where r is the ratio of the volume occupied by the positive 
electricity to the volume of the atom. 

Thus, according as we adopt the first or second hypothesis as 
to the geometrical configuration of the positive electricity, the 
value of 6 will be given by the equations 


9 = or .(12), 

and the average deflexion in passing through a thin plate of 
thickness t will he given either 


e“ f384 


16 




OT 


- (l -1) -»]f...(11), 


s/Nirt .(13), 
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As the only iinknowii quantities on tlie right-hand sides of 1 13) 
and (14) are A"o and r, if the equcitions are supported hy experi¬ 
ment they’ ought to enable us to determine the value of Ah the 
number of electrons in the atom. 

The extent to ^vhich these equations are in accordance with 
the observed scattering of rays wien they pass through thin 
sheets of various solids has been examined by Crowther*. If ijr 
is any particular angle of deflexion it follows from the theoiy 
of errors that the probability of a deflexion greater than is 
Thus from (8) the thickness to for which this probability 
is ^ will be given by 

_ I ..(15), 

or ^v/(clog2).(16), 

where c is a constant for any particular substance. The probability 
that the deflexion is less than is equal to 1 — that is to 

.(17) 

where k is constant for any particular substance;, if t/t is kept 
constant. From (8) and (16) 

X V^log 2 .(IS), 

and from either (13) or (14) 

= const. X ^ .(19), 

where the absorbing medium is kept tbe same and the velocity of 
the incident rays is varied. When ^ is also kept constant 

m V^/to^ = constant . (20). 

The method of investigation adopted by Crowther was to 
measure the proportion of the incident ^ rays whose deflexions 
were less than a fixed value when they passed through ab¬ 
sorbing sheets of dijfferent materials and when the thickness of 
fehe sheets and the velocity of the rays were varied. In this way 
he has been able to confirm equations (15), (17) and (20) using 
aluminium sheets, and equation (16) with platiniim sheets also. 

The value of enables Wo to be calculated from (13) and (14). 
In reducing (14) t is assumed equal to zero, hut it is showm that 

* JRoy, Soc, Proc. L, vol. ixjxiv. p. 226 (1910). 
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the value assumed for t cannot affect the results vitally. If (13) 
is taken, is found to he proportional to the atomic weight W 
of the elements C, Al, Co, Ag and Pt, tlie value of N.fW varying 
only between 2*87 and 3*32. This variation is comparable with 
the error of measurement. If (14) is taken, ranges from 

3*7 for carbon to 33*5 for platinum. Since the scattering of X rays 
by matter leads to the conclusion that the number of electrons per 
atom is proportional to the atomic weight, the hypothesis under¬ 
lying (14) is discarded and the experiments are taken to establish 
the view that the positive electricity is uniformly distributed. 
Subject to this hypothesis the results show that the number of 
electrons present in any atom is equal to three times the atomic 
weight, within the limits of accuracy of the measurements. Al¬ 
though this estimate is considerably higher than that given by 
the scattering of Roentgen rays by light atoms it is of the same 
order of magnitude. 

Rutherford’s treatment of the scattering differs from Thomson’s 
in two important particulars. He attributes the main features of 
the scattering of the particles when they pass through thin layers 
of matter to the effects of single encounters (single scattering) 
and not to the chance combination of a multitude of excessively 
minute deflexions. This is the most radical difference in so far as 
the method of calculation is concerned. It is supported by the 
experiments of Geiger^ and others on the scattering of cl rays 
produced by thin sheets of matter. These experiments have 
shown that the proportion of a particles which are scattered 
through large angles is very much larger than that which would 
be expected as the cumulative effect of a multitude of small de- 
fiexions. The other difference is in the hypothetical constitution 
of the atom which is adopted. This is imagined to consist of a 
central point charge ± N^e surrounded hy a sphere, of uniformly 
distributed electrification equal altogether to + N^^e. The assump¬ 
tion of a large central charge is shown to be required to account 
for the large individual deflexions. 

The probability of a single deflexion greater than a given 
angle is clearly determined, making use of the theory of central 

* G-eiger and Marsden, Roy. Soe. Free. A, vol. dzxxii. p. 495 (1909); Geiger, 
Roy. Soc. Proc, A, vol. Lxxxin. p. 492 (1910). 
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forces, 'by tlie cliance tliat the imdefleeted path of a particle, 
moving with given velocity, will pass within an assigned distance 
of the fixed centre. In this way it is shown that the fractioii p 
of the particles which are deflected tlirough angles lying* between 
and <^>2 is 


wliexe 


p = ^ nth- [coi? ^ - eot= ^ 


mV^ 




E being the chcaTge, m the mass and V the velocity of the a par¬ 
ticle. The results of this theory are shown to be in satisfactory 
accordance with 


(1) the measurements of the proportion of a particles scattered 
through large angles j 

(2) the scattering of a particles tlirough all angles, if allowance 
is made fox the effects arising from tie cumulative effects of small 
deflexions considered by Thomson; 

(3) the proportion of a particles scattered through large angles 
by sheets of different elements, if the central charge is assumed to 
be proportional to the atomic weight. 

It appears that Rutherford’s calculations, as well as Thomson*s, 

lead to the constancy of the fractions and for the 

scattering of the jS rays under the conditions investigated by 
Crowther. The values of the constants, however, are different in 
the two cases and so are the estimated values of IFq. Using 
Crowther’s data Rutherford calculates the following values for JV^cj 
the numher of electrons which would have a total charge equal to 
the hypothetical central charge: for A.1, iyi = 22; for Cu, -ffo = 42; 
for Ag, ifo = *78; and for Pt, Nq = 138. These values are roughly 
in the proportion of the atomic weights. Platinum and gold 
appear to be the only materials for which suitable data relating 
to the scattering of the a particles fcirough large angles are avail¬ 
able; but in that case the resulting estimate of is in substantial 
agreement with that deduced from the behaviour of the ^ rays. 

On the theory of single scattering the number of particles 
deflected through an angle greater than a given angle will be 
equal to Jet, where ¥ h a. constant, if the thickness t is small. 
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Thus, instead of (17), the proportion Ijl^ of the rays for which the 
deflexion is less than an assigned amount will he given hy 

IIIo = l^k't ..(23), 

provided t is small enough. Since Crowther found (17) to be 
confirmed by his experiments this test is in favour of Thomson’s 
theory. This divergence might be reconciled by supposing that 
the cumulative effect of the deflexions of /3 rays by electrons is 
relatively more important than the compound deflexion of the 
a rays. This seems reasonable, as a moving particle will come 
within range of many more electrons than atoms. The moving 
electrons will be deviated in varying degree both by the electrons 
and the large central charge, whereas the a particles will only be 
affected appreciably by the central charge, on account of the small 
mass of the electrons. 

Eeviewing the whole evidence broadly it is quite clear that 
the phenomena observed in the scattering of a and /3 particles 
by matter are quite decisively in favour of Eutherford’s view 
that atoms contain a highly charged massive nucleus of minute 
dimensions. The estimates of iVo obtained on this supposition 
are also in better agreement with the estimates of the numbers 
of electrons in atoms deduced from the scattering of X rays than 
those given by Thomson’s theory. Finally it will be shown in 
Chap. XXI (pp. 589 et seq.) that a large number of different 
phenomena point most definitely to the nucleus theory of the 
atom^. 


Secondary Rays. 

The secondary rays which are emitted when Eoentgen rays 
are absorbed by matter possess many interesting properties. The 
scattered radiation, which is similar to the primary radiation, 
has already been considered. In general two additional types 
of secondary radiation are found to be emitted. One of these 
is of the X type and is called, for reasons which appear below, 
“ characteristic ” radiation; and the other is of the S fyp^* 

Let us consider for a moment the means which are available 
for recognizing and classifying what we may provisionally call 

^ Cf. Rutherford, et al.^ Discussion on the Structure of the Atom, The Royal 
Society, 19- March, 1914. 
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I>"aLre radiations of the X type. Suppose that we are dealing with 
I>i:‘imary radiations whose penetrating power is comprised within 
t}h,e limits of that of the rays given off in quantity by an ordinary 
Itoentgen ray bulb. When such rays are allowed to fall on matter 
iti is found that characteristic radiations are not excited, provided 
tHe matter consists entirely of elements whose atomic weights are 
^11 below 40. If the atomic weights exceed 40, characteristic 
^a.d.iations are found to be emitted. In all cases there is evidence 
ojF the occurrence of scattered radiation. These facts would lead 
lO-S to conclude that absorption of the rays by light elements is 
^ less complex phenomenon than absorption by matter containing 
■fchie heavier atoms. Let us take as our criterion of a pure radiation 
LHe condition that its law of absorption, by matter consisting only 
of light elements, should be an exponential one. That is to say, 
if the incident intensity is i, the intensity i, after traversing 
XLormally a thickness x of the matter, will be 

i = .(24), 

win ere h is independent of x. This law results, of course, if 
«iJLCcessive equal thicknesses of the absorbing matter absorb equal 
fr^ictions of the radiation entering thein. The intensity i is taken 
tio be measured by the ionization which the rays will produce 
in a thin layer of a gas like air, which is composed solely 
of elements of low atomic weight. This method is satisfactory 
cause the amount of ionization in such cases has been shown 
tiO be proportional to the loss of intensity due to absorption. 
TSTow suppose that we have a number of different pure radiations 
and that we determine the value of h for each of them when they 
jxx-e absorbed by sheets of some particular light element. Let the 
resulting values of k be Xj, [jli, etc. Let the corresponding 
•v€3tlues of k for some other light element be Xg, fji^, V 2 , etc. Then 
it> is found that Xj : : vi etc. = V 2 ^tc. No such simple 

reflation between the values of k is found to hold when absorption 
T:>y materials with heavier atoms is considered, so that this result 
favours the comparative simplicity of the phenomena in the case 
of the lighter atoms. 

It is clear that if we tak<S any particular element of low atomic 
woight the value of the absorbability k will give us a means of 
ol 3 .ssifymg any particular pure radiation. As it is very readily 
obtainable in thin sheets, aluminium is generally taken as the 

32 


E. E. T. 





498 


TYPES OF EABIATIOY 


standard. This method of investig'atioa has been used by Barkla* 
and his collaborators, whose researches have greatly increased our 
knowledge of the X type of secondary Roentgen rays. We shall 
see below that there is another criterion which may be used 
instead of h, namely the maximum velocity of the >8 rays emitted 
when the X rays fall on metals. This has heen shown to have, 
for each pure radiation, a definite value which is independent of 
the metal (cf. also p. 505). Finally, thanks to the discovery of the 
diffraction of X rays by crystalsj(see p. 509), we can now determine 
the wave-length or frequency of the rays by reflexion from crystals. 
The classification of X rays according to their frequencies is the 
most scientific and precise; though most of the pioneering work 
in investigating the characteristic rays was done by using the 
rougher absorption criterion before an exact knowledge of the 
wave-lengths was available. 

When the primary rays are such as are emitted by an ordinary 
Roentgen ray bulb the difference between the secondary rays 
emitted by aluminium (atomic weight 27) and an element like 
copper (atomic weight 63) is very striking. In the first place, 
the quantity of the secondary emission (scattered radiation) from 
aluminium is comparatively insignificant. The amount of the 
secondary radiation from the copper is very much larger. The 
two radiations differ also in quality. We have seen that the 
aluminium radiation has the same penetrating power as the 
primary radiation. The copper radiation is much more absorb¬ 
able. It is also very nearly a pure radiation I. The current 
evidence is to the effect that it consists almost entirely of a pure 
radiation mixed with a trace of scattered radiation. The amount 
of the scattered radiation from copper, and . other elements .of 
atomic weight above 40, appears to he of the same order as that 
given out by aluminium. 

This pure secondary radiation is that which we have referred 
to as the characteristic secondary radiation. It is characteristic 
in the sense that its absorbability k has a value which is charac- 

* Barkla, Phil. Mag. vol. xi. p. 812 (1906); Barkla and Sadlex, Phil. Mag. 
vol. XVI. p. 550 (1908); vol. xvn. p. 739 (1909); BarMa, Jahrb. der JRadioakt. etc. 
vol. III. p. 246; Phil. Mag. vol. xxn. p. 396 (1911). 

t A.S judged hj the absorption criterion. It is nov7 knovrii to consist of a 
number of monochroinatic emissions extending over a moderate range of frequency, 
in addition to the scattered radiation (cf. p. 513). 
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teristic of the metal from ^vhicli it is emitted. In the case of the 
elements whose atomic weights lie between about 40 and ICO 
the absorbability of tlie characteristic secondary rays is quite 
independent of the nature of the primar^^ K rays which are used 
to excite them. With the elements of still hiofher atomic weight 
the phenomena are more complicated and it appears that these 
elements give off more than one kind of characteristic radiation. 
It is convenient to allude to the characteristic radiation from 
a particular element M as the II-IK rays. Thus the characteristic 
rays from copper are called the Cii-X rays. This notation is due 
to Bragg. 

The absorbability of the characteristic ray diminishes, and their 
penetrating power increases, as the atomic weight of the parent 
element increases. The characteristic rays differ from the scattered 
rays in one important particular in addition to those already 
mentioned. They show no trace of polarization. This leads to 
the view that the manner in which the primary rays cause the 
formation of the characteristic rays is less direct than that in 
which the scattered rays are produced. This conclusion may be 
considered to be established when we recall that the scattered 
rays are similar in their properties to the primary rays and 
independent of the matter in which they originate: whereas the 
characteristic rays have their properties determined solely by the 
matter of origin and not at all by the character of the primary rays. 

We shall now turn to the absorption of pure X radiations 
by sheets of different elements. A series of results obtained 
by Barkla and Sadler is exhibited in the accompanying diagram 
(Fig. 52). The abscissae axe proportional to the absorption 
coefficients of the various .radiations in aluminium. The experi¬ 
mental values of hjp in aluminium are indicated by the abscissae 
corresponding to the various vertical dotted lines alongside which 
are written the chemical symbols of the different elements by 
which the pure characteristic radiations were emitted. The ordi¬ 
nates are the values of hip, where pis the density of the absorbing 
element, for the elements C, Mg, Te, Ni, Cu, Zn, Ag, Sn, Pt and 
Au. In the case of the elements of atomic weight below 40, 
namely C and Mg, the relation between the absorbability of the 
radiations by the respective elements and that by aluminium is a 
linear one, as has a^lready been pointed out on p. 4?97. The same 

^ 2—2 
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thing, ho^fever, will be observed to be approximately true in the 
case of Au^, Ag and Sn as well In fact such a linear relation 
between the absorption coefficients for different pure radiations 
has been found to hold quite generally, provided the range of 
radiations tested neither includes that characteristic of the absorb¬ 
ing substance nor lies near the less absorbable side of it. 



The curves for Pe, Ni, On and Zn are quite different. As 
they all exhibit the same features we need only consider one of 
them, that for nickel for example. The absorbability by nickel 
of the radiations from Cr, Fe, Co and which are either more 
absorbable than, or as absorbable as, that characteristic of nickel, is 

* It is necessary to except the penetrating Ag-X and Se-X lajs in these cases. 
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proportional to the absorption of the same radiations in aliiminiuin. 
The nest most penetrating radiation^ as measured on the aliimiiiiiim 
scale, is the Cn-X radiation, and this sho\rs a small hut definite in¬ 
crease OYer the ahsorbahilit j required bj the law of proportionality. 
As the absorbability in terms of aluminiiim of the characteristic 
rays diminishes further, their ahsorbahility in nickel increases 
very rapidly. Thus the absorption coefficient of the 2n-X rays 
in nickel is several times that of the Cu-S rajs, although the 
atomic weight of zinc (65) is only 2 units gi'eater than that 
of copper. Further diminution in the aluminium absorbability 
of the characteristic rays is accompanied hy an approximately 
proportional diminution in the absorhabilit}^ of the rays in nickel. 
Thus the curve again approximates to a straight line which has 
a different slope from the linear portion on the more absorbable 
side of the radiation which is characteristic of nickel. It will 
be noticed that in each case the radiation laving the maximum 
absorhtability is that which is characteristic of the element next 
blit one to the absorbing element when they axe arranged in the 
order of increasing atomic weight. 

Direct experiments have shown that the abnormal absorption 
of radiations which are slightly more penetrating than the radia¬ 
tion characteristic of the substance tested, in the cause of the 
emission of the characteristic xadiation. The amount of the 
characteristic radiation emitted by an element is found to be 
zero until the exciting rays become at least as penetrating as 
the characteristic radiation; as the penetration, measured in 
terms of aluminium or some substance which behaves similarly to 
aluminium, is increased beyond this critical value, the amount of 
characteristic radiation which the exciting radiation will cause to 
be emitted, compared with the ionization which it produces in air 
or any other gas containing only light atoms, increases at first to 
a maximum value and then diminishes. In fact, the quantity of 
characteristic radiation emitted appears, for all exciting radiations, 
to be proportional to the excess of absorption over what would 
be given by the linear relation which holds for exciting radiations 
that are more absorbable than the characteristic radiation. 

Since these results appear to be quite general, the occurrence 
of humps, like those shown in the relative absorbability curves 
for Zn, Cu, Ni and Fe in Fig. 52, affords a simple and delicate 
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niet'hod of detecting the presence of unkao'^vn cliaracteristic radia¬ 
tions. forking in this way Barkla and Nicol* have succeeded 
in separating two quite distinct characteristic radiations from each 
of the elements silver, antimony, iodine and barium. A compre¬ 
hensive exaraination of all the radiations thus far discovered shows 
that, when they are arranged in the order of hjp, their comparative 
absorbability in alumininm, they fall into two series. These have 
been called by Earkla the K and L series respectively. In each 
series the order of diminishing absorbability is that of increasing 
atomic weight of the metal of origin. The data for the radiations 
which have thus far been isolated are given in the following table: 


i Eadiation 

Atomic weight 

Absorbability of 
Fluorescent 
Radiation 
(Ic/p ill Al) 

Eeroarhs 

i 


Series K 

Series L 


: H-Mg 

' A1 and S 

; Ga 

' Cr 
i Fe 

1 Co 

i 

1 Oil 

Zn 

As 

Se 

Br 

Rb 

Sr 

Mo 

Rh 

is 

Ba 

Ce 

W 

Pt 

Au 

Pb 

Bi 

1.008—24-32 

271 and 32*07 

40-09 

52 

55-85 

5S-97 

68*6S(61-3) 

63-o7 

65-37 

74-96 

79-2 

79-92 

85-45 

87-62 

96 ' 

102-9 

107-88 

119 

120-2 

126-92 

137-37 

140-25 

184 

195 

197-2 

207-1 

208 

435 

136 

88-5 

71-6 

59-1 

47-7 

39-4 

22-5 

18-9 

16-4 

13-7 

9-4 

4-7 

3-1 

2-5 

1*57 

1-21 

0-92 

0-8 

0-6 

700 

435 

306 

224 

33 

27-5 

25 

20 

19 

No radiation observed. 
Probably very absorbable. 

Radiation observed bub kjp 
not yet measured. 

Less acciwate than succeed¬ 
ing values. 

riie value in brackets is 
deduced by Barkla from. 

A ray measurements. 

>• 

The value for Rb has’ not 
been determined so ac¬ 
curately as the others. 

) 

\ 

1 V'alues for L more accu- 

1 rate than for K series. 

\ These values are com- 
j paratively appro:£imate. 


Aafure, Aug. 4 (1910), 
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Seasons liave been giYen by Barkla for telievmg in tlie 
existence of series otlier than the series K, L which have already 
been explored*. It will be noticed that the fact that the charac- 
teristio radiations are only excited by radiations more penetrating 
than themselves is analogous to Stoies s law in optics; according 
to which fluorescent light is invariably of lower frequency than the 
light which excites it. For this reason the characteristic radiations 
have sometimes been called fluorescent radiations. It is obvious 
that each pure characteristic radiation has features which are 
closely analogous to those exhibited by a mono chromatic emission 
of fluorescent light, the sum of the radiations characteristic of 
any given element may he regarded as a fluorescent spectrum in 
the X ray region. 

It follows from the experiments which have been described 
that so long as we keep to a group of characteristic radiations 
whose penetrating powers (or frequencies) are all above or all 
below the penetrating powers (or frequencies) of the radiations 
characteristic of the elements in ^Yhich absorption takes place, 
the ratios of the absorbabilities of the different radiations are 
independent of the particular absorber used to test them. For 
groups of radiations which satisfy this criterion Owenf has shown 
that for the X series the values of hjp are inversely proportional 
to the flftb power of the atomic weights of the elements of which 
the radiations are characteristic. We shall see later that the 
wave-lengths of characteristic radiations of the K series are 
approximately inversely proportional to the squares of the atomic 
weights of the generating elements; so that Owen’s rule can be 
put in tire form 

hjp oc 

Bragg and Peircehave shown that the absorption per atom, 
of radiations satisfying the criterion above, is proportional to the 
fourth power of the atomic number ZV (see p. 513) of the absorbing 
element; so that both rules can be combined into the general 
expression 

JcIp=GN^xK 


* Phil. Mag. vol. xxii. p. 408 (1911). 
t Roy. Soc. Proc. A, vol. lsx.xvi. p. 426 (1912). 
X Phil. Mag. vol. scxviii. p. 626 (1914). 
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Tlie values of the constant G -will change in passing through 
the critical frequencies corresponding to those of the emissions 
characteristic of the absorbing element. 

Eecent experiments have confirmed the view that ionization 
bj X rays consists first in the emission of a high speed electron 
by photoelectric action. This electron then spends its energy in 
ionizing the molecules of the gas by impact. Practically all the 
ions liberated result from the second process. H. Moore* has 
shown that the first process is an atomic phenomenon, whereas 
the second is notf, hut depends to some extent on the molecular 
configuration of the atoms. For a given radiation the number 
of electrons per atom emitted owing to the photoelectric action 
of. the rays is found to he proportional to the fourth power of the 
atomic number, and incidentally the law of absorption found by 
Bragg and Peirce is confirmed and extended. 

Tho Relation between j3 ray and X ray Xinission, 

Vo have seen that X raj^s are emitted when high-speed 
electrons impinge on matter and also that when X rays are 
absorbed by matter secondary radiation of the /S type is emitted. 
Eecent investigations have shown that this transformation of 
X ray into /3 ray energy and the inverse change obey a number of 
fairly simple laws which appear to be of a general character. 

The specification of the nature of any single ^ ray is a quite 
simple matter. Since each ray is a moving electron, its nature is 
determined when its speed and direction of motion are given. In 
general a beam of /3 rays consists of a shower of electrons having 
different speeds and directions of motion. By the insertion of 
suitable stops the range of the directions of motion can be re¬ 
stricted to any desired extent. By the application of a magnetic 
field the ^ rays can also be spread out into a sort of spectrum. In 
this way sufficiently homogeneous beams of ^ rays can be obtained 
for experimental purposes. The /3 rays which are given out by 
radioactive substances or which are emitted when X rays are 
absorbed by matter are, as a rule, of a heterogeneous character. 
This heterogeneity arises in part from the fact that the rays 

* PhiL Mag, vol. sxvii. p. 177 (1914); Hoy. Soc, Proc* A, vol. xoi. p. 3S7 
(1915). 

t Of. Barkla and Simons, PhiL Mag, vol. xsin. p. 317 (1912). 
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originate at different depths in the matter and thus lose varying 
amounts of energy before they emerge. In many cases it has been 
shown that the maximum energy of the /B rays which thus arise is 
a definite quantity which exhibits rather simple relationships. 

In the cases now under consideration it has not always been 
found possible to measure the energy of these rays by the com¬ 
paratively direct methods involving stoppage by an electric or 
deflexion by a magnetic field, which have been employed in the 
case of the cathode rays and of the electrons emitted by hot bodies 
and by bodies illuminated by ultra-violet light. The reason for this 
is either that the energy of the rays is too great to be much affected 
by the electric fields at our disposal or else that the rays are not 
concentrated enough for the magnetic method to be available. A 
measure of the energy of the /3 rays has been found in the distance 
that they are able to travel in a gas like air before they cease 
to produce additional ionization of the gas. This distance has 
been found to be sufficiently definite to be taken as a satisfactory 
index of the velocity of the quickest rays in any given group. 

Using this criterion Sadler^ and Beattyf have been able to 
show that the maximum velocity of the yS rays emitted when a 
given characteristic X radiation is allowed to fall on different 
metals always has the same value. This maximum velocity is 
therefore characteristic of the X radiation and independent of the 
metal; it is greater the greater the atomic weight of the metal of 
which the X rays are characteristic. 

This question has been studied more fully by WhiddingtonJ. 
He has shown by experiment that if the original velocity of a 
group of 13 rays is iVi, their velocity v after traversing a thickness d 
of matter is given by 

— v^^ad .( 25 ), 

where a is a constant characteristic of the matter. Since (25) 
appears to hold with f'air approximation down to the velocity 
(approximately = 0) at which ionization ceases, it follows that 
the velocity Vg of the fastest secondary rays is given by 

ad .(26), 

^ Phil. Map. vol. XIX. p. 837 (1910). 

t Phil. Map. vol. xx. p. 820 (1910). 

X Poy. Soc. Proc. A, vol. x,xxxvi. pp. 300, 370 (1912). 
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where o = 2 x 10^^ for air at atmospheric pressure, and d is the 
maximum distance in which ionization is perceptible, A.nalysiiig 
the results of Sadler and Beatty in a manner which depends on 
this principle it appears that 

Vs = !c'w .(27), 

where k' is a constant and iv is the atomic weight of the radiator 
of which the secondary rays are characteristic. This relation has 
been -verified for the Te-, Cn-, Zn- As- Sn-, Mo-, and Ag-X rays. 
The value of h' is very close to 10® (± 4%). 

"We have seen that the characteristic X rays are only excited 
by X rays more penetrating than themselves. Using an X ray 
fube with a silver anticathode Whiddington ^ has investigated the 
relation between the velocity of the cathode rays in the primary 
tube and the amount of secondary characteristic radiation emitted 
when the resulting primary X rays are allowed to fall on different 
metals. He finds that no characteristic secondary rays are emitted 
until the cathode rays have a critical minimum velocity The 
emission begins quite sharply at this point and subsequently varies 
as the fourth power of the velocity of the cathode rayst- The 
value of is connected with the atomic weight tu of the secondary 
radiator by the simple relation 

Vp — Jcw .( 28 ). 

The value of h is very close to 10^ and, in fact, h = k' within the 
limits of error of the experiments. 

Thus primary cathode rays of velocity just greater than Vp = kw 
give rise to primary Roentgen rays, and these if absorbed by a 
metal of atomic weight w would give rise to secondary Roentgen 
rays, characteristic of that metal, which give rise to secondary ^ 
rays whose maximum velocity is Vs = k'w Vp. The maxi¬ 

mum velocity of the secondary ^ rays is equal to the minimum 
velocity of the primary cathode or J3 rays which are able, in¬ 
directly, to excite the characteristic Roentgen rays which caused 
the emission of the secondary ^ rays. 

The formulae above only apply without modification to Barkla’s 
K series of characteristic radiations. According to WhiddingtonJ; 

* Poy. Soc, Proc. A, voL lxxxt. p. 323 (1911). 

t Cf. J. J. Thomson, JPhiL Mag. vol. xiv. p. 217 (1907). 

:3: Moy. Soc. Proc. A, vol. p. 378 (1912). 
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tlie case of totli tlie K and L series is coYered l>y tke more general 
formulae 

'Vp = Ic {Ato 4-5) . i 29\ 

'Vs = 7/ (Aiu 4-5) ..(oQ). 

For tlie K series A —I and 5=0. 

For tke L series i and B—~ 25. 

Thus the secondar}^ cathode rays, excited by the characteristic 
rays xvliich belong to the L series from an element of atomic Areight 
'Wy have a maximum velocity equal to 

— 25 j 10® cm. sec.“4 

It will be observed that there is a very close resemblance 
between the emission of electrons by matter under X ray and 
ultra-violet light illumination. In both cases the number of 
electrons emitted is proportional to the incident intensity, whereas 
the maximum energy of the electrons is independent of this in¬ 
tensity. These facts receive a simple and obvious explanation on 
the view that the X rays and light consist of showers of material 
particles or of bundles of energy which are localized in space and 
do not spread out as the distance from the source is increased. 
On the other hand in the case of light (and also X rays, see 
p. 510) it is impossible to account for the phenomena of inter¬ 
ference and refraction on such a view. It seems a little safer, 
therefore, to suppose tentatively that the energy of the emitted 
electrons in some way represents a condition Avhich determines 
■ the disruption of matter under the stimulus of a given radiation. 
To agree with the results of the theory of black body radiation 
and of the experiments on the emission of electrons under the 
infiuence of light it is necessary that one part of this condition 
should he that the energy of the disrupted electrons is either 
equal to hv, where h = 6‘55 x erg sec. and v is the frequency 
of the radiation, ox is an integral multiple of this quantity. It 
also appears that this condition must be of a very general 
character and necessarily inherent in all types of matter. 

[It is diflBcult, in fact it is not too much to say that at present 
it appears to be impossible, to reconcile the divergent claims of 
the photoelectric and the interference groups of phenomena. The 
energy of the radiation behaves as though it possessed at the same 
time the opposite properties of extension and localization. At 
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present there seems no obvious escape from the conclusion that 
the ordinary formulation of the geometrical propagation, involves 
a logical contradiction, and it m^y he that it is impossible con¬ 
sistently to describe the spacial distribution of radiation in terms 
of three dimensional geometry.] 

We have seen that the maximum energy of the electrons 
emitted under the influence of illnmiiiatioii by light is given 
by the equation 

vh - ...(31), 

where is a constant characteristic of the type of matter by 
which the light is absorbed. If this relation holds for the radia¬ 
tions of the X type as well as light, the results given above enable 
us to determine the frequency of the characteristic X radiations. 
In these cases ioq is negdigihle compared with vh, so that 

_ _ mh'‘^{Aw 4* B)- 

¥i. . 

Thus for the copper-X rays belonging to the K series, putting 
1/ = ] 0^ 4 = 1, w = 63, B = O', m = x and A = 6'55 x 10"^ 
V = 2*74' X 10^® sec 

According to this estimate their frequency is about 2000 times 
as great as that of visible light. 

It has been found by methods described in the next section 

that the X rays emitted from tubes with an anticathode made of 
an element of high atomic weight consist largely of a general 
radiation spread over a wide range of frequency like an ordinary 
continuous spectrum. The Goolidge tube which has a tungsten 
anticathode furnishes a good example of this, and is convenient 
to investigate as it can be manipulated with accuracy. The 
maximum frequency v of the rays emitted when a potential V is 
applied to such a tube has been investigated by Duane and Hunt*, 
and by Eutherford, Barnes and Richard son f. The former investi¬ 
gators found that 

eV=:hu ... {S2co) 

with great accuracy, showing that to excite a radiation of given 
frequency the impinging electrons must have an amount of energy 

* Phys. Pev, vol. vi. p. 166 (1915). 
t Phil Mag. vol. xxx. p. 339 (19153. 
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at least equal to one quantum of that radiation. Tie latter 
investigators, ^vlao pushed their experiments to mucli higher 
potentials, found that this law only held for relatively low values 
of F. As V increased, the observed inaxiiniim frequency^ became less 
than that given hy (32 a) until finally reached a constant superior 
limit. This limiting value agreed closely with that for the R 
characteristic radiation from tungsten. 

Experiments hy Barkla"^ have recently led him to the con¬ 
clusion that when K characteristic rays of frequency Vj are 
emitted under the stimulation of primary 5 rays of frequency 
v(v then for each quantum hui of the irradiation emitted 
there is also emitted one electron with the kinetic energy 
Jmv- = hv, and possibly also one quantum of each of the ili, etc 
radiations. It seems difficult to reconcile this result as it stands 
with the quantum considerations with which X ray phenomena 
in general are in harmony, since we should expect that the yS rays 
associated with the emission of the characteristic rays would have 
an amount of energy given by = Ii(v — vj) and not kw, 

the amount of energy Iiui being taken up in separating the electron 
from the atom antecedent to the emission of the c^racteristic 
radiation. It seems possible that the actual phenomena are 
more involved than the interpretation referred to would indicate. 
It is probable that the relations underlying (27)—(SO) and (32) 
could be expressed more accurately in terms of the atomic numher 
jy than of the atomic weight w, 

X JtaTjs and Grystcds. 

An enormous advance in our knowledge of the properties of 
X rays has recently taken place owing to a discovery made by 
Friedrich, Snipping and Lauef. These experimenters allowed 
a narrow beam of X rays to traverse a thin plate cut from a 
crystal of zinc-hlende and then to fall on a photographic plate. 
When the plate was developed, instead of a single Mack spot being 
obtained as in the absence of the crystal, it was found that the 
central circular spot was surrounded by a regular pattern of 
circular and elliptical spots. This pattern varied with the direction 
in which the crystal plate was cut, and its symmetry was deter¬ 
mined by the relation of the direction of the primary beam to the 
Waiwre, Fet. 18 aad March 4 (1915). 
f 8itzher,der k. Bayer, ATc&d. d. Wise. June 1912. 
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directions of the crystal axes. Laue, who appears to have sug¬ 
gested the experiment, explained the phenomena somewhat as 
follows:—The crystal is to be regarded as a geometrically regular 
arrangement of points (atoms) in space, each of which when 
traversed by the primary beam of X rays becomes a source of 
secondary waves. Owing to the regular arrangement of the points 
these secondary waves will only reinforce one another in certain 
directions. These directions determine the position of the 
secondary spots on the photogi-aphic plate. The theoretical 
investigation has been extended by Debye^ so as to take account 
of the influence exerted by the heat motions of the atoms. Con¬ 
sidering the case in which a system of atoms is arranged in cubical 
order so that the atoms lie on lines parallel to the axes of y and 
at distance a apart, let a parallel beam of radiation of wave-length X 
travel along the axis of x. The intensity of the radiation at a 
distant point x, y, z due to a small parallelepiped of such a sub¬ 
stance at temperature T is proportional to 



.(S3), 


where r — {p? ■^y’^ R is the molecular gas constant, / is the 

restoring force for unit displacement of the atoms, and 
are the number of atoms which lie along the x, y, z edges, respec¬ 
tively, of the parallelepiped. The bright spots are determined by 
the simultaneous vanishing of the three trigonometrical factors in 
the denominator 



— — sin^ 


TTCb z 

X r* 


In addition to the difltaction pattern there is a uniform illumina¬ 
tion proportional to 


* Verh, d, Deutsck Fhysik Ges, wl. xv. p. 678, p. 738 (19L3). 
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intensities of the uniform illumination and the 
^ pattern depend upon the temperature T and on the 
the atoms /. The results of the investigation are 
^ t>y the fact that in the case of diamond, for which / is 
the diffraction pattern can he observed for much 
Clines of xjr than for other substances. Formula (33) is 
the supposition that the heat motions of the atoms 
“Oixlance with the Boltzmann-Maxwell law, and therefore 
Modification in the light of recent work on the sped fic heats 
The necessary modifications are considered by Debye. 

^i-^oduction of diffraction effects with X rays is not con- 
-i'ystals. Thus Friedrich* has observed halos round the 
Ma.ge when X rays have been allowed to pass through 
Ort-crystalline substances. 


^ "been pointed out by W. L. Braggf that the bright 
transmission photographs are found at places corrc- 
■to regular reflexion from planes in the crystal rich in 
‘■fejcct to the condition that the waves reflected from 
- jdanes reinforce one another. This suggested that 
-^oxild be reflected from the natural faces and cleavage 
oi-ystals, and the phenomenon was at once found]: in the 
rjiioa and other crystals. Since, for a particular wave- 
of the X rays, there is no appreciable reflected intensity 
Sb particular direction determined by d/X, where d is the 
Dotsween the successive layers of atoms, this phenomenon 
3cl up a new and powerful method of investigating the 
of crystals on the one hand and the properties of X rays 
tio structure on the other. These problems have been 
with conspicuous success by W. H. and W. L. Bragg §, 
.ncl Darwin j|, Moseley If and others**. Those investigations 

Jahrg. 14, p. 1079 (1919). 

J[;^/tiL Vroc* vol. xvii, p. 43 (1912). 
f-, Jran. 23, 1913. 

. a-nd W. L. Bragg, Hoy, Sac. Proc. A, vol. r^xxxvnr. p. 428 (1913); 

iWd. vol. LXKxix. p. 246 (1913); W. L. Bragg, ibid, p. 24B (1913); 
W. L. Bragg, ibid. p. 277 (191S); W. H. Bragg, ibid. p. 430 (1914); 
'fJjid. p. 4GB (1914). 

June 1913; ibid. vol. xxvi. p. 210 (1913). 

3 -l€ 4 -.g. vol. xxvx, p. 1024 (191.3); ibid. vol. xxvii. p. 703 (1914). 

Broglie, C.Il., 17 Nov., 22 Dec. (1913), 19 Jan., 2 Feb., 2 Mar. (1914); 
iJL* DeuUch. Ph/js, Ge8. vol. xvi. p. 73 (1914), 
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have confirmed in a remarlvable way the conclusions as to the nature 
of X rays which we had already reached from less direct evidence. 

If the X radiation from an ordinary bnlb, for instance one 
•which is furnished with a platinum anticathode, is observed, it is 
found to consist of a general radiation similar to •white light, 
except that the average wave-length is enormously shorter, accom¬ 
panied by a number of sharp lines of much greater intensity than 
the neighbouring spectral distribution. In an X ray bnlb with a 
platinum anticathode W. H. Bragg * found that the strongest line 
had a wave-length equal to 1‘10 x 10“®cm. and its mass absorption 
coefficient in aluminium was 2:3*7. According to Barkla'^s measure¬ 
ments this absorption coefficient corresponds to an X radiation of 
an element of atomic weight 74 if it is in the K series or 198 if it 
is in the L series. Since the atomic weight of platinum is 195 we 
are evidently dealing with the characteristic radiation belonging 
to the L series from this element. Admitting that the measured 
coefficient of absorption is slightly in error and that the true value 
in the 1 series would correspond to an atomic weight 195 the 
equivalent atomic weight in the K series is 72*5. According to 
Whiddingtofrs results the energy of a cathode ray which will just 
excite the K radiation in an element of atomic weight 72’5 is 
2*06 X erg, whilst the energy hv which corresponds to a wave¬ 
length X= IdO X 10“^ cm. is 1*78 x 10“^ erg. Thus the absolute 
numerical value of the frequency is in satisfactory agreement with 
the relations on p. 508. In addition to this platinum line Bragg 
also considers a line of wave-length 1*66 x 10“^ cm. emitted by a 
nickel anticathode and a line of wave-length 1*25 xl0~®cm. emitted 
by a tungsten anticathode. The former belongs to the X. series 
of nickel and the latter to the L series of tungsten. If these three 
lines were all in the K series the corresponding atomic weights 
of the elements which would emit them are 59, 67 and 72*5 
respectively. The squ 9 .res of these numbers are in the ratio 
100 : loO : 150 whilst the corresponding frequencies as deter¬ 
mined by experiment are in the ratio 100 : 132 : 151. These 
results together form a striking confirmation of equation (22), 
The values of the wave-lengths given above have been deduced 
from the formula 

%X = 2dQCB9 ........( 34 ), 

* Hoy. Soc. Froc, A, voL lxxxix.. p. 246 (1913). 
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Inhere n is the ordex of the spectrum, d is the distance between 
consecutive reflecting planes and 6 is the angle of incidence. An 
exhaustive examination of the effects exhibited hj xock-salt (XaCi) 
has shown that for reflecting planes parallel to the (1, 0, 0) face 
the value of d is 2-81 x 10"® cm. 

W. H. and W. L. Bragg have shown hovr the detailed structure 
of crystals may he determined accurately by means of X rav 
diffraction. One of the interesting results of these investigations 
has been to show that the unit of crystal structure is not simplv 
the chemical molecule, since in many cases a given atom in a 
crystal may be assigned with eq[ual propriety to any one of a 
number of neighbouring molecules"^. It is to be anticipated thai 
these X ray phenomena will also throw light on the structure of 
atoms as well as of moleculesf. 

The X ray spectra of most of the elements whose atomic 
weights lie between those of aluminium (271) and gold (197’2) 
have been photographed by MoseleyJ. In the E series, which 
has been examined in the case of the elements between aluminium 
and silver (atomic weight 107*88) there are ahvays two strong 
lines which are referred to as the a and ^ lines respectively. In 
the case of the elements of lower atomic weight, a number of faint 
lines are present in addition. In the L series, which has been 
examined in the case of elements ranging from ziconiiim (atomic 
weight 90*6) to gold there are usually five well-marked lines 
denoted hy a, /3, y, S and e. These decrease in intensity as well 
as in wave-length from a to e In many cases a number of faint 
lines are also present- In both the K series and the L series there 
axe simple numerical relations between all the lines belonging 
to any one of the suh-series a, 0 and so on from all the various 
elements. 

Suppose we assign each element an integral number W 
which, subject to two reservations, represents its position in a 
complete table of the elements arranged in sequence according 
to the atomic weights. In arranging this table the sequence of 
atomic weight is departed from when it clashes with the sequence 

Cf. "W. H. Bragg, Phil Trms. A, vol. coxv. p, 253 (1915). 
f Cf. A. H. Compton, Nature, 1915, and W. H. Bragg, lac. cit. 

4: Phil. Mag. vol. xxvn. p. 703 (1914). Tiiese investigations have been extended 
byMalmei, Phil Mag. vol. xxviii. p. 787 (1914), and de Broglie, €, R. (1914). 
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of diemical properties as required by the periodic Thus 

argon is placed before potassium, cobalt before nickel and tellurium 
before iodine. In addition blank spaces for undiscovered elements 
are left between molybdenum and ruthenium, between neodymium 
and samarium, and between tungsten and osmium. N is called 
the atomic number of the element. Thus for hydrogen 1, for 
aluminium JV' = 13, for silver iV = 4’7 and so on. In accordance 
with the periodic law the chemical properties of the elements are 
determined by the atomic number N rather than by the atomic 
weight. Moseley finds that the frequencies v of each sub-series 


are determined by the equation 

v=^A(^N-hy .(S5), 

where A and i are constants characteristic of each sub-series. 
For the lines denoted by a in the K series 

and 6=1 .(36), 

and for the lines denoted by a in the L series 

A = (iJ'o and 6= 7-4 . (37). 


In (36) and (S7) ro is the fundamental Eydberg frequency in the 
formulae for the optical spectra of the elements. For the K series 
the agreement is very exact, hut for the L series there is a 
deviation from linearity with the elements of very high atomic 
weight. It is evident from these results that equation (32) is only 
an approximation, its validity depending on the fact that roughly 
speaking, the atomic weights of the elements are proportional to 
the values of N. 

A number of interesting points in relation bo X rays will be 
found discussed at the end of Chap, xii, pp. 589 et seg. For 
further information the reader may also consult Eaye, X rays 
(London 1914), W. H. and W. L. Bragg, X rdys (ind Crystal 
Structure (London 1915), and Rutherford, Radioactive Substa 7 wes 
and their Radiations (Cambridge 1913). 






CHAPTER XX 


SPECTEOSCOPIC PHENOMENA 

The power of emitfciag light is a universal property of matter 
at a high temperature. When the matter is in a sufficientlv 
concentrated condition the energy emitted within a given range 
of frequency dv does not exhibit sharp variations from one wave¬ 
length or frequency to another. This is true of highly compressed 
gases as well as solids and liquids. The general character of the 
function which expresses the emitted energy of a given frequencv 
in terms of temperature and frequency is similar to that of the 
corresponding function for black body radiation. In accordance 
with Stewart and Kirchlioff’s law the difference between the 
einissivity and that of a black body depends only on the reflecting 
power; and when the latter is given as a function of v and T the 
einissivity can be calculated from that of a black body. 

The behaviour of gases which are not highly compressed is 
quite different. Almost the whole of the emitted energy is then 
confined to a limited number of quite narrow ranges of frequency. 
In consequence the gas is said to emit a line or a band spectrum 
according to the appearance of the light when examined in the 
spectroscope. The distinction between a line and a band spectrum 
is a sufficiently real one, but it is one which is difficult to define 
in simple terms. The width of the bright regions in the band 
spectra is greater than in the line spectra and the boundaries axe 
less sharply marked. However, a number of so-called band spectra 
are found, under high resolving power, to consist of a multitude 
of fine lines very close together and it is possible that this may he 
a general feature of band spectra. Nevertheless, these two classes 
of spectra differentiate themselves quite sharply in other ways, as 
we shall see in a moment 


S3—2 
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One of the most striking features of spectral lines is the 
constancy of their position in the spectrum. It is this fact which 
renders spectrum analysis so reliable. The only physical agencies 
which have been found capable of displacing them are intense 
magnetic fields (Zeeman effect), intense electric fields (Stark effect) 
and the application of high pressure. In all three cases ' the 
observed displacements are quite small. The intensities of differ¬ 
ent lines may be varied by any desired amount by changing the 
temperature and the manner and degree of excitation, without 
producing any change in the frequency. These frequencies are 
evidently characteristic of systems which remain identical under 
very varied physical conditions. 

One is naturally tempted to try to account for spectral lines as 
the radiation from negative electrons vibrating about equilibrium 
configurations in the normal atom. Although there are many 
facts which seem to support such a view, the enormous complexity 
of the spectroscopic phenomena which have already been discovered 
is difficult to harmonize with such a simple hypothesis. In the 
spectra of a number of elements, iron for example, there are 
thousands of bright lines. In the case of iron, and many other 
elements, it has not been possible to find any simple relation 
between the spectral lines, but in a number of other cases many 
of the lines have been found to fall into Series which exhibit fairly 
simple numerical relationships between the frequency numbers. 
What follows is the merest outline of the more important facts 
which have been discovered in this field. For further information 
the reader may he referred to J. Stark, Principien ier Atom- 
dynaniih, vol. n. chap, ii., and Kayser s Handbuoh der Spectroscopie, 
vol. II. chap. VIII. 


Series of Spectral Lines. 

The first regularity of this kind was discovered by JBalmer^ in 
1885 in the case of the line spectrum of hydrogen. The frequencies 
of the well-known lines Ea, Hy, etc., axe found to be given by 
the formula 

... 

^ Tewk. der Hatur, For. (?«. JBasel, voL va. p. 548 (1885) ^ Ann, der Phys. 
Tol XX7. p. SO (1885). 
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where z/q is a constant and m takes in succession the integral values 
3, 4, 5, etc. Starting from Ha, for which v—^voy the lines are 
widel}" spaced in the frequency scale at first, but the distance 
between each two succeeding lines contimially diminishes. For 
large values of m all the lines practically coincide with v = Pq. The 
first 31 lines of this series have now keen discovered and they ail 
agree with the formula to within 0*6 Angstrom unit (1 Angstrom 
unit = 10“^ cm. = A). 

Balmer’s series is much simpler than the series which have 
been found in the spectra of elements other than hydrogen. In 
the case of the alkali metals for example the series are made up 
of pairs of lines very close together (douhlets). In the spectra of 
the alkaline earth and other metals the doublets are replaced hy 
triplets. The individual lines in a doublet or triplet are called 
components. In a large number of cases S series and in some 
cases 4 series have keen found in the spectrum, of a single element. 
The separate series are also interrelated in an interesting manner. 
The values of the frequencies in the general case of 4 series of 
doublets are -given by the following expressions. 


Shajy JpTincipal Series, 
First Component, iVi = 

Second Component, iv., = 

Third Component, 17^3 = 





(i+«r 

(w 4- pi)-. 




....(3). 

(i + sy 

{m -t- p^y 

IN. 

{i + sy 

(m'-f-psr. 

.(4). 


Shctrp Sulsidiarij Series. 


First Component, 2^1 = 


^0 






.(5). 


IF N 

Second Component, .i/j = 7 =—^- 7 - —;-.( 6 ). 

^ (l + PsT (mH-s)'- ^ ' 


Third Component, 2^3 = 




If. 


(l + Ps)* (rri-irsy' 


.( 7 ), 
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Diffuse Principal Sej'ies. 


Thii'd Component, 32/3 = 





(R) 

(1 

+ dj 





iVo 


(T 

+ d'J 

(m 4 pY 





QO') 

a 

+d"y 

(m-f-p)" 



Diffuse Suhsidiayy Series. 


(In general this series consists of groups of six lines, divided 
unequally into 3 suh-ginups, which we may term components.) 


First 

Component 


4 Vl = 


41^1 = 


Second 
Component 

Third 

Component 


^v> = 



-To . 

C^ + PiT 

(m 4 d'Y ^ 

i^o 


(i + Pi)- 

(m 4 d''y 


V. 

(1+p.r 

(m 4 d"J 



c+py 

{7n + cl'J 

a; 

N, 

c+py 

{m 4 cL"'Y 


N, 

o+py 

{m + d'"Y 


.( 12 ). 

~ (weakest line).( 13 ). 


77y, (stronger line).( 14 ). 

^777^ (weaker line) .( 15 ). 

.( 16 )- 


In these formulae'all the quantities on the right-hand side except 
m are constants. fhe same value for all elements. The 

others wary from one element to another. The successive lines 
are obtained by giving to m the successive integral values 1 , 2 , 3 , 4 , 
etc. In the doublet series the frequencies denoted by 1^3,01/3, 31^3, 
^d are missing and in the single line series the 
frequencies 1^2,22^2, 3*^2? aW' ^.nd 4V2 in addition. Tor a critical dis¬ 
cussion of the degree of accuracy with which formulae of this 
character fit the observed facts the reader may be referred to recent 
papers hy W. M, Hicks in the Philosophical Transactions of the 
Bjoyal Society. 
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The formulae given above show that, as in the hydrogen series, 
the lines all gi'adually crowd together as the frequency correspond¬ 
ing to m = oo is approached. This frequency, in the case of the first 
component for example, for each of the four series, has the Yalnes 


No N, No . N, 

a-tdj (1+i^iy 


Thus the two subsidiary 


series have the same termination. This is true separately of each 


corresponding pair of components. There are other relations 


between the ditterent series. 


In the case of the sharp subsidiary series and the diffuse 
principal series the difference in frequency between the components 
of a given line is constant throughout a given series. A. similar 
relation holds between the lines whose frequencies are given by 
(IB), (15) and (16) on the one hand and by (12) and (14) on the 
other in the diffuse subsidiary series. In the case of the first 
two components the values of the constant frequency differences 
in the respective series are, in the order of the table above, 

No N 

(1+p.y (i+p..y 

No No 



■ 4^2 — 4^1 4^2 


No _ No 

u -^piy (1 fr pN' 


In the case of the sharp principal series on the other hand the 
difference in frequency between the components is not constant 
but decreases as the value of m increases. Thus the components all 
crowd together as the end of the series is approached. A similar 
relation holds between the lines given by equations (11)—(IB) and 
(14) and (15) respectively in the diffuse subsidiary series. In 
these cases the series of individual components terminate at a 
common frequency; in the former eases there is a separate termin¬ 
ation for each component of a given series. 


The series are also interrelated in the following manner: The 
first term (jn =1) of the sharp principal series and the first term 
of the sharp subsidiary series have the same frequency; this is 
equal to the difference of frequency between the ends of the sharp 
principal series and of the sharp subsidiary series. Also the 
jfreqiiency difference between the ends of the diffuse principal 
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series and the diffuse subsidiary series is equal, for each component, 
to the frequency of the first corresponding term of the diffuse 
subsidiary series. 

Eoughly speaking the intensity of the lines tends to diminish 
as m increases, although the relative intensities vary a great deal 
with the mode of excitation of the lines. In a sharp principed 
series of doublets the component of higher frequency is more 
intense than the slower component The order of variation of 
intensity of the components with increasing frequency is usually 
the reverse of this in the case of the lines belonging to either 
of the subsidiary series. 

The most important steps in the establishment of the serial 
relations just described are due to the work of Riinge^, Rydbergi*, 
Kayser, Paschen and Bergmann These relations have been 
somewhat generalized recently by R-itz and Paschen (see p. 597) 
and the results used, following a suggestion of Rydberg, to predict 
the existence of '‘'combined” series. A number of examples of 
such combined series will be found in papers by Paschen J in the 
Annalen der Physik from 1908 onwards and also in the last section 
of Chap. XXI of this book. 

The X-ray spectra of the elements have been described in the 
preceding chapter, p. 513. 

Series in Band Spectra. 

A number of relations between the emission frequencies ob¬ 
servable in band spectra have been discovered by I)eslandres§. 
The frequencies of the lines which make up a single band are 
found to agree very approximately with the formula 

1/ = A (m -h a)2 4- c .(18), 

where A, a and c are constants and m takes various successive 
integral values. As a rule this formula does not deviate seriously 
from the observed values unless the band contains more than 
atbout 50 lines. 

In general, emission bands are not found isolated but occur in 
related groups and in some cases there are a number of groups 
* Brit. Assoc, Meportfor 1888, p. 576. 

i K.Svensha. Vet. Ahad. Eandl. vol. xxin. No. 11, p. 155 (1890), 

Z See also Stark, Principien der Atomdyndmih, vol. n. p. 50. 

§ Papers in Comptes Rendm from 1885-1891 and from 1902-1905. 
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exhibit relations with one another. Deslandres finds that 
the follawing- relation covers the whole s^^sfcein of groups of hands 
■io. certain cases: 

V =/(?!% if) X (-p-) .(d 0), 

Here w is the frequency of a line in any of the bands, B is a 
constant, ^ and f are characteristic functions, p, n and m are 
iintegers. The number p is characteristic of the group and 7 i is 
clia.racteristic of the band in which the line occurs, in the same 
w-ay that on is characteristic of the particular line in the particular 
baird. For specified values ofp andn (19) heconies identical with 
( 18 ) with a = 0. The values of p and never exceed 10, whereas 
071 may be comparable with 100. 

No explanation of (19) has ever been suggested; hut it is 
important to observe that the numerical relation between the 
frec|uencies of lines in band spectra is of a character quite 
different from that which occurs in the series observahle in line 
spectra With regard to the foregoing system of series of line 
spectra it is also important to remember that very few of the lines 
in the more complex spectra have been found to fall into these 
series; so that the possibility of the existence of other types of 
series of lines, as well as of lines ivhich do not belong to any series 
at iail, is one which we have to bear in mind. 

The Zee^ncm JUffeot. 

\Te have several times had occasion to refer to the change in 
tlie frequency of spectral lines caused hy the application of a 
roa^gnetic field, which was discovered by Zeeman. In Chap, xvi 
we even considered the theory of this effect in connection with 
the theory of diamagnetism- We shall now discuss the theory 
in what is probably the simplest possible existing case. 

Consider an electron which is subject to a restoring force 
proportional to its displacement from the equilibrium position in 
the atom. The restoring force per unit displacement is isotropic, 
that is to say it has the same value for different directions of 
displacement, in the absence of a magnetic field Taking the 
equilibrium position as origin the equations of motion of the 
particle, when there is no magnetic field, may be written 

d^y . dH , 

= ^4 = -fV< = 
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The natural frequency has the same value whatever the 
directioa of vibration and is given by 

..(20 j. 

Xow suppose a magnetic field parallel to the 2 axis is 
applied. As the electron is in motion this will add to the forces 
previously acting a new force proportional to the vector product of 
the velocity and H. The components of this new force on the 
electron are respectively 

eHzdy ^ 

c dt' 


.( 21 ). 


The equations of motion in the magnetic field are therefore 


. eHz dy 




d-u j. 


elTz 


m 




-A 


These are solved by 

X — Qi cos 4 61), y = — 0^ sin (nfi 4 &i).(2B), 

X = a. cos {nj; 4 hy), y == Oo sin (yist 4 &j).(24), 

z = a-s 00s (n^t 4 63 ) . ( 25 ), 

eR 

where - - ni = ( 26 ), 

rno 

.(2n 


Equation (25) shows that the vibrations parallel to the mag¬ 
netic held are unaftected by it. The corresponding frequency ??o 
has the same value whether the field is applied or not. The six 
arbitrary constants Og, (h, 62 , of which the first three 

determine the amplitude and the last three the phase of the 
vibrations, depend on the initial conditions of motion and are of 
no particular interest in connection with the present discussion. 

Equations (23) represent two rectilinear simple harmonic 
motions at right angles. These are of equal amplitude and differ 
in phase by a quarter period. They therefore constitute a circular 
vibration in a plane perpendicular to the magnetic field. The 
same is true of equations (24) except that the direction of the 
rotation is reversed. Since the difference between % or rig and 
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is very small in comparison with either, we can write, instead of 
(26) and (27), 


= 7li — Uq— ; 


...( 28 ). 


Thus the difference between the frequency of each of the two circular 
vibrations and that of the original vibration has the same magnitude 
but is positive in the one case and negative in the other. The 
frequency difference per unit magnetic field is quite independent of 
fche frequency of the original line and is entirely determined by 
the universal electronic constant elm. 

Now consider the radiation which will be emitted by an 
electron moving in the manner we are contemplating. Since the 
circular vibrations are capable of resolution into simple harmonic 
motions, the nature of the radiation, although not necessarily its 
amount, can be deduced from the simpler case of a rectilinear 
simple harmonic motion. By Poynting’s theorem the rate of 
transmission of energy at any point is proportional to the vector 
product of the electric and magnetic intensities and the direction 
of transmission is the direction of that vector. It follows from 
the results of Chapter Xll that in any motion in which the 
velocity and acceleration are collinear the magnetic intcnsily lies 
in circles about the axis of motion and vanishes at points along 
this axis. There is therefore no radiation along the dirciction of 
the axis of a simple harmonic motion. Now turn to the radiation 
in any of the directions which are perpendicular to this axis. It 
follows from Chapter xii that the electiuc intensity in the radiation 
wave in this case lies in the plane containing the axis of motion 
and the radius. It is also perpendicular to the latter. The mag¬ 
netic intensity is equal to the electric intensity and its ditHXjtion is 
normal both to the electric intensity and the radius. Sinco tlie 
plane of polarization of the radiation is that whicli contains the 
direction of the magnetic intensity in the wave-front, we see that 
the radiation emitted in the direction under consideration is com¬ 
pletely polarized in the equatorial j)lane. These principles together 
with equations (23)—(25) are sufficient to detcurnitKi comphdely 
the character of the radiation which is emitted in directions co¬ 
incident with, and normal to, the lines of magnetic force. 

Consider the light emitted along the lines of force first. The 
simple harmonic motion given by (25) emiLs nothing in this 
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direction; so tliafc tlie original line will be entirely absent when 
observations in this direction are made. It is different with the 
circular vibrations (23) and (24<). The direction of observation is 
now situated in the instantaneous eciuatoiial plane for these 
iiiotions. The ohserv^ed radiation will therefore have its electric 
intensity parallel to the instantaneous direction of motion and its 
magnetic intensity parallel to the radius drawn from the centre to 
the instantaneous position in the ec[uivalent orhit. The light will 
therefore exhibit complete polarization. The direction of the 
rotation given by (23) is in the clockwise direction as seen from 
points along the positive ^ axis, that given by (24) is in the 
opposite direction. Thus the light emitted along the positive 
axis of if consists of two lines circularly polarized in opposite 
directions; the one which has the frequency ria is right-handed, 
the other which has the frequency % is left-handed. 

When the light is observed in a direction perpendicular to 
the vibration coiresponding to equation (25) will give rise to a 
line which is polarized in the plane to which the magnetic 
intensity is perpendicular. The frequency of this vibration is no, 
the same as that of the original line in the absence of a magnetic 
field. The circular vibrations are now observed in their own 
plane and may be resolved into simple harmonic motions along 
and perpendicular to the line of sight. The former give rise to no 
emission in the direction contemplated, whilst the latter give rise 
to light polarized in the plane containing the magnetic intensity. 
Thus when the emitted light is viewed in directions normal to the 
magnetic force the original line is converted into a triplet. The 
middle component has the same frequency as the original hne and 
is polarized perpendicularly to the lines of magnetic force, whilst 
the other components are at equal distances from it and are 
polarized in the perpendicular plane. 

According to (28) will exceed no if ^ is positive and be less 
than % if e is negative. Zeeman found that when the light was 
emitted along the positive £ axis the slowest component of the 
observed doublet exhibited right-handed circular polarization. 
This shows that the centres of emission are Tys^oAiwly charged 
particles. 

The problem of the effect of a magnetic field on electrons 
executing closed orbits in the atom is quite complex in detail; 
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l>ut Larin or ^ Las sliown in a general manner that for small values 
of the magnetic force the motion consists in the combination of 
the original motion with a nniforni rotation about the axis of R. 
This leads to equations (28) for the Zeeman shift. 

All of the foregoing conclusions"f", many of which were predicted 
by Lorentz, were found by Zeeman and other investigators to be 
accurately fulfilled in the case of a large number of spectral lines. 
According to Pascheii all the lines of the single line series of 
spectra exhibit this relatively simple type of Zeeman effect. The 
same is true also of many other lines. Thus Purvis finds about 
50 lines in the spectrum of palladium which give the normal 
effect. I ought also to add that the value of ejrii deduced from 
the magnitude of the shift in these cases agrees with that given by 
the electrons furnished by the cathode rays and from other sources. 
It seems fairly clear from these results that the hypothesis of 
v^ibrating electrons is an important step towards the explanation 
of emission spectra. 

In the case of the majority of spectral lines the Zeeman effect 
is more complicated than the "norinaT’ t 3 q)e just outlined. But 
even the more complex cases exhibit certain relatively simple 
features which are of importance. For example, when the lines 
are observed in the direction of the magnetic field, the components 
of lower frequency exhibit right-handed, and those of higher 
frequency left-handed, polarization, showing that the vibrators 
are negatively charged. Moreover HungeJ has shown that 
although the frequency displacement ^njR often differs from the 
theoretical amount ef^mc, yet it is always a small integral multiple 
of ej2'}miCy where n is a small integer. This holds true even when, 
as we shall see, the number of new lines produced by the magnetic 
field is much greater than two. Another important result, dis¬ 
covered by T. Preston§, is that all the lines of a given series and of 
homologous series of different elements are decomposed by the 
magnetic field in the same manner. 

*■ Aether anct Matter, p. 341. 

t The rather different treatment considered in Chap, xvi, ’when it is fully- 
worked ont, leads to results identical with those above. Of. Lorentz, Theory of 
JElectrons, p. 124. 

J TJiys. Zeits. voL viri, p. 2S2 (1907). 

§ ThiL May* vol. xlv. p. 325 (1898), vol slvu. p. 165 (1899J. 
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To illustrate this it will he best to consider one or two examples. 
The hehaYiour of the lines in the sharp principal series of donhlebs is 
exemplified by the case of the sodium 2) lines. Their hehavionr in 
a traiisvei'se magnetic field is exhibited in Fig. 5S. The letters p 
and 1 ] denote that the lines are polarized parallel and perpendicular 
to the lines of magnetic force, respectively. 




n _ P 


D. 


n n p p n n 
Fig. SB. 

The two components of sharp subsidiary senes of doublets are 
decomposed in exactly the same way except that the less refrangible 
component of the one series replaces the more refrangible of the 
other and vice versa This may he regarded as a confirmation of 
the correspondence in the structure of the lines of these two series 
which is indicated by the respective series formulae. 

The strong lines of the diffuse subsidiary series of doublets are 
split up into triplets, whilst the satellites split into eight com¬ 
ponents of which six are polarized perpendicularly and two parallel 
to the axis of the magnetic field. 

The way in which the lines of the sharp subsidiary series of 
triplets breah up in a transverse magnetic field is shown in 
Fig. 54 The behaviour of the diffuse series of triplets is still 
more complex, as is also that of many lines which have not been 
assigned to any series. 

Paschen and Back^ have recently observed that with certain 
double lines the character of the Zeeman effect depends very much 
on the strength of the magnetic field. The arrangement of the 
lines in strong fields is in some respects simpler than that in weak 

fields. 

Not much has yet been accomplished in the way of an expla¬ 
nation of the more complicated types of Zeeman effect, although 
♦ Ann, der Fhfsik, vol. xxxix. p. 807 (1912>, vol, xl, p. 960 (1913). 
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the theory has been attacked from, several different paints of viev" 
by Lorentz^, Voigt f and other writers. One important point 
brought out by Lorentz is that a magnetic field cannot of itself 
alone endow the vibrating atomic system with essentially new 
modes of vibration: it can only cause the separation of existing 
periods which previously were coalescent. This is an example of 
the well-known dynamical principle that the mimber of possible 
modes of motion of a system is determined bj the number of 
degrees of freedom, since the nnmher of degrees of freedom is not 
affected by the magnetic field. Naturally, by imagining the 
motion of the electrons to he constrained in various ways or by 
assuming different forms for the expressions for the potential and 
kinetic energies of the electrons, it is not difiicnlt to arrive at 
rather complex types of Zeeman effect. But the theoretical 
results thus far attained do not seem to resemble very closely the 
effects exhibited by the actual spectral lines. 
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Pig. 54. 

Most of the lines of band spectra which have been examined 
do not exhibit any measurable Zeeman shift. In the few cases in 
which this effect has been observed in the lines of band spectra 
the results have been more irregular than those given by line 
spectra. Thus Dufonr:): found in the banded flame spectra of the 
haloid salts of the alkaline earth metals some lines which, when 

* Theory of J^lectrons, chap. rii. 

t Magneto- tmd Elektro-Ojptik, cshaps. ir. and iv. 

X Comptes Iteiulus, vol. xiv. pp. 118, 229 {1908J. 
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olDserred in the direction of the magnetic field, gave rise to com¬ 
ponents with circular polarization in the opposite direction to that 
exhibited bj the line spectra. Other lines showed the normal 
behaviour in this respect and in both cases the polarization was 
incomplete. The existence of circular polarization in the opposite 
direction to that given by the normal effect cannot necessarily be 
interpreted as implying positively charged vibrators, since Lorentz^ 
has shown that this effect can arise from the vibrations of negative 
electrons under suitable circumstances. 

Theories of Spectral Emission. 

The fi'equeney of the occurrence of the normal type of Zeeman 
effect and the fact that the more complicated types are closely 
related to the simple type and to the series of line spectra, show 
that the oscillations of negative electrons play a very import¬ 
ant part in spectral emission. A serious difficulty in the way 
of the further development of the interpretation of these effects 
arises from our ignorance of the nature of the emitting systems. 
If we consider a particular series of lines, for example, we can either 
regard these as the overtones which accompany the fundamental 
vibration of a single system or we can look upon each line as the 
natural vibration of a separate system. In the latter case the other 
lines of the series are attributed to the occurrence of systems -which 
are constitutionally related to one another in some regular way. 
Both these views have had their respective 'advocates. Another 
view, which attributed all the spectral lines to the natural modes 
of vibration of the normal atom, is certainly no longer tenable. As 
each electron can at most only give rise to three natural frequencies 
the number of electrons per atom which would he required to furnish 
the spectra of elements like iron and titanium is quite prohibitive. 
Moreover such a hypothesis would make the absorption spectra of 
metallic vapours quite different from what they are. 

The experimenters who have adopted what one may call the 
overtone view of the nature of spectral series, have come to quite 
different conclusions as to the nature of the emitting systems. 
Thus Lenardf found that the upward stream of colour arising 

Theory of EUcirom, p. 123. 

t Amu der Physik, vol, xi. p, 636 (1903), vol. xvii. p. 195 (1905). Of., however, 
H. A. Wilson, Phil Trans. A, yoU ccxvi. p. 68 (1916). 
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from a bead of alkali salt in the outer regions of a flame is iinde- 
fleeted by an electric field, whereas in the interior of the flame 
the coloration is deflected. In the former case only the lines 
of the principal series are emitted, whereas in the latter case 
lines of the subsidiary series may also be found. He therefore 
concluded that the emitters of the principal series were uncharged 
atoms of the metal and those of the subsidiary series atoms which 
had lost one or more electrons. Experiments with salt vapours 
in the arc confirmed this conclusion. On the other hand Stark*, 
largely from experiments made on the rapidly moving positive ions 
(canal rays) found in vacuum tubes under certain circumstances, 
has come to the conclusion that the emitters of all the line scries 
are positive ions: and holds, on other grounds, that the band 
spectra are emitted by the neutral particles. There is no doubt 
that the sources of the line spectra are in many cases in rapid 
motion, since Stark f has shown that they exhibit the Doppler 
effect. This fact alone does not settle the question, but there is no 
doubt that the streams of deflected positively charged particles do 
in general give rise to the emission of series lines. However, such 
streams usually contain a fair proportion of neutralized particles 
which might be the source of the emission. In fact it seems to 
the writer that the hulk of the experimental evidence which has 
been brought to bear on this question might be interpreted in 
various ways. 

The truth of the overtone view of the nature of spectral lines 
cannot be said to have been established. In fact there arc very 
grave objections to it, E. Ladenburg:!:, who investigated the 
dispersion of luminoiLS hydrogen in a vacuum tube, found that it 
was negligible except in the neighbourhood of the red lino //«. 
In this region satisfactory measurements showing the regular 
type of anomalous dispersion to be expected near a natural period 
were obtained, although no measurable effect could be detected in 
the neighbourhood of the bright blue-green line An extensive 
series of measuroments covering the dispersion of the vapours of 
the different alkali metals in the neighbourhood of the lines of the 
various principal series has recently been carried out by Bevan|. 

Jahr, tier Itadioakt, u. Elektronlky vol. vxii. p. 231 (IDll). 

i- Fhij$. Zeits, vol. VI. p. 892 (1905). 

t Ven der l)eut$ch, Physik. Oe$, x. Jalirg. p. 8i58 (1908). 

§ Roy. Soc, Proc. A, voi. lxxxiv, p. 209 (1910), voi. i^xxxv. p. 54 (1911). 

K. E. T. 34 
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Both th6S6 irLTOStigations lead to importaiit conclusions of a similar 
character. 

Let us turn to the theory of dispersion given in Chap, vni, 
p. 148. In the case of a gaseous substance vve can neglect the 
term ctF which depends upon the polarization, on account of its 
smallness, so that the refractive index, neglecting the effects 
specifically due to the absorption term in the equations of motion, 
will be gi\^en by 






Vs^s- 


.(29), 


1 'yn.Cps'-if) .. 

where e is the charge, rn the mass, of the vibrators, ps the natural 
frequency of the 5 th type of vibrator, p the frequency of the light, 
T/s the number of vibrators of the sth type present, and n the 
number of types. Bevan has shown that an equation like (29), with 
one term for each line, represents the measurements for potassium 
as accurately as they can he made; so that we shall not be led into 
any serious error by neglecting the absorption, term. ISTo doubt 
the same conclusions apply to the other substances investigated. 
Now in the case of the hydrogen lines ejm has the regular value 
for negative electrons, since the Zeeman effect is of the normal 
type. Thus all the quantities on the right-hand side of (29) 
are known except Vg. It follows that from measurements of 
the refractive index we can obtain the number of emitting 
particles. 

Now Ladenburg and Loria’s experiments show that there is 
no appreciable dispersion in hydrogen until it becomes luminous, 
whereas luminous hydrogen shows anomalous dispersion in a 
marked manner in the neighbourhood of the line Thus it 

follows that the systems which emit this line do not emist in 
ordinary hydrogen hut are only formed when the gas becomes 
luminous. . Moreover luminous hydrogen does not show measur¬ 
able anomalous dispersion near the line whence it follows that ‘ 
the number of systems which can emit light giving the line 
is much smaller than the number which can emit light giving the 
line jffoi. This conclusion must he valid even though we have 
neglected the absorption term; because it follows, from the shape 
of the dispersion curves, that the inclusion of the absorption term 
only affects the estimated value of Vg seriously when we make use 
of frequencies very close to Now and are the first 
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two lines of Balmer s series, so that this argument leads to the 
conclusion that the systems which can emit the different lines of 
this series are not present in equal numbers. It follows that the 
different lines of a given series are given out by different systems 
and therefore presumably by atoms in different states. 

Be vans results with the lines of the sharp principal series 
of the alkali metals confirm these conclusions. The argument 
here is not so strong because these lines do not exhibit the normal 
type of Zeeman effect, so that we have not such good grounds for 
the validity of the simple theory of dispersion which leads to (29). 
The constants might be of the more general type given in Chap. 
VIII, p. 176, for example. However, even in this case, it is not 
likely that the order of magnitude of Vg estimated from the simple 
formula would prove to be seriously wrong. 

As to the actual numerical differences in Vg Sevan finds for the 
first four doublets of the principal series of potassium that the 
numbers of vibrating electrons are proportional to the respective 
numbers: 

nil = 0113, = 1*58 x 10“"^, m 3 = 11 x 10“® and = 3 x 10"^. 

There is some evidence that the value of Vg is equal, or approxi¬ 
mately equal, for the two lines of a doublet. Results of a similar 
character are given by the other alkali metals. The proportion of 
systems capable of emission to the total number of atoms present is 
probably greatest in the case of the centres which emit the sodium 
D lines. Using data given by Wood for the temperature 644° C. 
Bevan estimates that the proportion of centres to atoms is about 
1 in 12. A corresponding calculation has been, carried out by 
Ladenburg and Loria in the case of hydrogen in a Geissler tube. 
By making use of the formulae (24 a) and (24 6 ) of Chap, viii, 
in which the part played by the absorption term is taken into 
account, they conclude that about one centre capable of emitting 
the line H^. is found in every 50,000 molecules, under the conditions 
of their experiment. 

As to the nature of the difference between the different atoms 
which makes them capable of emitting different spectral lines 
a number of plausible hypotheses may be considered. In the first 
place the electromagnetic analysis (.measurement of the deflexion 
produced by transverse electric and magnetic fields) has shown 

34_2 
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that the atoms present in the vapours of metals may lose varying 
numbers of negative electrons. Thus Sir J. J. Thomson^ has 
recently found that the positive rays in mercury vapour contain 
mercury atoms which have lost 1, 2, 3, 4, 5, 6 and 7 electrons 
respectively. In the second place there have also been shown to 
occur in vacuum tube discharges atoms which have gained one or 
more electrons in excess of the normal amount. Finally, systems 
may be formed by the combination of two or more atoms. 
I ought also to add that Eitzf has shown that if the electrons 
are supposed to vibrate in the field of a small magnet, different 
frequencies occur which obey the same kind of law as Rydberg’s 
series, if the magnet is supposed to be built up of varying 
numbers of smaller elementary magnets. ■ The possibility of 
this last type of theory has received some support from Weiss’s 
work on the magnetic properties of bodies considered in Chap, xvi, 
but it does not otherwise seem to agree very well with present 
tendencies in the development of the theory of atomic structure 
(see Chap. xxi). H. A. Wilson J has pointed out that if we take 
the atom to be composed of a number of electrons in equilibrium 
inside a sphere of positive electrification of uniform volume density 
—a hypothesis which, as we shall see in the next chapter, gives 
a fair account of many of the properties of the atoms—then 
each atom possesses only one mode of vibration which is effective 
in producing any considerable amount of radiation, and the 
frequency of this mode of vibration depends only on the universal 
constants e, m and c, and the density p of the positive electrifica¬ 
tion in the sphere. According to this theory the frequencies of all 
spectral lines are determined by the density p of the positive 
electrification. For a given atom the requisite changes in p are 
secured either by a deficiency in the normal complement of 
electrons or by combination of the atoms with each other. As 
these changes always take place in discrete amounts the frequencies 
can be made to depend on whole numbers in the same way as in 
Balmer s series. 

A number of attempts have been made to construct vibrating 
systems which have overtones resembling the spectral series^ 

* FhiL Mag. vol. xxiv. p. 668 (1912), 

t Gesaimmelte Werhe^ Paris (1911). 

X Fhil. Mag. vol. xxiii. p. 660 (1912). 
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Eitz^ has succeeded in constructing two-dimensional dynamical 
systems of this kind, whilst Whittaker■]* * * § has expressed the form 
which the requisite energy functions must take in a very general 
manner. 

A theory of spectral emission, due to Bohr, which depends on 
different principles from any of the foregoing will be considered in 
the next chapter, p. 590. This theory offers a quantitative ex¬ 
planation of Balmer s series and is able to overcome most of the 
difficulties we have so far encountered. 


Fluor escoice. 

Many substances when illuminated, let us say by monochromatic 
light, are found to emit light of a different colour or frequency. 
This phenomenon is called fluorescence. Sir George Stokes, who 
made very important researches on the subject, concluded that the 
•fluorescent light was invariably of lower frequency than the 
exciting light. This generalization has been found to be only 
approximately true. The first exceptions to it were noticed by 
Lommelt- The more recent investigations of Nichols and Merritt§ 
have shown that in the case of certain substances which they 
examined, the relative distribution of energy in the fluorescent 
spectrum docs not depend very much on the frequency of the 
exciting light, and that a considerable proportion of the emitted 
energy may belong to higher frequencies than that of the exciting- 
radiation. 

Very often the fluor(‘SC(‘nt omission lasts for some time after 
the exciting radiation has been cut off. Tlio phenomenon is then 
often termed phosphorescence. There docs not seem to be any 
very sharp line of demarcation between fluorescence and plios- 
phorescence, as the duration referred to may tfike almost any 
value from z(jro upwai-ds with diffenint siibstanccB and according 
to circurnstanc(\s. Howtwer, in the case of liquid and gaseous 
bodies this dunition lias always been found to be too small to 

* Loc. ciL 

t Ilo}j, So€. Prar. A, vol. iixxxv. p. 252 (1011). 

IV’mL Aim. vol in. p. lU-J {1H7B). 

§ Phy^. Rev, vol. xix. p. 18 (1^04). 
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measure; so that they are strictly fluorescent according to the 
definition. 

Fluorescence is very susceptible to changes in the physical 
condition of the bodies exhibiting it. Thus some substances are 
fluorescent only when dissolved in certain non-fluorescent liquids; 
whilst others, barium platino-cyanide for example, are fluorescent 
in the solid state and not when dissolved. The luminous paints 
are examples of an important class of substances whose behaviour 
has been investigated by Lenard and Klatt^. They find that 
these bodies, which are of a saline character, only exhibit phos¬ 
phorescence when they contain three different chemical substances. 
Only small traces of two of the three need be present. These 
facts show that phosphorescence is not a unique property of the 
atom, or even of the chemical molecule. 

It is probable that phosphorescence is invariably accompanied 
by the liberation of electronsf. This is a very. important 
point and at once suggests the explanation of these phenomena. 
It now seems fairly certain that the exciting light first causes 
the emission of electrons from some constituent of the material 
and that the fluorescent light arises from the recombination 
of these emitted electrons. The time factor will then be 
determined by the resistance to this recombination and will be 
greater in solids than in liquids and gases, and at low than at high 
temperatures in solids. These requirements are borne out by the 
experimental results. In fact, all the observed phenomena seem 
to receive a very plausible explanation on this view. 

It is questionable whether fluorescence can be sharply dis¬ 
tinguished from other kinds of optical absorption except such as 
arise from electrical conduction. It is at least possible that in all 
cases energy is absorbed from the light by the electrons until 
disruption occurs. The disruption might occur entirely within an 
atom and not give rise to perceptible emission of electrons. The 
frequency of the emitted light might have any value including that 
of the incident light as a particular case. There might even be 
no re-emission of radiation except very indirectl}^ the whole of the 
absorbed energy being stored temporarily in the atom. In fact 

* Ann. der Phys. vol. xv. pp. 225, 426, 633 (1904). 

t stark and Steubing, Phys. ZeiU. vo]. ix. pp. 481, 661 (1908); Lenard and 
Saeland, Ann. der Phys. vol. xxvni. p. 476 (1909), 
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i^3^pothesis seems wide enough to cover all the phenomena 
to, and so far as the writer is able to judge, there are no 
^ Icxiown at present which definitely contradict it. 
.^"^^iedemann and Schmidt^ discovered that the vapours of 
J organic compounds and of the metals sodium and potassium 

^ ^^itied fluorescence. This list has been extended to include the 
^ elementary substances mercur}^ iodine and bromine by 

^ * "Wood. The fluorescence exhibited by the vapours of the 
5 metals and iodine has been investigated in detail by Woodf 
^<>iind to exhibit remarka])lc results. Although there is a 
^ deal .of similarity in the efiects exhibited by the different 
-iiices, perhaps the case of iodine is most interesting. Wlion 
i riulation is effected by monochromatic light the fluorescent 
mil is not a continuous one but is in the form of a series of 
dries whose fre(piencies arc approximately equidistant, with 
^ >i*i|:(inal line forming one of the lines of the series. The 
f of the lines of the fluorescent spectrum change in a 

tidvrible nrinuer as the frequency of the exciting light is 
l!'hey are also iniiniatcly related to the fine structure of 
^ * **’>’' compl<‘X al).sorption spectrum of iodine. This s[)ectrum 
K»* ven very fine linc‘s, visil)l(‘, only with the highest rc'solving 
'vvitliin the widt.Ii of the grenm nHU’cury liiuj. When the 
ti morcury liiie is used for excitation it is found that a large 
i ** of thii ffuor(‘.sc(*nt lin(‘H are imide- up of fine lines having a 
*1 Biiiiilar to the seven absorption liruis cov<;nal hy the 

spoetriun, but tlie (luorescfuit lines are about thirty times 
r rt| carton the frefjmuicy scale as the corresponding abHor|)tion 
Many other int(U*(\sting pofuiliarities have lieen observed 
!i proinise inii)ortanti results when inv(^stigated further. 

'll#* line fiuor(*sc(‘Mce shown l>y tluj (dcimmts alluded to does 
law. It posse.sses tin* remarkable propertyof 
r fc* »iivorle<l into a barul Hp(*ctnun by an admixture of inert 
i, like heliiUii. Tlui infimsity of the l>anded fluorescence 
%vith t umourit ami nudc’cular weight of the strange 
I fr f# “d. No adequate tlunory of th<‘Hf,!: phenomena has yet been 
fi: *rwaril, although it is clcuir that any Hutisfactory theory of 

I .fi m. der Phy^. voi. uvii. p. 447 (IBlNq. 

Phijsiml chap, xvith, York (VM)\ Phil, May. Oofc. HU2. 

m4 Friiiick, Ver. dir thatt^rh. Phy». Gt$. vol. xiu. p. Si (ISlt). 
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spectroscopic phenomena will have to take account of them. The 
remarkable complexity of the absorption spectrum of iodine, which 
has been pointed out by Wood*, should also be remembered in 
this connection. 

The Effect of Pressure on Spectral Lines, 

In 1896 Humphreys and Mohlerf observed that the spectral 
lines of various metals were displaced towards the red end of the 
spectrum when they originated in the arc at a high pressure. The 
shift was approximately proportional to the pressure. Humphreys J 
explained this displacement as arising from the Zeeman effect of 
the intermolecular magnetic fields. The writer§ pointed out that 
there should be a displacement, of the observed order of magnitude, 
arising from the forced vibrations in the atoms of the gas near the 
emitting centres. An explanation having a similar physical basis 
was given about the same time by Larmor||. A theory which is 
not very different in principle from the last two has recently been 
put forward by G. H. LivensU, who, however, comes to the con¬ 
clusion that the shift should be proportional to the concentration 
of the emitting particles and only to the pressure of the gas in so 
far as it influences the concentration. No doubt effects of the kind 
contemplated by Livens may occur under favourable circumstances, 
but it does not seem probable that they have* much to do with the 
pressure shift under the conditions in which it has been observed. 
In the first place the experiments described above on the dispersion 
of light by luminous gases and by the vapours of the alkali metals 
indicate that in the case of many of the lines which exhibit the 
pressure shift it is probable that there are very few centres in a 
volume of the dimensions of the wave-length of light, so that 
Livens s analysis will not apply without modification. It then 
reduces to much the same thing as that given by the writer. In 
the second place the shift should vary enormously for spectral lines 
of the same series to accord with Bevan s results. Finally, such a 
view is hardly likely to lead even to so much consistency as has 

* Fhil. Mag. Dec. 1912. 

t Astrophys. Journ, vol. iii. p. 144 (1896). 

t Jahr. der Rad. u. Elektronik^ vol. v. p, 324 (1908), 

§ Phil. Mag. vol. xiv. p. 557 (1907). 

II Astrophys. Journ. vol. xxvi. p. 120 (1907). 

IT Phil. Mag. vol. xxiv. p. 285 (1912). 
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been recorded in measurements of the pressure shift, although, 
it must he admitted, this is for from being all that might be 
desired 

The Stark Effect. 

Start ^ has recently observed interesting changes in a ninuhor 
of spectral lines when the emission takes place in a strong electric 
field. As in the case of the Zeeman effect the phenoin(3na are 
different for different lines and the observed effects depend u^)on 
the geometrical relation between the direction of CTnissiori and the 
direction of the electric field. When the lines Ih and //^ are 
under observation in a direction, perpendicular to the elcjctric 
field, it is found that five lines appear instead of each original 
line. These five lines are symmetrical about the original line 
with which the central one is coincident. The two outer lines 
are much stronger than the other three and are polarised parallel 
to the electric field. The three inner lines are polarized perpen¬ 
dicularly to the electric field. When the radiation is oli.scjrvod in 
the direction of the electric field three evenly spaced lines appruir. 
These have the same wave-length as the three Htk^h whieli 
polarized perpendicularly to the field in the forujor case and arc 
now impolarized. 

Of the helium lines which havelxMm examined tho.se be leu gin g 
to the sharp princijial series and to the sharp sficoiidary scricjs 
exhibit no noticeable decomposition. Idie line.s Ixjlongiiig to tlio 
diffuse subsidiary series break up into three or four litK^.s of uncMpuil 
intensity, asymmetrically s]}aced with re.spect to the originaJ lino. 
17one of these lines are coincident witli tlui original Hue and they 
are unpolarized. In the case of helium the, lines ohncuwcHi in tdie 
direction of the electric field jnesent the Baiac chanicicTistics an in 
the transverse direction. 

Tor the three lines (/J^, and IleX^ 40261) for which tJm 
data are most accurate the displacement of {3<)ni|Kment.H is 
proportional to the strength of the electric field The Indium line 

* Sitznngsber. d. k. Prexws. A kml. d. Wits. B€5r3in, 1013, p. 932; A rm. dtr Phygik, 
voL xLiii. p. 965 (1914). Stark and Wendt, ibid. p. 983 ; Stark and Kiwolibaum, 
ibid. p. 991, I). 1017. Pleklrmhe liiiectmlmalym chcmkch&r Monu (1015). 
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of Mrave-length 4472 A, which is split up very asymmetrically, 
appears to deviate from this law. With a field of 13,000 volt cm.""^ 
the difference in the wave-lengths of the two outer components 
was 3*6 X 10“^ cm. for and 5*2 x 10“^ cm. for A number of 
lithium lines exhibit effects of the same order as those given by 
hydrogen and helium. Here again the sensitive lines are in the 
diffuse subsidiary series. The lines of the two sharp series 
exhibit only comparatively small displacements. The displace¬ 
ments shown by a large number of lines of calcium and mercury 
which have been examined are all small. 

An explanation of these effects has been put forward by Bohr 
He points out that the external electric field will change the 
amount of energy in the atoms in the different stationary states 
(see p. 590), and thus involve a change in the frequency of the 
radiation which is given out in changing from one stationary state 
to another. Other explanations have been offered by Garbassof, 
Gehrckef and Schwarzschild In his second paper Bohr has 
been able to show that his theory gives a fair quantitative account 
of some of the principal features of the effect in hydrogen. 

The Inverse Zeeman E^ect, 

In our treatment of absorption and dispersion in Chap, viil 
we omitted to consider effects which may arise when an external 
magnetic field is present. This defect will now be remedied, but 
the treatment given will be very brief. Those who wish for fuller 
information about this and related questions may be referred to 
Lorentz’s Theory of Electrons, chap, iv; Wood’s Physical Optics, 
chap. XVII ; and especially to Voigt’s Magneto- und Elektro-Optik, 
passim. 

If we wish to take account of the effect both of a magnetic 
field and of absorption, we cannot, in general, afford to neglect 
any of the terms in the equations of motion of the electrons 
numbered (1) in Chap. viii. We shall, however, simplify matters 
by assuming that there is only one kind of electron per atom 
whose motion is of importance. Let us first consider the case 
when the external magnetic intensity R lies along the z axis, 

* PJiil Mag. vol. xxvn. p. 512 (1914), vol. xxx. p. 394 (1915). 

t Phys. ZeiU. Feb. 1 (1914). 

$ Verb. d. Deutsch. ^hysik. Ges. Jabrg. 16, p. 20 (1914). 
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which is that of the direction of propagation of the light. The 
equations of motion, under these conditions, reduce to 

= + + .(33), 




e 

-cHt 


= aP.) - .(35), 

where = of Chap. viii. If there are N of the movable 
electrons in unit volume, the components of the polarization P 
are given by 

= iVe^, Py = and P^ = Fez .(36). 

Let the waves propagated through the medium depend on the 
time through the factor only; then, by making use of (36), 
equations (33)—(35) may be replaced by 

Pic = (7 -h - iePy .(37), 

Ey = (7 4 - ih) Py + ieP^ .(38), 

P. = (7 + iS)P;^...(39), 

where Y = S = ^p. e = Ap .(40). 

Since the waves, supposed plane, are propagated along the direc¬ 
tion of the z axis, the electric and magnetic vectors in the wave 
front will contain t and z through the factor only, and will 

be independent of x and y. Thus the fundamental electromagnetic 
equations 

, „ IdD 
xotP^= 

c dt 


S —-A- ^ 


rot 


^ 4 - 171 1 

and rot P =- 

c dt 

give us 

= Pa; = Po; + Pa;\ 

and c^q^Ey = By - Ey-\-Py) . 

Substituting these values for E^, Ey in (37) and (38) we obtain 


_c^g2-_ X 


(7-fi5) Pa,= -i€Py 


"Y (7 + ^*^)J Py = + 

Py = i iPX .. • 
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There are therefore tvo solutions having* opposite values of 
for a given value of Fy. To interpret the imaginary sign consider 
the case, corresponding to the solution having the positive sign, 
where P^; is proportional, at a fixed point, to the real part of 6'^^, 
or aospt. Then Py will be proportional to the real part of 
or — sin pi Thus the solution P^ = +^P^; corresponds to a circular 
vibration of P, and since P is in the same direction as the resultant 
displacement of the electrons these also execute similar circular 
vibrations. The value of q for this vibration is given by substi¬ 
tuting in either (42) or (43) from the equation Py = •+ 'iPa?* 
thus given by 


== 1 -t 


1 

f/ -h 6 -f 'iS 


(45). 


In a similar manner we see that the equation Fy= corre¬ 

sponds to a circular vibration in the opposite sense, for which q is 
given by 


&q^ = 1 


1 

y — 6 4- ^S 


,(46). 


In general q will he complex. As in Chap. viir, p. 165, we shall 

k 

obtain the coefficient of absorption - p and the index of refraction n 
if we put 

cq==n(l --ik) ......(47), 

where n and k are real n and k will thus be obtained by solving 
the simultaneous equations 

where the positive sign corresponds to the vibration (45) and the 
negative sign to (46). When there is no magnetic field these 
equations become 


r...(48), 




2 n.k = 


7^+8= 


. 09 ). 


Equations (18) and (19) of Chap. Tin evidently reduce to (49) 
when the same assumptions are made and the slight difference in 
notation is allowed for. 


This result establishes a simple correlation between the 
behaviour of the two circularly polarized rays in the longitudinal 
magnetic field and the equivalent unpolarized light in the absence 
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* * ^ ^ magnetic field. The only difference between the equations 

' and the corresponding pair of equations (48) is that 7 is 

‘placed by 7 + 6 in the one case and by 7 — e in the other. Tluis 
>ii.s5idering a given value of 7 , the polarized ray (45), in the 
I ♦I'osence of the magnetic field, will have the same refractive index 

* * I cl absorption coefficient as the unpolarized ray for which 7 had 

^ value 7 -f-e in the absence of a magnetic field. Similar con- 

^ *1 unions apply to the other ray if e is replaced by — e. We see 
i J’oma (40) that p satisfies the relation 


Ne^ / K \ 


> hliat the right-handed ray, which corresponds to (45), will oxhihit 
^ ire same behaviour as the unpolarized ray of frequency p sliows 
iti tihe absence of a magnetic field, provided its frequency pi is 
,141 von by 




a — 



Ne^ f fc 
vh \N(i^ 


a — 



left-handed ray (46) will cxliihit tlie same behaviour as both 
t iio foregoing if its frcqiKJUcy pa satisfi(\s 



the curves that express the rerractiv (3 index and al)Horpti()n 
>€ 3 fiicient of the circularly polarized rays in the longitudinal 
liirigmetic field as functions of the freqinmcy ar'e sepai'alKKl by 
frequency p.^ - jh given by 




«»r pt~pi= U ...(SS). 

of these curves is id<3ntieal with the cornjspcmding (mrvc‘. in 
t 1 10 absence of a tnagrud/ic field except for the displaciunent. ''rhe 
f triginal curve is almost midway hetwoen tho (lisplaccsl curves. '^Flie, 
rc^l^x.tionship is exhibited graphically in Fig. 55, p. 547. 

Comparing (52) with (28) we see that thr? displacemcmt of tlu? 
f/wo circularly polarized components of tlie absorption spectrum is 
equal to the Zeeman shift in the emission spectrum for the 
magnetic field. Also if e is negative the absorption band 
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for left-handed circularly polarized light is shifted towards the low 
frequency side. In the direct Zeeman effect we found that when 
e was negative the component of lower frequency was left-handed, 
if we observed the emission in the direction of the magnetic 
force. 

Effects of the kind just specified were first observed by 
Maculoso and Corbino* in their experiments on the absorption 
of light by sodium vapour in the neighbourhood of the D lines, in 
the presence of a magnetic field. More complete experiments by 
Zeemanf and Hallo J have shown that the phenomena are com¬ 
pletely in accordance with the theory, the development of which 
is largely due to Drude and Voigt. J. Becquerel§ has shown that 
similar phenomena are displayed by the very sharp absorption 
bands exhibited by the salts of certain rare earth metals at low 
temperatures, whilst Wood|| has found them in the fine lines of the 
channelled absorption spectrum of sodium vapour. In both these 
cases the direction of rotation for some of the lines corresponds 
to that given by the elementary theory for positively charged 
particles (see p, 524). 

We shall now turn to the case in which the light is propagated 
at right angles to the lines of force of the external magnetic field 
which we shall still suppose to lie along the ^ axis. The equations 
of motion of the electrons will therefore still be given by equations 
(33)—(35). Let the light be propagated along the x axis. The 
various electric and magnetic vectors will then depend upon the 
coordinates only through the factor In the first place 

we notice that when the light is plane polarized so that the 
electric vibration is in the same direction as the magnetic field, 
the latter exerts no effect on the observed phenomena. For the 
relations between the polarization, the electric intensity and the 
motion of the electrons are given by equation (35) together with 
= and 

These equations, together with 

dx c dt dx c dt * 

* Comptes MenduSy yoI. cxxvn. p. 548 (1898). 

t Amsterdam Froc. vol. v. p. 41 (1902); Arch. Neerl. (2) vol. vn. p. 465 (1902). 

X Arch. N€erl. (2) vol. x. p. 148 (1905). 

§ Comptes Bendus (1906-7). 

U Phil. Mag. vol. xv. p. 274 (1908). 
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are sufficient to determine completely the behaviour of the light, 
and none of them involve the external magnetic field R. 

It is otherwise with the light polarized, in the perpendicular 
direction. The effect of R has now to be considered, on account 
of equation (84). Since rot H = Djc, we have 

div i> = c div rot li = 0, 


and since the waves are plane 

ay' ^ ’ 

so* that Dx will always have the value which it had before the light 
was present, namely zero. Thus 

Ex + Pa^^Dx^O .(58). 


From this relation, together with (37), (38) and Dy= Ey + Py, we 
find 

-r. ?*€ 


Thus 


^ .p 

. tv II 


^*"l+7 + iS " . 

p ^ . ....- E 

■ (ry + iS) (i + 7 + il) - e ^ 




(1 + 7 + ilj - e- 


^ (7 + i8)(l + 7+iS) —e 


.(54), 


.(55). 


=«. (1 - ikf - 

i \ (7+ iS)(i-P 7 4-iS) — 


..(50). 


From (56) the index of refraction n and the coefficicujt of absorp¬ 
tion /cp/c may be obtained by c<|uating real and imaginary parts, 
and solving the rcHuItirig simultan(M)UH equations for n and k 


From (54) we observe that the ratio of Px to Py is complex. 
If we turn this ratio into the fonti a will be the ratio of the 
amplitudes and 9 the phase difference of the components of the 
polarization. Since Px and Py are proportional to w and y 
respectively, we see that in general the motion of the electrons 
will be in an ellipse perpendicular to the direction of the magnetic 
field. The eccentricity and orientation of the ellipse will evidently 
depend on the frcMpiency of the light, since j, S and £ involve this 
quantity. 
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To determine the position, of the absorption bands it is neces¬ 
sary to know the value of k. Solving the equations we find that 
this quantity is given by 


where 




G 


{b1\ 


j 4 = [(1 + 7)^ — g2 _ |-^ (X + 7) — - €^] 4- 2 (l-f 7) (1 4- 27) 

JS-(l + 27)S[(l-h7)2-S-^-£^-]-2(l+7)8[7(H-7)-S^-€^], 
0 = [ 7 ( 1 + 7 ) + + ( 1 +462) 

The exact determination of the maximum values of h from (57) 
by differentiation leads to formulae which are too complicated to 
handle, but it happens that these maxima are given very approxi¬ 
mately by the minimum values of G. These values are readily 
found in the case of very sharp bands or absorption lines, where the 
region in which perceptible absorption occurs is so narrow that h 
and € may be treated as constants compared with 7 , which passes 
through the value zero in this neighbourhood and varies very 
rapidly with p. 

Subject to these approximations the minima of C and maxima 
of k are given by 

7(l + 7) = e 2-82 

or 7 = - 4 ± .(58). 


The corresponding values of Ay B, G and Pxl^y 


A = 48262, 


B = i8(1 + 462 ± V462- 482 1)^ c= 8= (1 + 46^), 



ie 

^ + Ve^ — §2 ^ ^ ^‘g 


(59). 


The simplest case arises when the absorption is relatively 
feeble and the magnetic field is strong enough to produce a 
separation of the absorption lines which is great compared with 
their width. Under these circumstances 8 is large compared with 
unity (see Chap, viii, p. 167) and e must be large compared with 8 ; 
so that from (58) we have the approximate relation 

. 


This shows that the original line is split into two absorption lines 
which are separated by the same frequency difference as the 
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corresponding lines in the longitudinal inverse effect or the 
corresponding emission lines in the direct effect. 

To the same order of accuracy the maximum coefficient of 
absorption is evidently, from (57), the same for both lines and 
is given by 

c 4Sc 


kp _ p 




This is just one-half of the value of the maximum absorption 
coefficient in the absence of a magnetic field under otherwise 
identical conditions (see Chap, viii, p. 167). Thus when the medium 
is traversed perpendicularly to the direction of the magnetic force, 
by light in which the electric intensity is also perpendicular to the 
magnetic force, the light will be absorbed to the extent given 
by (61) when the frequency has either of the values given by (60). 
Corresponding to one of these vibrations the polarization of the 
medium and the motion of the electrons will be given respectively 
by — + RRd and corresponding to the other by 

P^=z^iPy and — iy. Thus the electrons move in opposite 
directions in circles perpendicular to the direction of the magnetic 
force. This motion agrees with that which corresponds to light 
of the same frequency when the inverse longitudinal Zeeman effect 
is under consideration. In general these transverse effects will 
not be symmetrical about the frequency corresponding to 7 = 0 
because the expressions for % and k involve odd as well as even 
powers of 7 . 


Magnetic Potation and Double Pefraction, 

The rotation of the plane of polarization of plane polarized 
light, when it passes through a refracting medium in the direction 
of the lines of force of an applied magnetic field, was discovered 
by Faraday^ when he was engaged in trying to find the connection 
between electromagnetism and light. The explanation of this, 
the first magneto-optical effect to be discovered, follows at once 
from the theory of the longitudinal inverse Zeeman effect which 
has just been given. 

As is well known, a plane polarized ray of light is equivalent 
to two rays circularly polarized in opposite senses and differing 

« Exjp, Res, § 2152 (1845). 


B. E. T. 


35 








546 


SPECTROSCOPIC PHENOMENA 


suitably in phase. Thus the plane polarized ray can he regarded 
as compounded of two opposite circularly polarized rays having 
the same fre(][ueiicy. But we have seen that these constituent 
rays are propagated with different speeds in the direction of the 
lines of magnetic force, so that when they emerge from the 
medium they will no longer have the same phase difference as 
when they entered. They will combine into a ray which is, in 
general, polarized in a plane different from that of the original 
ray. This rotation of the plane of polarization is easily calculated 
in the case in which the absorption coefficient kp/c is so small 
that we may neglect it. This condition must certainly hold 
when we are dealing with transparent refracting media. 


Turning to equations (48) we see that when k is negligible, 
the refractive index is 


n= 1 


+ 


1 7±g 

^ (7 ± 


,(62) 


according as the ray is right- or left-handed. The velocities 
and Vi of the right- and left-handed rays are therefore given by 

1 1 1 7 + e 

Vr C 2c (7 -f- ey H- 8^ 

1_1 1 7-6 

Vi c'^ 2c (7 — e)‘^ H- 8 ^ * 


If one of the circularly polarized rays gets ahead of the other in 
phase by an angle <j> the plane of polarization of the resultant ray 
will clearly be rotated through the angle ( 5 ^/ 2 , The rotation co 
of this plane per unit length of the medium, arising from the 
difference in velocity of the two rays, will thus be 

n ri 11 

co=% - 

2 Vr Vi 


p 7 + € 7 — e 

4c (7 + ey + {y— ey -f 8 ^ 


(63). 


The sense of this rotation clearly reverses when the magnetic 
force R is reversed, because changing the sign of R replaces -f e 
by —6 and vice versa. 

The rotation near an absorption line or band, where k cannot 
he disregarded, is most readily obtained graphically. Let A BODE 
be the curve which gives 1 /v as a function of the frequency in the 
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absence of a magnetic field. Then the corresponding quantity for 
the two circularly polarized constituents when a longitudinal 
magnetic field is present will be obtained, as is clear from the 
discussion on p. 538, if we simply displace ABODE to the right 
or to the left by an amount corresponding to ± e. Let the curves 
thus displaced be A^BJOiD:^Ei and A^B^C^DJE^ (Fig. 55). In these 
curves the ordinates represent Ijv and the abscissae the values of 
^ which is 27r times the frequency. The value of the coefficient 
of rotation on will be given as a function of the abscissae p by 
the lower curve PQR8T in which the ordinates are the differences 
of the ordinates of the two upper curves at the same value of p. 



These conclusions hold good when the light is propagated 
along the lines of magnetic force. When the direction of propa¬ 
gation is transverse to the magnetic field a different phenomenon, 
which was predicted and verified by Voigt, manifests itself. 
Suppose the incident light to be plane polarized. We can then 
resolve it into two components one polarized in the plane con¬ 
taining the magnetic field and the axis of propagation, and the 
other in the perpendicular direction. In the latter component the 
electric vibrations are parallel to the magnetic intensity, so that 
the velocity of this constituent is the same as that of light of the 
same frequency in the absence of a magnetic field. This con¬ 
clusion follows from the discussion on p. 542. The velocity of the 
perpendicular component is, however, given by the value of n 
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obtained from equation (56). ^ The plane polarized ra 7 therefore 
splits up into two plane polarized rays, polarized in mutually 
perpendicular planes, which travel with different velocities. Thus 
for light propagated transversely to the direction of the lines of 
magnetic force a simply refracting medium behaves, in a magnetic 
field, like a doubly refracting crystal. This effect does not reverse 
when R is reversed because (56) contains e (and therefore R) only 
through its square. 

Kerr's Magneto-optical Effect 

In 1876 Xeri^ showed that when light, which is polarized in 
or perpendicular to the plane of incidence, is reflected from the 
poles of an electromagnet, the reflected light becomes elliptically 
polarized when the magnet is excited. To explain this effect on 
the electron theory it is necessary to take into account the 
modification of the laws of transmission and reflexion of light, 
which arises from the change in the motion of the electrons in the 
metal which is produced by a magnetic field. Naturally, the 
theory is more complicated than that of the inverse Zeeman 
effect. It is discussed at length by Yoigt in Magneto- wid Elektro- 
Optik, chaps. VI and vii, 

Natural Rotatory Effects^ 

When a heam of plane polarized light passes through a plate 
of quartz so that the direction of propagation is parallel to the 
optic axis of the crystal, it is found that the emergent light is 
polarized in a different plane from that of the incident light. 
The rotation of the plane of polarization is proportional to the 
thickness of the plate and is somewhat different for light of 
different frequencies. The general character of the effect is thus 
similar to the Faraday effect, but a difference in the nature of the 
two effects is observable if the light is reflected so as to traverse the 
rotating system in the opposite direction. In the case of quartz 
the emergent light is then polarized in the original plane, whilst 
in the magnetic case the effect is equal to that produced by a 
path of double the length of the single path. Thus in the quartz 
plate the rotation relative to the axis of propagation is the same 
for both directions of propagation through the plate; whereas this 
* A. Bejport, 1876, p. 85 ; Phil. Mxg. May, 1877. 
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is not so in the magnetic case, on account of the reversal of the 
direction of the magnetic field relative to the direction in which 
the light travels. It is found that some quartz crystals rotate the 
plane of polarization to the right and others to the left. The 
crystals themselves exhibit a similar geometrical dissymmetry, 
one being the mirror image of the other. The relation between 
them is like that between a left-handed and a right-handed 
helix. 

Similar effects are shown by other cr^'-stals and by a very large 
number of liquids and solutions. In all the liquid substances 
which exhibit this effect, it has been found that the active 
constituent is either a compound of carbon in which at 
least one carbon atom is combined with four different chemical 
groups or a compound of some other element exhibiting an 
equivalent chemical structure. If this type of chemical structure 
is visualized in three dimensions it will be seen that there are 
only two possible ways of arranging the groups, so that the 
resulting molecules cannot be displaced in space so as to become 
coincident. These are so related that one of them is the mirror 
image of the other. There is thus the same relation between the 
molecules of these compounds as there is between the crystals of 
right- and left-handed quartz. Corresponding to the behaviour of 
quartz we should expect one of the two isomers, as they are called, 
to be left-handed and the other right-handed; otherwise, since 
the structural difference is purely a question of spacial arrange¬ 
ment, one would expect their other physical and chemical properties 
to be practically the same. Large numbers of such pairs of optical 
isomers have been isolated and their existence has led to great 
advances in our knowledge of structural chemistry since Pasteur*, 
Van 't Hoff-l', and Le Bel]: pointed out the importance of these 
phenomena. 

It has been found that arrangements which rotate the plane of 
polarization of light may be constructed by taking a pile of thin 
sheets of doubly refracting crystals like mica, arranging them so 
that their optic axes are all similarly situated with respect to the 

* Becherches sur la dissymetne molSculaire des prodaiU orgdniques natureU^ 
Paris (1860). 

f La Chimie dans VEs^pace, Rotterdam (1874). 

% Bull. Soc. Ghim. [2] vol. xxn. p. 377 (1874). 
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axis of tie pile and then shearing the system about the axis so 
that points which previously lay on a line parallel to the axis now 
lie on a spiral. It is possible that a sheared structure of this kind 
might account for the rotatory properties exhibited by some 
crystals, hut it is obviously inadequate to account for the similar 
phenomena displayed by liquid substances. A general explauation 
based on the electron theory has been put forward by Drade^. 
It is only necessary to suppose that the electrons, which move 
with equal freedom in different directions on the usual form of 
dispersion theory (Chap, viii), are constrained to move in helices 
in naturally active bodies. In that case Drucle was able to show 
that right-handed and left-handed circularly polarized beams of 
light would travel with different velocities in the medium, the one 
being quicker than the other according to whether the helicoidal 
paths of the electrons are right- or left-handed. The rotation of 
the plane of polarization thus arises in a very similar manner to 
that considered in the inverse Zeeman effect and is greatest when 
the general dispersion is greatest. Taken as a whole the facts are 
in good general agreement with Drude’s theory, bu t it is possible 
that other ways ot introducing a helicoidal structure into the 
behaviour of the electrons would lead to very similar results. 

Electro-optics. 

When various isotropic insulators are placed in a strong electric 
field they are found to behave optically like doubly refracting 
crystals. This effect, which is exhibited both by solids and 
liquids, was discovered by Kerrf. The difference in the refractive 
indices of the ordinary and extraordinary rays is proportional to 
the square of the applied electric intensity. In dealing with the 
theory of dispersion and related phenomena we made the assumption 
that when an electron is displaced from its equilibrium position in 
the atom it is acted on by a restoring force proportional to the 
displacement. YoigtJ has developed a theory of Eerr’s electro- 
optical effect which depends upon the supposition that this 
assumption is only true as a first approximation. When large 

* Lehrbueh der Opiik, chap. vi. 

t FUl, Mug. [4]voL l. pp. 337, 446 (1873); [5] vol. vni. pp. 85, 220 (1879); 
yoL ix p. 157 (1880); vol. xiii. pp. 153, 248 (1882). 

X Magneto- uni Elektro-Ojptiky chaps. Ten, ix and x 



SPECTROSCOPIC PHENOMENA 


551 


forces and relatively large displacements are involved it is necessary 
to consider higher powers of the displacement than the first. In 
its general form this theory seems to he capable of embracing the 
known facts. 

Peculiar electro-optical effects are exhibited by many crystalline 
substances. Some of these appear to arise from the internal strains 
produced by an external electric -field, an effect which is the con¬ 
verse of the piezo-electric effects investigated by J. and P. Curie*. 

The effect of an electric field during the emission of spectral 
lines has already been considered (p. 537). 

The Ahsorjption Spectra of Gases and Vapouo^s, 

The investigation of the infra-red absorption spectra of gases 
and vapours in recent years has revealed interesting phenomena. 
In general there appear to be two groups of bands, one in the 
region between 2/1 and 20ya, and the other beyond lOO/^i*. 
former have generally been attributed to the vibrations of the 
atom in the molecule and the latter to the rotations of the 
molecules. When examined with relatively low dispersion the 
energy curve of the bands of higher frequency is found to consist 
of two maxima separated by a minimum. Under higher dispersion 
the two main humps are found to be cut up into a succession of 
subsidiary maxima and minima, indicating that the bands consist 
of a series of lines rather close together In the simpler cases 
these lines are found to be equidistant on the frequency scale 
and symmetrically placed about the centre of the band§. The 
frequency differences for successive lines are very close to the 
frequencies of the bands in the remote infra-red which have been 
attributed to molecular rotation. 

A formal explanation of these effects can be given along the 
lines of Bohr’s theory (see Chap, xxi, p. 590). Considering the 
vibrations of the higher frequency there are a series of stationary 
states corresponding to the differences of energy 

.(64). 

* Comptes RenduSy vol. xci. pp. 294, 383 (1880); vol. xcn, pp. 156, 350 (1881); 
vol. xcin. pp. 204, 1137 (1881). 

t Rubens and y. Wartenberg, VerJi, d, Deutsch. pJiysik, Ges. xin. p. 796 (1911). 

X E. V. Bahr, Verh. d. Deutsch. pkysik. Ges. xv.‘pp. 710, 731 and 1160 (1913). 

§ N. Bjerrum, Nernst Festschrifty Halle a. S. 1912, p. 90; E. v. Bahr, PhiL 
Mag. vol. xxvin. p. 71 (1914); Goldbammer, Verh. d. Deutsch. physih. Ges. 1914. 
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Owing to the rotations of the molecule there will be distributed 
about these states a series of states of rotation characterized by 


kinetic energy 


Ti= ^ nhooi') 
^ 2 = hihcoz)^ 


-71 = 0, 1, 2, etc., 


(65). 


The energy necessary to effect a transference from one of these 
states to another will be 


hvi —^riihooi 

so that the frequency of the absorbed radiation, will be 

= — Jni6)i + -|772 6)2 .(66) 

(% = 0, 1, 2, etc., = 0, 1, 2, etc.). This formala cowers the 
frequencies of the observed lines if Vi is the frequency of the 
centre of the band and = co^ is the frequency difference of 
consecutive lines. An explanation resembling this in important 
points has been given by Bjerrum {loc, cit). On this type of 
theory one would rather expect a maximum in the centre of the 
band instead of a minimum; but this difficulty may be avoided 
if it is supposed, as seems likely, that the experiments have been 
made with inadequate dispersion and that the central lines are 
much sharper than the outer ones. 

If CO is identified with the frequency of the rotation of the 
molecules we can use (65) to determine the moments of inertia 
of the molecules about the rotation axes. The values so found 
are in general agreement with those calculated from the dimensions 
of molecules* if we assume that the mass of each atom is practi¬ 
cally confined to a minute region at the centre of the atom. It 
is to be remembered that such a theory makes the moments of 
inertia of atoms and of many compound molecules quite different 
from those deduced from the old-fashioned ideas about atoms. 
Thus the moment of inertia of any single atom about any axis 
through its centre is practically zero, and the same is true for 
a diatomic molecule for rotations about the line joining the 
centres of the atoms. This makes the corresponding value of ay 
enormously large. Again the moment of inertia of a molecule 
of hydrochloric acid about a principal axis perpendicular to the 
line of centres is nearly equal to that for a hydrogen atom about 
an axis at a distance from its centre equal to the distance between 
the centres of the hydrogen and chlorine atoms, and so on. 

^ Of. V. Balir, FMt. Ma^. vol xxvni. p. 71 (1914); Goldhammei:, loc. cit 
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If the moments of inertia of the molecules can he considered 
to be constants which are independent of the energy of rotation, 
then the frequencies co will be constants for each molecule and 
for each principal molecular axis of rotation. It is to be expected 
from considerations similar to those used by Planck (Chap. XY, 
p. 350) in finding the energy of his resonators that at low tempe¬ 
ratures practically all the energy will be found in the rotation 
for which n == 1; and as the temperature increases more and more 
energy will go into rotations with high values of 7i, As in the 
case of the resonators it is to be anticipated that at sufficiently 
high temperatures the distribution of energy among the rotations 
will coalesce with that expected from the kinetic theory; so that 
the effective width of the whole absorption band, or the distance 
between the two maxima, should be proportional to the square 
root of the absolute temperature. This result has been verified by 
V. Bahr* * * § . Again on these quantum considerations the rotational 
energy should contribute nothing to the specific heat at sufficiently 
low temperatures, the temperature at which the specifiic heat 
begins to be appreciable being higher the smaller the moment 
of inertia of the atom or molecule on account of the correspondingly 
greater size of the rotational energy quantum. Thus in the case 
of hydrogen, which is the lightest diatomic molecule, Euckenf 
has shown that below YO” absolute the specific heat is practically 
that of a monatomic gas. It is to be expected that a similar 
phenomenon will be observed with other diatomic gases at still 
lower temperatures. Again for monatomic gases and ,for diatomic 
gases in the case of rotations about the axis of figure the corre¬ 
sponding limiting temperature will be enormously high on account 
of the low moment of inertia. Thus the theory gives a simple 
explanation of the fact that these rotations contribute nothing 
to the specific heats of such bodies even at relatively high 
temperatures. 

The application of the quantum theory to the specific heats 
of diatomic gases has been considered in detail by Einstein and 
Stern J and by Ehrenfest§. 


* Phil Mag, vol. xxviii. p. 71 (1914). 

t Perl, Per. 1912, p. 141. 

J Ann. der Physik. vol. xl. p. 551 (1913). 

§ Verh. d. Deutsch. physik. Qes. vol. xv. p. 451 (1913). 





CHAPTER XXI 


THE STRUCTURE OF THE ATOM 

The way in which the electrons form comparatively stable 
groupings which exhibit the properties that characterize the 
atoms of the various chemical elements is a problem which has 
engaged the attention of a large number of physicists. It will be 
impossible to do more than briefly- indicate some of the more 
interesting results which have been achieved in this field. 

Perhaps the most striking property of the chemical atom is its 
definiteness and permanency. Its properties are only temporarily 
affected by the very strenuous actions which accompany chemical 
combination and decomposition. Sir Joseph Larmor^ appears to 
have been the first to point out that this definiteness could not 
be expected to arise if matter consisted of nothing more than 
electrons of negligible linear dimensions whose motions were 
governed by the classical equations of the electrodynamic field. 
For consider any system in which the electric and magnetic vectors 
are given by the equations (1)—(4) of Chapter ix with p = 0. 
Let y, z and the the space and time coordinates of any point 
of this system, E and H being the electric and magnetic vectors. 
Now consider a second system in which the corresponding variables 
are denoted by the suffix 1 and are such that 

(a?, y,z) = k (^ 1 , yi, ^i), t = Iti, E = mE-^, 

Then by substituting in the equations referred to, it is at once 
seen that, provided k —I and m = 

div E-l = 0, div = 0, 

rot = — ifi/c, rot jffi = 

where the operations now refer to the subscripted independent 
variables. By introducing the condition that the charge of the 
electrons is to be the same in both cases we obtain an additional 
* Aether and Matter^ p. 189. 
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equation between /c and m, but there is still nothing to determine 
the absolute value of these quantities. Thus, corresponding to 
any solution of the equations, there are an infinite number of other 
solutions corresponding to linear transformations of the variables. 
If any solution corresponds to a state of steady motion or rest 
there are an infinite number of such possible states. Thus the 
finite size and general definiteness of the atom must be due to 
something outside the equations referred to. 

This conclusion is valid only if the dimensions of the elements 
of electric charge are negligible compared with the dimensions 
of the problem. The radius of an electron, as deduced from its 
inertia, is about 10”^^ cm. and is therefore about 10“® times that 
of an atom. We should therefore expect that, as an approximation 
towards the problem of atomic structure, we may treat the nega¬ 
tive electron as a point charge endowed with inertia. In that 
case there must be something which determines the finiteness 
and definiteness of the atom, which lies outside the properties of 
the negative electron itself as well as outside the equations of the 
field. One way in which this additional requirement has been 
met is by supposing the positive electrification to be limited to 
the region inside a sphere of atomic dimensions. This hypothesis 
was first introduced by Lord Kelvin*. Its consequences have 
been worked out very fully by Sir J. J. Thomson f and the 
question has also been considered by Lord Rayleigh J. Other 
possibilities will be referred to later. (See pp. 585—606.) Of 
these the most important and successful is the theory due to Bohr 
which supposes that atomic structure is not determined solely by 
mechanical principles and the equations of the electro-magnetic 
field, but that it is necessary to take into account certain new prin¬ 
ciples allied to those involved in the quantum theory of radiation. 

A number of writers, in addition to those referred to above 
and in the preceding chapter, have considered the question of the 
emission of series of spectral lines by atoms made up of electrons. 
Among these are Jeans §, Nagaoka|| and Schott If. One of the 

Phil. Ma 0 . vol. m. p. 257 (1902). t Phil. Mag. vol. vii. p. 237 (1904). 

X Phil. Mag. ?oL xi. p. 117 (1906). 

§ Phil. Mag. vol. ii. p. 421 (1901); vol. xi. p. 604 (1906). 

II Phil. Mag. vol. vn. p. 446 (1904). 

t PhiL Mag. vol. xii. p. 21 (1906); vol. xm. p. 189 (1907); vol. xv. p. 438 
(1908). 
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objects of these investigations has been to find systems of elections 
which 'when disturbed from a state of equilibrium will give rise 
to a series of vibrations in which the overtones are related to 
the fundamental in the same way as the different members of 
Rydbergs series are. In this respect the researches referred to 
can hardly be considered to have been particularly successful, and 
it now seems that this view of the relationship between the lines 
of spectral series must be a mistaken one (cf. Chap, xx, p. 528). 
On the other hand they have greatly added to our knowledge 
of the structural conditions which must he satisfied for systems of 
this kind to exist permanently. 

The question of the definiteness of the atom, already alluded 
to, is related to that of the definiteness of frequency, or the 
fineness, of spectral lines. This fineness is of a very high degree. 
Recent researches^ have shown, that in the case of many lines, 
practically the whole of the observable width is due to the 
Doppler effect arising from the thermal motion of the molecules. 
The actual emitters must therefore be instruments of very great 
precision. Moreover, as Jeans f has pointed out, they must be 
atoms, or at any rate systems whose symmetry is such that they 
are incapable of acquiring through naolecular impacts any ap¬ 
preciable motion of rotation about any axis except that of the 
emitter. Tor instance if the system contains an emitting doublet 
whose axis is rotating with angular velocity 27rc() cahout a fixed axis, 
the observed light will consist of three lines having frequencies 
p q- € 0 , and p — a> instead of the single line of frequency p 
emitted by the system when at rest. If a> has the range of 
values given by the Boltzmann-Maxwell law of equi-partition 
of energy, this effect would result in the production of a rather 
broad band fading away at the edges, instead of a line of the 
sharpness which is usually observed In the case of monatomic 
molecules » is inappreciable as is shown hy the values of the 
specific heats of monatomic gases. 

Disregarding the perturbation due uo rotation it is necessary 
to consider how the frequency p of the atom at rest can be 
sufficiently definite. If the electrons are somehow arranged in 
positions of statical equilibrium, and the spectral lines are caused 
* Buisson and Fabr^, Journ, de Fhysique^ wl. ii. p. 442 (1912). 
t Phil. Mag. vol. u. p. 422 (1901). 

X On the classical d 7 nainics. Of., however, p- 553. 
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by vibrations about these positions, their definiteness is accounted 
for. On the other hand the existence of paramagnetism leads us 
to infer the presence, at least in certain atoms, of electrons 
rapidly revolving in closed orbits. Consequently numerous 
attempts have been made to seek the origin of spectral lines in 
the kinematics of revolving rings of electrons. Unless rather 
special and somewhat strange assumptions are made, however, it 
is impossible to secure sufficient definiteness of frequency in this 
way. 


The difficulty here, which has also been emphasized by Jeans, 
is brought out in the following discussion which is due to 
Schott^. Consider a system containing a ring whose radius is 
r consisting of n electrons, evenly spaced about the circum¬ 
ference when undisturbed, and revolving with velocity V = /3c. 
Approximate stability is assured by the presence of a central 
positive charge or a containing sphere of positive volume electrifi¬ 
cation or some other device giving rise to an attraction towards 
the centre of the ring. The equations of motion are shown to be 


nU^ 


d (mV) 
dt~ 


(n 


and + + .(2). 

where fT is a function of n and ^ which is proportional to the 
rate of radiation from the ringf. The terms in K and W in (2) 
represent the force which arises from the electrons in the ring 
itself, other than the one whose motion is considered. JT is a 
function of n only and W oi n and Pi is the central force 
arising from the rest of the atom and the term on the right is the 
centrifugal force. Pi may be considered as a function of r into 
whose form it is not necessary to inquire, m the mass of an electron 

is of the form —ik (/3), where *a is its radius. Now nJJ^ being 
c^ct ^ 

proportional to the radiation, is always positive if the system 
radiates at all. Thus if a is constant equation (1) shows that ^ 
cannot be constant for a radiating system. When ^ is given r 
may be obtained from (2), so that the radius of the ring also will 
* Phil. Mag. voL xii. p. 21 (1906). 

+ Of. the value of U in Phil. Mag. vol. xn. p. 22 (1906) and of P in vol. xm. 
p. 194 (1907). 
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vary with the time, when the system radiates. Subject to the 
constancy of ctj there can therefore he no state of strictly steady 
motion which is compatible with the emission of radiation. If a 
is allowed to vary with the time then (1) and (2) can obviously 
be satisfied by constant values of F or ^ and r and a state of 
definitely steady motion is possible. This, however;, makes the 
energy radiated come fi’om the internal energy of the electron 
and, so far as one can see at present, there is no other warrant for 
such a hypothesis. In any event any part of the radiation w hich 
does not arise from the expansion of the electron would, by its 
emission, cause changes in ^ and r. Thus the expanding electron 
might account for the sharpness of some lines, but it is difficult to 
see why practically all of them should be sharp on such a view. 

In constructing a theory of the atom it is not necessary either 
that spectral lines should originate with revolving electrons or 
that the lines of spectral series should correspond to harmonics. 
The existence of para- and ferro-iaagnetic substances does, how¬ 
ever, appear to necessitate the existence of revolving electrons in 
some atoms. Such electrons may be so arranged that their 
radiation is practically zero. Equations (1) and (2) show that 
under these circumstances /3 and r may be constant. The devia¬ 
tion from steady motion is determined by the amount of radiation, 
so that an atom may have revolving rings of electrons in it and 
still be quite definite provided these do not radiate. This con¬ 
dition can be secured by placing a sufficient number of electrons 
in any one ring, as the radiation decreases with great rapidity 
as the number is increased. This result, which can easily be 
established hy calculation, is also obvions physically, since the 
amount of radiation is determined by the lack of symmetry of the 
corresponding static field." On the other hand, for the emission of 
spectral lines we require a system which may be unstable, as it is 
known not to be the normal atom, but which must radiate and must 
have a definite frequency. Power of radiating and definiteness of 
frequency are precisely the qualities which do not concur in systems 
of revolving rings of electrons. (See, however, p. 590.) 

If revolving systems occur in the ultimate parts of matter 
their axes must be determined by the structure of the matter 
and must turn in space when the matter as a whole is turned. 
Otherwise the properties of crystals and magnetized bodies would 
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depend on their orientation in space^. When bodies whose atoms 
contain systems of electrons in orbital motion are turned, a 
gyrostatic couple ought to be experienced. The fact that such 
an effect has not been observed cannot, I think, be regarded as 
disproving the existence of such systems. The moment of momen¬ 
tum of the revolving electrons is so small that one could only 
expect to detect such an effect by carrying out special experiments 
of a delicate character, and this has not yet been done. 

In the papers of Schott to which we have refei'red, the ques¬ 
tions of the stability of, and the amount of radiation from, rings 
of revolving electrons are both considered in detail. In most of 
the calculations the only assumption made as to the nature of the 
force attracting the electrons to the centre of the atom is that it 
is of the usual electromagnetic type. Some of the results are 
therefore more general than the corresponding ones given by the 
investigation which we shall now describe. 

The properties of the type of atom which is made up of 
coplanar rings of electrons inside a large sphere of uniform 
indeformable positive electrification have been worked out by 
Sir J. J. Thomson f and lead to very interesting results. If h is 
the radius of the large sphere and p the density of the electrifica¬ 
tion in it, then the force, acting on an electron whose charge is e 
at a distance a from the centre of the sphere and due to the 
positive charge of the latter, is ^Trpea If there are x/ electrons in 
the neutral atom, the charge E in the positive sphere is 

E = pe — 47rp fryS 

Hence, in terms of the number and charge of the electrons, the 
force they experience at a distance a from the centre due to the 
positive sphere is ve^a/bK In addition to this the electrons are 
acted upon by forces due to their mutual repulsions. If 0 is the 
centre of the sphere an electron at A will be acted upon by an 
electron at B with a force e^jAB^ and the radial component of 
e® 

this = -yjj. cos OAB, If OA = OB. i.e. if the electrons are in the 
AB^ 

same ring, this repulsive force is e^/4sOA^ sin ^AOB. Hence, if we 
have n electrons arranged at equal angular distances 27r/^ round 

* CL Jeans, Phil. Mag. vol. xi. p. 606 (1906). 

t Loc. cit.i cf, also The Corpuscular Theory o/Jfatier, chap, vi.. New York, 1907. 
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the circumference of a circle, the radial repulsion on one of tin ^ 
due to the others is 

{n — 1 ) 'rr \ 

n J * 

Calling the sum within the bracket we have, if the electr<«f 
are at rest under their mutual forces, 




^cosec 7r/n + cosec 27r/n + cosec STrjn 4*.+ cosec 


v&a 


_ ^ ^ a 


or 


b^ ” 4}v 


This will determine a state of possible equilibrium if the electrus 
are at rest. If they are rotating round the ring we shall have ^ 
take account of the centrifugal force and the equilibrium conditi*^? ^ 
becomes 


ve^a o , ^ cf 

= macd^ + — 


.(4). 


These equations only determine a state of possible equilibriun- 
They do not tell us whether the equilibrium is stable or unstab I* 
For such a ring to be a possible part of a normal atom it 
necessary that this arrangement should be stable, otherwise ttf^‘ 
ring would break up under the action of any external force. 1" ' 
find out whether the equilibrium is stable or not it is necessary t' " 
calculate the forces called into play by an infinitesimal displa*** 
ment and to see whether its direction is such as to cause 
displaced electron to move back to its original position. Tlit» 
must be done both for radial and for tangential displacements in tli - 
plane of the ring and for displacements perpendicular to the plart^ ^ 
of the latter. Let us illustrate this by considering one or iw-’- * 
simple cases. 

In the case of a single electron it is evident that the centre «^ f 
the sphere is the only position of equilibrium. The equilibriiin.. 
in this case is evidently stable. In the case of two electrons it ^ * 
evident by symmetry that the only equilibrium position is that ii* 
which they lie along the same diameter of the sphere. If thtM^^ 
are at rest at a distance a fi:om the centre the repulsive force ; 

^6^ Cb • 

1^2 and the attraction is Hence the total force acting 
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each electron, reckoned positive. if directed towards the centre of 
the sphere, is 



'8a 

.F 


This vanishes if a = If a becomes a + da, R increases by 

As the quantity in brackets is positive when h — 2a, it follows that 
the equilibrium is stable as regards radial displacements. 

The reaction called into play by a displacement in any direc¬ 
tion perpendicular to the radius may be calculated as follows. Let 
the angular displacement from the equilibrium position be dO; 
then the linear displacement is add. The attraction of the 
positive sphere is still towards the centre, so that the tangential 
restoring force will be due entirely to the other electron. The 

force between the two electrons is repulsive and equal to — along 
the line joining them, if we neglect small quantities. The tan- 
gential component of this is --sin|cZ^ or to the first 

order. This is directed towards the position of equilibrium of 
the displaced electron; so that the equilibrium is stable for lateral 
displacements. As this is true whatever the direction of the dis¬ 
placement, the arrangement of two electrons along a diameter, 
each at a point halfway between the centre and the circumference, 
is one which satisfies all the conditions for stability. 

We shall now consider the general case. Take the centre of 
the atom as origin and let the position of an electron be given by 
the cylindrical coordinates r, 6 and z. r is the projection of the 
radius on the plane of the undisturbed orbit, 9 is the angle r makes 
with a fixed line in that plane and z is the displacement pei'pen- 
dicular to the plane of r and 6. The coordinates are supposed to 
undergo small oscillations about the steady values r —a, 0= at and 
. 0 = 0 . If the suffix s refers to a particular electron we can there¬ 
fore put rs= ap8 and 

^ 8 ■” 1 = ~ .. ..(^)» 

where n is the number of electrons in the ring, ps and Zg are small 
compared with a, and and (pg^i are small compared with 

36 


R. E, T. 
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The radial repulsion exerted by the 5th election on the J9th is 
It^s = - e" ^ [? -i- - 2rpr, cos ((9, - 9^) +■ -.z,y'\ ~ ^ 

Wp 

g' fl ^ ^ I ^ ^ 

4a- sin i/r [ tz, 2 sin- '^/ a v 2 sin^ \lrj- 

-H4>s- ^p) cob .. .(6), 

TT ' 

where = (p — 5 ) — . 

The tangential force tending to increase Sp is 




'ps 


r© d0p Vfo '2 


4 r/ — %'pTs cos {6s “• 6p) + {zp - ZsY]^ 


' 


_ ^ COS'xIp ( 
~ 4a^ sin^ ^ 




■ fe _ i £f 
a ^ a 

The force perpendicular to the plane of the undisturbed orbit is 


8cv^ sin® y{r 




.(S). 


In equations ( 6 )—( 8 ) higher powers than the first of the small 
quantities p, <56 and z have been dropped. 

The radial force Rp exerted by all the other electrons in the 
ring on the pth is 


^ 4a^ 


^ Pp^ “ ^8pp-}-8 ^^S^p-\-S^S 


.(9). 


The tangential and perpendicular forces on the same particle 
are respectively 


^spp-{-B ^8 Oj^p (7 4 a 2g ^p^8 ^8 ••••••••• (^19), 

and Zp = ZpL--tsZp^sI>B - -••(11). 

where 
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The equations of motion of the _pth electron are 






( 9-<^p , r\ 


^~~~~ .(15). 

d9 

From (13) since co is the value of when the steady motion is 
undisturbed 

in agreement with (4). By making use of this relation, (13) 
becomes, to the first order in the small displacements, 




Pp[ mco^-jr] +^i^“7;;i^*-*(16). 


By similar treatment (14) may also be made linear, to the same 
degree of approximation. Thus the values of p and <j> are the 
solutions of a set of 2n simultaneous linear differential equations 
of the second order. To find the frequencies assume that pp and 
cl>p vary as Equation (16) then becomes 

{A — m(f) Pp + j4ip^+i + Azpp^z 4-... 

— 2maQ)iq(l>pi-aBi<j)p^i+ aJ? 2 <^p+ 2 + =0...(17), 


wheve A = ^^S + A\ 


Treated in a similar way (14) becomes 


2mmiq + ... 

^ a a a 

+ (C - mq^) (pp - Cl- C2^p+2 - ... = 0...(18). 

There are n each of the equations (17) and (18) obtained by 
giving jp the successive integral values 1, 2, 3, ... n. 

These equations can be solved by the following artifice. If 
= app and (j)p+i = for all values of p from 1 to n - 1 , and if 
p^ = otpn and = then «”' = ! identically; so that a is one of 
the nth roots of unity and is equal to 

21c7r . . 2kTr 

cos-—4-^ sin—, „ 
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wkere A; is aa integer bet'ween 0 and ii — 1. Whatever value p 
may have, we see that equations (IT) and (18) reduce to 

pp (A — Qiiq ^-{- oiAi -f ... 4 

+ <5f>p^(“ 2mct)2 + ajBi-l-a“^2+ **-4 =0...(19), 

and 


pp{2i7ncoq — oBi — —... — 

4 <l)pCi {G — 77iq- — aCj — (T2““ “ • “ Gn-j) = 0. ..(20). 

Thus we see that all the 2n equations (IT) and (18) are satis¬ 
fied by p^ — cL^pn and ^p=oc^<^n for ^i-ll the values of p between I 
and n, provided (19) and (20) are also satisfied. By eliminating 
(^p and Pp jfrom (19) and (20) we see that the frequencies q are 
given by the biquadratic equation 

(A — mq- 44- ol^A^A ... 4 

(G — 7ngr - clO^- o?Oi— ... ~ 

= - (~ 2mmq^r otBi 4 ... 4 a^“^jBn-i)^. ..(21). 

This may be written more concisely 

I /S+Xi - Zo - ) W - -Vi - m<f) = (Mi - ... (22), 
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.j ”'^1 ^slcir 71 
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STT 

,. . 2sJc7r n- 

= ^ ^ - 
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(cot -hi 


S7r\ 

tan — 
nj 


...(23). 


In these equations h is the integer in a = cos 4 i sin 

and may have any value from 0 to — 1 . If ^ is written 
for k in ( 22 ) the values of q given hy the equations differ only 
in sign, so that the frequencies are the same. Thus all the values 
of the frequency can be got by putting ^ = 0 , 1 , 2 , ... (t^-l )/2 
if 71 is odd, and ^ = 0 , 1 , 2 , ... n /2 if n is even. If n is odd there 
are (n — 1)/2 equations of the type ( 22 ) leading to independent 
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values of the frequency. When X; = 0, if* = 0 and equation (22) re¬ 
duces to a quadratic, so that altogether there are 2 = 2 m 

values of the frequency. When n is even there are n /2 q -1 equa¬ 
tions, hut if* = 0 when 0 or n/ 2 , so that two of these reduce 
to quadratics. Thus we see that whether n be odd or even 
there are 2n possible frequencies for vibrations in the plane of 
the orbit, corresponding to the 2n degrees of freedom of the 
electrons, in this plane. 

In a similar way the n frequencies q of the vibrations at 
right angles to the plane of the orbit may be shown to be 
given by 

■^ + Pk-P,-mq‘ = 0 .(- 24 ), 

, -n e"' '^skir I ■ .sir ,,.. 

where P. = 5^3 2 ^ cos - .( 2 o). 

The values of i, if, if and P have been worked out in a 
number of the simpler cases and the corresponding frequencies 
calculated*. 

The importance of this investigation lies, for reasons which 
have already been given, not so much in the fact that it enables 
us to evaluate the frequencies of the vibrations of the electrons, 
as in the fact that the frequency equations (22) and (24) enable 
us to determine whether the equilibrium is stable or not. If 
all the values of q given by (22) and (24?) are real then all the 
disturbances p, (j) and ^ are periodic functions of the time, and 
the system will only execute small oscillations about the steady 
configuration. In this case the steady motion is stable. If, 
on the other hand, any of the roots contain an imaginary part, 
the corresponding values of p, (p ox will contain factors of the 
type where A is a real positive constant. Thus any such 
disturbance will increase indefinitely with the lapse of time and 
the presence of complex or imaginary values of q shows that 
the equilibrium is unstable. The condition that the equilibrium 
should be stable is therefore that all the values of q given^ by 
the equations ( 22 ) and (24) should be real for all the admissible 
values of k. 


♦ Of. Thomson, loc. ciU 
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The stability of the z motions can always be provided for, 
since the value of the rotation « is, so far, at our disposal. 
Transposing equation (9) 'we have 





and, substituting this value of a, (24) becomes 


mf- 


ve‘ 
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1 + 


2S 


— mo)^ 


n-y. 

2S 


.( 26 ). 


where 


rn ^ rp p 

Tjc = —Pj, and — Po- 

e- 6“ 


Ti — Po is always negative, so that the right-hand side of (24) can 
obviously be made positive by choosing © large enough. Thus q 
can always be made real and the z motions stable. 

Now turn to the motions in the plane of the orbit. We may 
write equation (22) in the form 

{A - $0 (B - q^) -{C- Dqf = /(?)= 0.(27), 

where 

mA Lk— Lo, mB = — and D = 2&). 

A, JB, G and D are real and B is positive. We can make C/D' 
as small as we please by suitably choosing co, and at the same 
time preserve the stability of the z motions. Let A have any 
positive value, then GfD can always be chosen so as to be less 

than -h or lNow/(g') is positive when ^ = ± oo , negative 

when q lies between + and -+ or — and — and 

positive when q= G/JD. The graph of f{q) thus crosses the real 
oc axis four times between ± oo . If A is negative there are only 
two such intersections. For all the roots to be real it is therefore 
necessary and sufficient that A should be positive. This is the 
condition for stability. 

When the number of electrons in a ring becomes considerable, 
negative values of A begin to appear; so that no amount of 
rotation can make the ring stable. The greatest number of 
electrons which are stable in a circle inside a sphere, contain¬ 
ing an equal total quantity of positive electricity uniformly 
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distributed, is five*. Six or more electrons in a single ring 
never in stable equilibrium however great the angular veloeirv 
is. Such a ring may, however, be made stable if a negative 
charge is introduced at the centre. If this negative charge is 
equal to that carried by ^ electrons, the effect of the additional 
repulsion thus introduced is to increase A in the irequencv 

equation (27) to This can always be made positive 

by taking p sufficiently large. 


From what has been said it is clear that the condition for a 
ring to be stable is that ^ + 3 ^ = f ^ - (it, - ij.) + 3 

CC'^ Cl" 

should be positive. The greatest value of — is for /j= ni^ 
when n is even and for A; = (7i-l)/2 when n is odd. The miniber 
of electrons which would have to be placed at the centre of the 
ring to ensure stability is therefore given by the least integral 
value of p for which 


and 


3 ^- > io - I 

Cb 2 

a 


fS 


when n is even 1 



when n is odd 

J 


... (28). 


By means of these equations the least value of p for a given 
value of n can be calculated, p increases very rapidly for large 
values of n as is shown by the following table of corresponding 
values: 


w 5 6 7 8 9 10 15 20 30 40 

0 1 1 1 2 3 15 39 101 232 

When p exceeds unity the additional electrons cannot all lie 
at the centre of the ring but must separate under their mutual 
repulsion. Thus when n = 9 and p - 2 there will be an external 
ring of seven and two electrons inside situated along a diameter 
of the sphere at equal distances from the centre. When p is large 
it is possible for the electrons to arrange themselves in stable 
equilibrium in rings rotating about a common axis and lying in 

parallel planes. On the assumption that the effect of external 

rings of electrons can be neglected and that the effect of internal 
rings is the same as if the total charge on the electrons were 


* Cf. Thomson, he. cit. 
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collected at tlie centre of the sphere, the niimher of electrons 
in the successi 7 e rings can be calculated by the application of the 
foregoing principles. It is probable that this treatment will give 
a fair representation of the properties of atoms containing a 
number of electrons, even if the latter are not arranged in rings 
but, for example, in concentric shells. The conditions for equi¬ 
librium are of the same general character in both cases. If a 
shell contains a large number of electrons it will he unstable 
unless some of them are inside, just as the corresponding ring 
was. We shall now consider the structure and properties of the 
atoms which have different numbers of electrons, when their 
constitution is determined by the equilibrium conditions to which 
we have been led. The numerical computations will he omitted; 
they are given in the paper by Thomson to which reference has 
frequently been made. 

We have seen that when there is only one electron it will lie 
at the centre of the positive sphere, whilst if there are two, they 
lie always along a diameter at equal distances from the centre. 
Three electrons will arrange themselves at the corners of an 
equilateral triangle situated on a circle whose radius is given by 
equation (3). The arrangement of four electrons at the corners 
of a square is unstable if the electrons are at rest. It is found 
that one of the electrons will jump out of the plane of the others 
and that the stable arrangement for four electrons is at the 
corners of a regular tetrahedron. A. similar occurrence takes 
place whenever the number of electrons is greater than three. 
Thus three is the greatest number of electrons that can exist 
in stable equilibrium in a ring, provided they are at rest. By 
assigning to the rings of electrons sufficiently high velocities, 
it appears that the number in the ring can be increased to as 
many as five without instability setting in. A ring of six or 
any greater number, however, is unstable even if rotating. Six 
electrons can be in stable equilibrium if one is at the centre of 
the sphere and the other five rotate in a ring around it. A 
single electron at the centre is sufficient to make a ring of 
seven or eight stable, thus accounting for nine electrons alto¬ 
gether. With ten electrons it is necessary to have two in the 
centre and a ring of eight outside. With eleven three go to 
the centre and this holds till we get to fourteen, when the 
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number in the centre increases to four. With seventeen eh^c- 
trons it is found that the stable arrangement is an outer riwy 
of eleven with six inside it. We have seen, however, that a 
ring of six is unstable, so that one of them goes to the centre 
leaving a ring of five. We have thus three concentric systems 
in this case, containing respectively one, five and eleven electrons. 
When the number of electrons in the outer ring becomes con¬ 
siderable, the number which it is necessary to place inside the 
ling in order to ensure stability increases very rapidiv. For 
large values of the number n in the ring the number p inside 
varies as 

The actual arrangement of the electrons with some of the 
smaller numbers is given in the following table. The number 
of horizontal columns gives the number of rings; the numbers 
are the number of electrons in each ring. The total number ia 
the atom is thus obtained by adding up the vertical columns. 

outer ring 12 3 4 5 

outer ring 567 88 8 9 10 10 10 11 

inner ring 1111233 3 4 5 5 

outer ring 11 11 11 12 12 12 12 13 13 13 13 14 14 15 15 

2nd ring 5 6 7 7 8 8 8 8 9 10 10 10 10 10 II 

1st ring 111112333344555 

outer ring 15 15 15 16 16 16 16 16 16 16 17 17 17 17 17 IT 17 

3rd ring 11 11 11 11 12 12 12 13 13 13 13 13 13 14 14 15 15 

2nd ring *5 6 7 7 7 8 8 8 8 9 9 10 10 10 10 10 11 

1st ring 11111122333 3445 5 5 

outer ring 17.19 20 20 20 20 20 20 20 20 20 21 21 

4th ring 15.16 16 16 16 17 17 17 17 17 17 17 17 

3rd ring 11.13 13 13 13 13 13 13 14 14 15 15 15 

2nd ring 5. 8 8 8 9 9 10 10 10 10 10 10 11 

1st ring 1. 223333446 5 55 

outer ring 21.22.23.24 

5th ring 17.20.20.21 

4th ring 15.16.17.17 

3rd ring 11.13.13.15 

2nd ring 6. 8.10.11 

1st ring 1. 2.... 3. 5 

Thus 93 electrons arrange themselves in six concentric rings 
of 5, 11,15, 17, 21 and 24 respectively. 94 electrons begin the 
series with seven rings having the arrangement 1, 5,11, 15,17, 
21 and 24. 
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Numbers like those in the preceding table showing the 
arrangement of the electron in the atom can be obtained in the 
following manner. It is first necessary to determine a sufficient 
number of corresponding values of p and n. This can be done 
by means of equations (28). Having done this we can draw the 
curve which gives p as a function of n. It is of the general form 
exhibited by the accompanying figure. 

30 
A 

20i 
^10 

0 


Suppose it is required to find how a large number N of 
electrons will arrange themselves in stable rings. Take OPi = N 
along the axis of^ and draw P-^Q^ inclined at 135° to OPi inter¬ 
secting the curve in Qi. Then if QiP^ is perpendicular to OPj, 
Q^P^^P^Pv By the property of the curve QiP^ electrons in 
a ring require QP^ inside to make them stable, so that N = OPi 
electrons will arrange themselves with an outer ring of P^Pi 
surrounding OP 2 electrons. In general OPg will not be an 
integer; in this case, instead of OP 2 we take OP/ the next 
higher integral value. Thus we see that N = OPi electrons 
will arrange themselves so that the outermost ring contains 
Pa'Pi electrons. We can find the distribution of the OP/ 
electrons by repeating the process. From P/ draw P/Q 2 inclined 
at 135° to OPi and draw Q 2 P 3 perpendicular to OPi. If OP 3 ' 
is the next integer higher than OP 3 the OP 2 electrons will 
arrange themselves with an outer ring of P/P/ electrons sur¬ 
rounding the remaining OPs'. In this way we can proceed until 
the whole N electrons are accounted for. 

Referring to the table on the preceding page we see that the 
successive atoms formed in this way possess features analogous 
to those properties of the chemical elements which are sum¬ 
marized by the periodic law. Thus it will he observed that the 
first element with seven rings is the same as that with six except 
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for the outer ring of 24 electrons; this in turn is the same a> 
that with five except for the outer ring of 21, and so on. We 
might expect that elements with the same internal striietiire 
would have similar properties. If so, we should expect them 
to be separated by groups of elements having widely different 
properties. If, as a number of different lines of investigation 
lead us to believe, the atomic weight is proportional to the 
number of contained electrons, this is exactly wdiat liappens. 
As we proceed through a list of elements of increasing atoraic 
weight we find elements of similar character periodically ap¬ 
pearing separated by entirely different elements. This kind o£ 
relationship ought to be exhibited especially by properties such 
as the frequency of vibration of the electrical constituents of 
the atom, which we should expect to he determined largely bv 
the geometrical arrangement of the contained electrons. It is 
well known that the lines of the spectral series of elements of 
the same chemical family are closely related. 

Another kind of resemblance to the properties of the chemical 
elements is brought out in a still more marked way if can 
consider the equilibrium of the electrons in the successive arti¬ 
ficial atoms and confine ourselves to the case w^hei'e there is a 
constant number, for example twenty, of electrons in the outer 
rings. Starting with the first member, that with 59 electrons 
altogether, this will only just have enough electrons inside to 
keep the outer ring stable. It will therefore very readily give 
off one electron. When it has given this off, however, there 
will only be 58 electrons left, a number which is not great 
enough to have an outer ring of twenty. These will therefore 
arrange themselves with an outer ring of nineteen. Now 58 
is the greatest number which can have an outer ring of nine¬ 
teen, so that the stability of this atom as regards emission of 
electrons will be very high, more particularly as it has an excess 
of positive charge. The atom with 59 electrons will thus be 
capable of emitting one negative electron and so form a monova¬ 
lent positive ion. It will do this with great readiness hut will only 
he able to emit one negative ion. It will therefore behave like 
the strongly electropositive elements hydrogen, lithium, sodium, 
potassium, etc. The next atom with 60 electrons will be some¬ 
what more stable than the first, but will be able to emit 
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two electrons before the number falls to 58 and it becomes 
exceedingly stable as regards farther emission. Thus it will 
resemble the divalent electropositive elements of the alkaline 
earth group. In a similar way the next element will not so 
easily emit an electron but it will be able to part with three 
before reaching the very stable condition with 68 electrons. It 
will therefore be less electropositive but will be capable of giving 
rise to a trivalent positive ion. It will therefore resemble the triva- 
lent earth metals such as aluminium. In this way we see that as 
the number of electrons increases, the elements which have an 
outer ring of twenty become continuously less electropositive 
but have a continuously increasing electropositive valency. When 
we come to the last atom with twenty electrons in the outer 
ring and 67 altogether this would theoretically be able to emit 
nine electrons, but practically it will be so stable that it will 
be incapable of emitting any except under very great forces. 
It may thus be considered to resemble the inert gases helium, 
argon, etc. which are incapable of entering into chemical com¬ 
bination. Again, this element will be unable to combine with 
a free electron; for if it did so it would have 68 electrons alto¬ 
gether and these would arrange themselves with an outer ring 
of 21. As the system with 68 electrons and an outer ring of 
21 is very unstable and liable to emit an electron when 
neutral, it will be still more unstable when it carries an excess 
of negative charge, so that this atom with 67. electrons will be 
incapable of combining with one additional electron. It vrill 
thus have zero electronegative valency. In this respect it again 
resembles the inert gaseous elements. The element with 66 
electrons will tend to combine with one electron; since, when 
the atoms are neutral, the element with 67 is more stable than 
that with 66. It will not be able to combine with more than 
one, for if it did it would possess 68 electrons altogether, an 
arrangement which, as we have seen, is exceedingly unstable 
even when neutral. This element will thus behave like the 
strongly electronegative monovalent elements fluorine, chlorine, 
etc. The atom with 65 electrons, will have a less strongly 
marked tendency to combine with an additional one but will 
be able to combine with two altogether before reaching the 
limiting condition. It will thus resemble the elements oxygen, 
sulphur, etc. which are divalent but less strongly electronegative 
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than the preceding elements. Proceeding in this wav we sr^e 
that the element with the greatest number of electrons, out of 
those which have an outer ring of twenty, has zero elecir>- 
negative valency. As the number of electrons is successively 
diminished the valency steadily increases whilst the elements 
become successively less electronegative. The most electro¬ 
negative element has one less than the maximum number of 
electrons and is monovalent. 

These properties furnish a striking analogy to the variation 
of valency and electrochemical properties as we pass throuo'li a 
series of elements in the periodic table. Starting with^ the 
element possessing 58 electrons, the maximum number with an 
outer ring of nineteen, the following table shows how the electrtj- 
positive and electronegative valencies change as the number is 
increased: 

Number in outer ring 19 20 20 20 20 20 20 20 20 20 21 

Total number . 58 59 60 61 62 63 64 65 66 67 6S 

Electropositive valency 1234567891 
Electronegative „ 0876543 2 10 

The corresponding valencies for the series of elements between neon 
and argon, omitting potassium, are shown in the following table: 

Element . Ne Na Mg A1 Si P S Cl Ar 

Atomic weight ... 20*2 23*0 24-3 27T 28*3 31*0 32*1 35*5 39'9 

Electropositive 

valency. 0 1 2 3 4 5 6 7 0 

Electronegative 

valency. 0 7 6 5 4 3 2 1 0 

In each case the sum of the maximum electropositive and 
electronegative valencies is constant, and the elements become 
successively more electronegative and less electropositive as the 
mass of the atoms increases. 

The numbers purporting to represent the electropositive 
and the electronegative valencies of the different chemical ele¬ 
ments are not in every case verified by facts. They are rather 
to be taken as representing a law which summarizes a general 
tendency. Thus so far as the writer is aware no compound of 
sodium is known in which it is heptavalent. This is probably 
due to the fact that it is difficult to get strongly electropositive 
elements to combine with one another. The electronegative 
elements are more adaptable in this respect, and they furnish 
numerous examples in which the law is fulfilled. We have for 
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instaiiee tlie following compounds which, exhibit the maximum 
electropositive and electronegative valencies: 

Electropositive valency SiCh PCI5 SCIq CI2O7 

Electronegative „ SiH4 PH3 SHl 2 H^^l 

PlSlas NasS ISTaCl 

In each case the sum of the valencies is constant and equal to 
eight. 

The numerical relations obtained above are to be taken as 
illustrative rather than as indicating the actual number of 
electrons which the atoms of the respective chemical elements 
contain. If the electrons were arranged in shells instead of in 
rings, the conditions of stability would lead to results of the 
same general character but the numerical values might be quite 
different. In order that the periodicity in the electrochemical 
properties and the observed changes in the electropositive and the 
electronegative valency should be found, all that is necessary is 
that there should be a sudden increase in the stability of the 
electrons in atoms which have certain numbers 
of electrons and a gradual diminution as we pass from any one 
of these numbers to the next higher. For example, an atom 
which contains n electrons would lose n electrons rather 
easily, hut it would require forces of a different order of mag¬ 
nitude to dislodge n-hl electrons. Its electropositive valency 
would thus be n. On the other hand it would have a tendency 
to combine with any number of electrons until the total number 
became equal to Its electronegative valency would therefore 
be {i72 + ^)- The sum of the two valencies has the same 
value for all the elements with numbers of electrons between 
i \^2 and iTa and is equal to iV's — iVa. In discussing the question 
of valency it is not necessary to consider specifically the effect 
of the excess of positive or negative charge when electrons are 
removed from, or added to, a given atom. This effect will change 
regularly with the excess or deficiency of electrons. It is also 
necessary to observe that the question of valency is one of 
equilibrium in a system, the molecule, which is uncharged as a 
whole. The effect of the total charge on the individual atoms 
being different will therefore only come in to a very limited 
extent, since they are so very near together. It would be rather 
different if we were discussing the possibility of the ionization 
of a given atom. 
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It is worth while remarking that the elements which lie 
between the very strongly electronegative monovalent elements 
like fluorine and the next higher strongly electropositive iiK^no- 
valent element, e.g. sodium, are the gases He, Ne, Ar, Ivr 
and Xe which have no chemical affinity; whereas those which 
lie between elements like manganese, which show some analog^' 
with the chlorine group, and the coiTesponding element like 
copper, which is analogous to sodium, exhibit the highest eleetiw- 
positive valency of any of the elements. This is shown by the 
oxy-compounds and various complex amino-compounds of the 
metals of the iron, palladium and platinum groups. 

It is convenient to have a name for the measure of the 
tendency of an electron to leave an atom tvhich has been dis¬ 
cussed above. Following Sir J. J. Thomson we shall refer to 
this as the electronic pressure of the atom. 

Chemical Combination, 

It has been pointed out that Lord Kelvin, in his paper entitled 
"‘Aepinus atomized'’ (Phil Mag, vol ill. p. 257, 1902), was the 
first to suggest that the chemical atom consists of a sphere of 
uniform positive electrification containing negative electrons of 
much smaller dimensions embedded in it. In that paper he dis¬ 
cusses the forces which will come into play when some of the 
simpler types of atoms are brought together. Considering the 
simplest type of all, that which contains only one electron, it 
is evident that two such atoms will exert no mutual force if the 
spheres lie entirely outside one another. If, however, one of the 
spheres A penetrates another 5, then, since part of the positive 
sphere of B lies inside that of A, the repulsion of the positive 
sphere of B by that of A will be less than the attraction of the 
negative electron at the centre of A, Thus the two spheres will 
attract one another. It is clear, however, that the negative 
electron at the centre of each sphere will still be in equilibrium 
there until the centre of one sphere lies within the circumference 
of the other. If both the spheres are equal, the mutual repulsions 
of the negative electrons then exceed their attractions by the 
positive spheres; the electrons therefore move along the line 
joining the centres of the two atoms so as to he outside the 
centres, but remain always within the atom. We thus get a 
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neutral (uncharged) combination of the two atoms which may 
be regarded as the simplest type of elementary molecule. If the 
sizes of the spheres are unequal, the story is somewhat different. 
A calculation of the forces shows^ that, whereas the electron in the 
smaller sphere moves outwards along the line of centres, that in 
the larger sphere moves towards the smaller. This movement 
towards the smaller sphere is gradual at first, but at a certain 
position the equilibrium becomes unstable and the electron proper 
to the large sphere mal{;es a sudden jump into the smaller sphere. 
In the case in which the ratio of the radii of spheres is three to 
one, this instability occurs when the distance between the centres 
lies between 2*6 and 2-7 times the radius of the smaller sphere. 
After this has occurred both electrons remain inside the smaller 
sphere even if the larger sphere is taken away. We thus get 
a case which is analogous to the formation of a neutral compound 
molecule, and, as in the case of electrolytes, when this molecule 
is subsequently broken up one atom is positively and the other 
negatively charged. 

We have seen that the important differences between the 
chemical elements are in all probability determined by the difter- 
ence in the number of electrons in the atom rather than by the 
difference in size of the positive spheres. We have every reason 
to believe that the atoms of most of the elements contain a con¬ 
siderable number of electrons, so that there is no evident reason 
why they should behave in the same way as the extremely simply 
constituted atoms just now under discussion. It seems clear, how¬ 
ever, on general grounds that if the atoms contain a large number 
of electrons they will attract one another whether they are like or 
unlike, and so will tend to coalesce into groups of more than one 
atom. That the forces between uncharged atoms will in general 
be attractive appears to follow from the fact that the electrons are 
more or less mobile. Under the influence of the electric field due 
to a neighbouring atom, these will arrange themselves so that 
their potential energy is diminished. It is to be remembered that 
although the atoms are electrically neutral there will be intense 
fields of force in their immediate neighbourhoods owing to the 
different geometrical distribution of the positive and negative 
electricity. The attraction between uncharged atoms is similar 


* Cf. Kelvin, loc* cit» 
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to that hetween an uncharged conductor and a charged sphere. 
This effect will take place whether the atoms are similar or dis¬ 
similar. 

The combination of two atoms in this way will, in general, be 
accompanied by a transference of electrons from one to the other. 
The way in which this takes place is most conveniently described 
in terms of the idea of electronic pressure. Consider the atom 
which possesses N^+l electrons. Let us denote this by A and 
suppose it to be brought into immediate juxtaposition with the 
atom Bj which contains — 1 electrons. We have seen that the 
electronic pressure of the atom A is very high while that of B is 
very low. In other words less work will be required to drag an 
electron out of A than out of J5. Under these circumstances we 
should expect an electron to pass from A to B; so that in the 
compound thus formed A will carry one electronic unit of positive 
and B one electronic unit of negative electricity. After this 
transference has taken place A will contain N 2 electrons so that its 
electronic pressure will be very low. Thus no more electrons will 
pass over to B, especially since if another were to be transferred B 
would then have + 1 electrons, and this number corresponds to 
an atom with a very high electronic pressure. There is still another 
reason why no further transference should take place, and that is 
that the transference of the first electron produces an electric field 
between the atoms which tends to stop any further exchange. 

If another atom of A were brought into the neighbourhood 
of the molecule AS it would not be able to transfer another 
electron to S, despite its own high electronic pressure. For if it 
did so B would then have + l electrons, an arrangement which 
is particularly likely to shoot off one electron. This action would 
certainly result in this case since it would be helped by the electric 
field from S to A. Thus A is clearly a monovalent electropositive 
element and S is a monovalent electronegative element. The 
molecule AS is a fully saturated molecule and will show no 
tendency to enter into further combination with any other 
elements. 

Now consider the'interaction between an atom C contammg 
F 2+2 electrons and an atom D of another element containing 
7 ^ 3-2 electrons. The electronic pressure of G being higher than 
that of S, we should expect an electron to pass from (7 to S. 

37 
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C will then have iVg +1 electrons and one unit of positive charge, 
whilst D will have electrons and one unit of negative 

charge, IN'ow if <7 and D were uncharged their electronic pres¬ 
sures would be respectively higher and lower than before the 
transference. Thus there will be a tendency for another electron 
to pass from C to D, despite the opposition of the electric field esta¬ 
blished by the transference of the first electron. If this takes 
place there will be no further transference, since G and D now 
carry Nz and JV 3 electrons respectively ; so that the transference of 
an additional electron would be opposed by the discontinuities in the 
electronic pressure as well as by the electric field produced by the 
two electrons already displaced fr-om C to J). The compound CD 
is thus completely saturated. If G and JB were placed in contact, 
an electron would evidently at once be displaced from G to B; but 
despite the increase in the electronic pressure of C thus caused no 
further transference could take place. For this would involve 
increasing the number of B’s electrons to JTs-f 1 , an arrangement 
with a very high electronic pressure. Since this pressure would 
be assisted by an intense interatomic electric field, the two com¬ 
bined would effectually stop any tendency for a second electron to 
go to B. If, however, an uncharged atom of B were placed in the 
neighbourhood of (75, this restriction would not occur. This atom 
would have a low electronic pressure and would readily abstract an 
additional electron from G, Thus the compound molecule CR 
would be formed. By similar reasoning to that which has pre¬ 
ceded, this would be fully saturated and would have no tendency 
to combine with any other atoms. In a similar way the element 
D would form the fully saturated molecule DAz when allowed to 
combine with A, G and D are typical divalent elements, G being 
electropositive and D electronegative. 

It is to he home in mind that there is a difference between 
the energies liberated when 0 combines with B to form GB and 
when GB combines with B to form The formation of GB., 

from GB is opposed to some extent by a preexisting electric field, 
whereas that of GB from G and B is nob. In some cases this 
restraining influence may be sufficient to prevent the ready forma¬ 
tion of the compound GBzy and the action may stop at the OB 
stage. Nearly all the elements with high valencies furnish 
examples of an effect of this character. The intermediate stages 
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are known as nnsaturated compounds. A number of examples are 
given, selected from elements of different chemical families, in the 
accompanying table. 


Element 

Maximum valency 

Compounds 

Chlorine 

+ 7 

i 

CI2O, CljOs, CIO,, CL.Or ! 


-1 

HCl . 

Sulphur 

4-6 

S 2 CL, SCL, soil, SIo 


— 2 

HoS 

Phosphorus 


PCI3, PC% 


-3 

H3P 

Carbon 

+ 4 

CS, CS,>; co,co, i 


.-4 

C 2 H,,CoH 4 , ch,;c,H6 : 

Iron 

-h 3 

Fe 2 Cl 4 , FeClj ; 


-5 

i 

Copper 

4 2 

C 112 O, CuO 


-6 


Potassium 

+ 1 

KCl 


-7 



It is to be. observed, as we have already seen is indicated by 
this theory in a general way, that the maximum valency of an 
element depends on whether it occurs in the compound as an 
electropositive or an electronegative element. Thus consider the 
element with N^ — 2 electrons. We have seen that this can only 
take up two additional electrons before reaching the unstable 
stage. Two is therefore the maximum valency of the element 
when it occurs as the electronegative part of the compound. On 
the other hand it can part with iVg — 2 — JTa electrons before it 
reaches the other unstable configuration; so that this is the value 
of its maximum electropositive valency. A glance at the table 
will show that this property is very well illustrated by the com¬ 
pounds of chlorine, sulphur and phosphorus. It is obvious firom 
these considerations that the terms electropositive and electro¬ 
negative are merely relative. An element may be electropositive 
to one element and electronegative to another; in this case it will 
lose an electron when combined with the first element and gain 
one when combined with the second. 

The function of the electrons in the elementary molecules such 
as Ha, O 2 , Na, Oh, Br„ I^, etc. is a matter of great interest. We 
have seen that similar atoms will show an attraction for one 
another, and they may be in equilibrium in pairs without the 

37—2 
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transference of an electron from one of the atoms to another. It 
is not however certain that such a state of eqnilihrinm would be 
stable without the transference of one or more electrons. Suppose 
that the uncharged atoms contained JSf electrons, where is a 
number lying between JVg We have seen that such an 

atom has a tendency both to emit, and to combine with, one or 
more electrons, the precise number depending on the value of iV*. 
It is conceivable that the arrangement (N —1) {N-hi) would be 
more stable than the arrangement -ZViV. In the former case one 
atom would carry a positive and the other a negative charge, 
whilst in the latter ease both atoms would he neutral. On the 
whole the evidence seems to be in favour of the elementary- 
diatomic molecules containing oppositely charged as opposed to 
neutral atoms. The facts which bear on this (][uestion may he 
briefly summarized as follows: 

( 1 ) Walden has found that in certain solvents the elementary 
solutes Brs and I 2 can he electrolysed and equal quantities of 
bromine or iodine are liberated at each electrode. 

( 2 ) In structural chemistry the bonds which combine lihe 
atoms are treated as being in every way similar to those which 
hold together unlike atoms. 

(B) The inert gases, helium, neon, etc. which do not enter 
into combination with other elements have monatomic molecules. 
At the same time the metals have monatomic vapours for the most 
part and are averse to combination with one another, although 
they combine readily with electronegative elements. 

(4) The molecular refraction and dispersion of a substance 
might differ considerably according to whether the atoms occurred 
in oppositely charged pairs or not. There is no evidence of any 
well-marked difference between the optical properties of elemen¬ 
tary substances, considered as a class, and those of compounds. 

If we accept the view that the chemical bonds which unite 
different atoms of the same element involve the transference of 
an electron, it follows that the number of possible isomeric forms 
of many substances is greater than the number indicated by 
ordinary structural chemistry. Take for instance ethyl chloride 
C 2 H 5 OI. This is obtained by substituting one atom of chlorine 
for one of the atoms of hydrogen in ethane CaHg. The structure 
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of ethane would be represented according to the present hypo¬ 
thesis by- 





+ H 

1 

+ H 

1 





+H— 

-C-f- 


■H+ 





+ H 

r 

+ H 



while 

that of ethyl chloride would be either 




H-i- 

1 

H-i- 

1 



H+ 

1 

H-f 

1 

H+- 

-C + - 

-c — 

—H+ 

or 4-H- 

-C+— 

— C-- 


+ 

1 



1 

-f 


-4 

+ H 



1 

+H 

I 

-Cl 


according as the chlorine entered into combination with the 
carbon atom containing a positive unit of electric charge or not. 
It is obvious that ordinary structural chemistry does not admit of 
any dissymmetry of this kind, and its position in this respect is 
supported by the facts. Although attempts have been made to 
prepare such compounds as ethyl chloride in different ways, so as to 
isolate different isomeric forms if they existed, they have invariably 
been unsuccessful The ordinary structural formulae appear to be 
quite capable of taking account of all the different isomeric forms 
of such carbon compounds which can be prepared. This, however, 
is no very conclusive evidence against the view above as to the 
nature of the bonds, for in most cases it is clear that one of the two 
possible forms would be much more stable than the other; so that 
even if the less stable form were produced at first, it would imme¬ 
diately be changed into the other. We should expect the number 
of structurally possible compounds always to be greater than the 
number of those which can be actually isolated. It is clear that 
the number of these possible electrical isomers will increase rapidly 
with the number of carbon atoms in the compound. 

This method of looking at chemical combination gives a 
definite physical meaning to the bonds of structural chemistry. 
They represent the directions of the electric fields between the 
atoms. The bonds are to be regard^ as starting on a nega¬ 
tive electron and ending on a positive or negative charge. A 
bond extending between two points may therefore be either 
positive or negative. This quality is not taken account of in 
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ordinary structural chemistry. The position of the end of the 
bond where the negative charge is may conveniently be indicated 
by an arrow pointing towards it. This enables us to omit the 
cumbersome positive and negative signs in the formulae on p. 576. 
These would then become 


H 

1 

H 

1 

H 

1 

H 

1 

H 

1 

H 

1 

■C— 

Y 

H 

Y Y 

H——H 

1 1 

Y Y 

H— 

1 1 

t 

H 

1 

H 

Cl 

1 

H 

1 

H 

Cl 


The application of this method of drawing structural formulae 
may also be illustrated by the successive chlorine substituted 
methaneS; as follows; 


1 

H 




I 
t 


H 


2 

Cl 

t 

H—^C^H 

t 

H 


3 

Cl 

t 

H—^0—^C1 

f 

H 


4 

Cl 

t 

c—>ci 

t 

H 


5 

Cl 


Cl-e—C-^Cl 

- i 

Cl 


It is clear that the total positive charge on an atom in 
electronic units is obtained by subtracting the number of bonds 
which point towards the atom from the number which point away 
from it. Thus the carbon atom in each of the successive com¬ 
pounds 1 to 5 will be charged with — 4, — 2, 0, + 2, + 4 electronic 
units of electricity respectively. The formulae have been drawn, 
of course, on the supposition that each hydrogen atom carries one 
unit of positive charge and each chlorine atom one unit of nega¬ 
tive charge. 

Even when all the valency electrons existing in a compound 
molecule are saturated, there will still be a considerable external 
field, just as a neutral electric doublet giv^es rise to an external 
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field. These forces would not be so intense as those which come 
into play during chemical combination proper, but they are probably 
capable of accounting for such phenomena as hydration, cohesion, 
suiface tension, latent heat and the properties arising from 
molecular forces generally. 

In considering the nature of the bonds connecting atoms of 
the same element it is interesting to observe that the phenomenon 
of self-combination is only shown to any considerable de^n-ee hvt wo 
elements, carbon and silicon, and that both these elements lie 
exactly in the centre of their respective series in the periodic 
table. Their electrochemical properties are therefore neither 
markedly electropositive nor electronegative, and they ought lo 
show an almost equal tendency to enter into combination in either 
sense. This is just the kind of condition of the atom that we 
should expect would give rise to self-comhination, on the view' 
that we have adopted as to the mechanism of this action. For 
such an atom would he almost equally stable whether it formed 
the positive or the negative end of a chemical bond. It would 
show a greater degree of adaptability to the effect of the remaining 
groups with which the atoms were combined than would atoms 
which were not so constituted. 

If this view of chemical combination is the correct one, it 
becomes a matter of great importance to determine the sign and 
magnitude of the charge carried by each atom in different com¬ 
pounds. The most generally applicable method is, of course, the 
electrolytic one. In the case where one atom is deposited at the 
cathode it presumably carries a positive charge in the compound ; 
since, so far as the writer is aware, no cases are known where the 
solvent is capable of reversing the polarity of the ions formed by 
a given electrolyte. 

The phenomenon of magnetism also seems to he capable of 
shedding some light on this phenomenon. Townsend has shown 
that the magnetic permeability of solutions of salts of fron con¬ 
taining the same amount of iron has the same value for all ferric 
salts; it also has the same value, hut one which is different from 
the. preceding, for all ferrous salts, whilst for the ferricyanides 
it has uniformly the value zero, i.e. the ferricyanides are non¬ 
magnetic. These results show that the magnetism of dissolved iron 
compounds is an atomic property but suggest that it depends on 
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the electric charge carried hy the iron atom. Prom chemical 
reasons believe that the iron atom in ferric salts carries three 
units of positive electricity, whereas in the ferrous salts it contains 
only two and in the ferrieyanides it occurs in the electronegativ^e 
part of the molecule. Thus by making experiments on the 
magnetic properties of any iron salt we could tell what the electric 
charge in the iron atom in the molecule was. 

Thomson suggests that considerations of this kind may account 
for the magnetic properties of elementary oxygen. It is well 
known that both oxiygen and ozone are strongly paramagnetic. 
On the view of atomic eomhination above, the oxygen -molecule 
may he expected to contain one atom which is positively charged. 
ITow in all the known compounds of oxygen it probably functions 
as the electronegative constituent. Even when combined with 
the strongly electronegative element chlorine, oxygen appears to 
he electronegative. This is indicated hy the high valency of 
chlorine in the higher oxides OIO 2 and CI 2 O 7 , and hy the oxide C^O 
being to some extent acid forming. Thus elementary oxygen, is 
the only form in which an electropositive oxygen atom appears to 
exist, and this may explain why oxygen and ozone are the only 
substances in which oxygen is paramagnetic. 

Attention has recently been called by K. G. Pali and J. M. 
Nelson^ to a number of facts in structural chemistry which seem 
to support Thomson’s view of directed valencies. Among these the 
following may he mentioned : 

(1) A hydrocarbon which is thought to have the constitution 
[C(C 6 Hs) 3]2 conducts the electric current when in solution. As 
the electric current does not appear to produce permanent 
chemical change the ions have been thought to he — 0 (C 6 H 5)3 
and -f-C(CoH,) 3 . 

(2) The symmetrical saturated dicarboxylic acids of the type 
C 02 B[(CH 2 )p—CHa — (C£[ 2)^00211 show definite differences in. 
their physical properties when they are compared as a group with 
the rather similar acids CO2H(0H2)^ — (CH2)2,C02H. In the 
former case the directed valencies may be arranged symmetrically 
whereas in the latter they cannot. 

(^) The quantitative yields of the various isomers formed 
when the unsymmetrical hydrocarbons of the ethylene series 
* Proc. Aner. Ckem, Soc, vol. xxsii. p. 1637 (19101. 
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combine with the haloid acids are readily interpreted on this 
as also are the chemical properties of the diazo-compounds and a 
number of other substances^. 

It is necessary to add that most of these facts have been 
accounted for by chemists in other ways which seem fairly satis¬ 
factory. 

Eeviewing the whole question broadly it seems quite likelv 
that in a great number of cases of chemical combination trans"- 
ference of electrons between the atoms will not occur. There 
seems to be little doubt that the forces between uncharged atoms 
can be sufficiently great to account for the energy of chemical 
combination in a great number of cases.' Definiteness of valency 
can also be accounted for in this way. For instance, if the neutral 
carbon atom possesses four electrons arranged at the corners of 
a regular tetrahedron, the directions of maximum electric intensity 
in the field of the neutral atom will be along lines possessing a 
similar tetrahedral symmetry. The safest course to adopt at 
present would appear to be that of restricting the interpretation 
of valency bonds as representing electronic transference to those 
cases only in which the possibility of electrolytic dissociation has 
been demonstrated 

The StriLckire of the Positive Electricity. 

The foregoing, necessarily brief, review of chemical phenomena 
shows that there is a very close correspondence between the 
j)roperties of the elements and those required by the atoms 
considered by Thomson. It is not likely that the hypothesis 
of a sphere of positive electrification of a uniform volume density 
is essential in order to arrive at conclusions of the same general 
character as those which have been indicated. It is probable that 
somewhat similar conclusions about questions of stability would 
hold if the volume density of the positive electrification, instead 
of being uniform, were greatest at the centre of the sphere. On 
the other hand, we have seen that it is impossible to construct 
a definite atom out of indefinitely small elements of positive and 
negative electrification acting on each other according to the 

* The application of the Electron Theory to Organic Chemistry has also been 
discussed recently by McCleland, FhiL Mag. vol xrix. p. 192; vol. xxx. p 965 
(1915). . ^ ' . . > . 

oJ|.o a U ' p fc/ , ^ 
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classical laws of electrodynamics. It is necessary to introduce 
something else in order to account for the actual size of tlie 
atoms. 

The sphere of continuously distributed positive electrification 
has the merit of lending itself readily to calculation and, as we 
have seen, it gives a satisfactory account of many of the properties 
of the chemical elements. On the other hand there are some 
rather striking properties which it leaves unexplained, at any rate 
in its simplest form. Consider for example the phenomenon 
of radioactive transformation. The chemical and spectroscopic 
properties of the typical radioactive elements radium, thorium 
and uranium are not sharply different from those of the elements 
which do rfot exhibit radioactivity ; so that it does not seem likely^ 
that they have a constitution radically different from that of the 
others. But we know that the atoms of the radioactive elements 
are continually emitting atoms of helium and turning into other 
elements of lower atomic weight. Thus an emission of part of the 
positive sphere itself is a possibility which has to be contemplated. 
To account for these phenomena Thomson has suggested that the 
atoms of the elements of higher atomic weight are made up of 
combinations of sub-spheres like that which may be supposed to 
constitute the helium atom ; but on such a view it is not easy to 
see why the atoms should possess a different order of stability 
from that of their compounds, without importing something else 
into the theory. Another point which deserves some consideration 
is the fact that there is an upper limit to the weights of atoms. 
All the elements of higher atomic weight than bismuth (208) are 
radioactive and therefore unstable. The striking feature of this 
instability is that it appears to affect the positively charged part 
of the atom, as well as, if not more than, the negatively charged 
constituents. 

As it stands, the positive sphere gives no account of the mass 
of the atom. Unless all the methods of estimating the number of 
electrons in the atoms are entirely misleading, a contingency 
which is very unlikely in view of the excellent agreement given 
by entirely different methods, practically the whole of the mass 
of matter must belong to the positively electrified parts of it. 
Now the electromagnetic inertia of the positive spheres of Kelvin 
and Thomson is negligible compared with that of a single electron, 
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so that the greater part of the mass is entirely unaccounted for 
hy this theory. 

The following hypothesis appears to offer a possibility of 
explaining these facts and at the same time of retaining" the 
important features of the positive sphere. Suppose that the 
positive electricity, instead of being uniformly distributed, is in 
the form of electrons whose charge is E and mass J/, where E is 
very small compared with the numerical value of the charge e of 
the negative electrons. Since the electromagnetic mass of such 
particles is proportional to where is comparable with 

their volume, it is clear that if R were small enough the positi\-e 
electricity could be made to carry most of the inertia of the atom. 
If e^vE, then rjll — vefm-i-EjM, where the small letters refer to 
the negative electrons. If the hydrogen atom contains only one 
negative electron, then EjM is the value of the corresponding 
quantity for the hydrogen atom in electrolysis, r would be 
greater than R in the proportion of something comparable with 
lOOOi/, so that the positive electron would have to be confined to 
a much smaller space even than the negative. This would lead to 
the difficulty about the definiteness of the atom already alluded 
to, if the law of force between these positive electrons were that 
of the inverse square. Let us suppose that at very small distances 
this law does not hold hut is replaced by something more compli¬ 
cated, let us say 

where P 2 > Pi > 2. At very small distances the third term would 
give a repulsion and keep the positive electrons from joining 
together, and the first term would give the usual law of force 
at large distances. The middle term would cause the positive 
electrons to attract one another at certain distances. This would 
make them aggregate into clusters which, if the constants were 
of suitable magnitude, would be of dimensions comparable with 
that of the atoms. The positive electrons would be regularly 
distributed inside so that snch clusters would behave very much 
like a continuous distribution of positive electrification, provided E 
were sufficiently small. 

On this hypothesis there would be a definite positive atom 
capable of existing without the presence of a negative electron. 
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Such atoms would he able to coalesce if tlie afr^ term were 
neutralized by the presence of a negative electron, but not other¬ 
wise. In this way more complicated atoms could build up, and 
the conditions for the equilibrium of the electrons in them would 
be similar to those of Thomson’s theory. There would be a limit 
to the size of atoms which could he built up in this way, because 
with the larger atoms it would be difficult to arrange the negative 
electrons so as to prevent a whole unit of positive electricity {i^E) 
from ever becoming unstable. 

It will be urged that there is no experimental evidence in 
favour of the existence of particles carrying a charge less than e. 
That is true, but if Efe is very small it is questionable whether 
any experiments which have been made would be capable of 
detecting their existence. Their mutual attractions would prevent 
an electron from getting away from an atom with any considerable 
number of them. Another objection is that all known chemical 
atoms are either neutral or carry a charge which is an integral 
multiple of + e. It may be that the elementary positive atom 
also has a charge which is equal to an integral multiple of e, 
or that the law of force somehow makes the stable systems neutral. 
It must at least be admitted that these suggestions are not more 
artificial than the hypothesis that the atoms are provided with 
a sphere of positive electrification just sufficient to neutralize the 
electrons present. 

Collisions between systems of this kind would be rather different 
from those between atoms made up of positive electricity of uniform 
density, and might be expected to give rise to a relatively high 
percentage of sharply deflected a rays, such as was found by 
Rutherford and Geiger. 

We shall not pursue this subject further. The deflexions of 
the a rays through large angles and the scattering of X rays by 
light atoms, which were considered in Chapter xix, agree much 
better with Rutherford’s view that the positive electricity in the 
atom is concentrated in a minute region of it • than with the 
uniform sphere of positive electrification.. This position is made 
stronger still by the considerations brought forward in the two 
next sections. It will be noticed that if the linear dimensions of 
the nucleus are small enough the whole mass of the atom may be 
of electromagnetic origin. 
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^he Hadioacthe Elements and the Periodic Law. 

The study of tlie chemical properties of the radioactive 
elements^ has brought to light a numher of facts of the highest 
importance which bear on the relation between the chemical 
properties of the elements and their atomic weights. Soddy 
pointed out that when a radioactive element A was converted 
into a second element B with accompanying emission of an a ray, 
then the chemical properties of B would be those of an element in 
the next column hut one before A in the periodic table. Eiisseli-f* 
showed that if a /3 ray were emitted instead of an a ray the new 
element would he found in the next column bejmd that of the 
first element. Thus, to illustrate the case by considering one 
particular chemical property, the emission of an cc ray diminishes 
the electropositive valency by two, whereas the emission of a jS'ray 
increases it by one. In the ease of the thorium series for example, 
if we neglect branch products, the successive changes are exhibited 
in the following table: 

tt Rayless /3 a a a a jS 

Th. -a^ Msth I Msth II Ra Th ^ Tli K Em A B —C 

IT II in IV n o VI IV v 

The numerals underneath represent the number of the column in 
the periodic table (or the value of the electropositive valency). 
The character of the change is indicated above the arrows. 

But the matter goes further than this. In some cases an a ray 
change is followed by two successive changes in which an oc ray is 
not expelled. The last element then occupies the same column in 
the periodic table as the original element. In such cases these 
two elements have, so far as can be ascertained, identical chemical 
properties, and are incapahle of being separated by chemical 
methods. There is evidencealso that their emission spectra are 
identical These results are surprising at irst sight since the 
atomic weights of the elements in question must differ by the 
atomic weight of helium approximately, or about four units. In 

* F. Soddy, CheTfi. Kews, vol. cvn. p. 97 (1913); O. v. Hewsy, Phys. 2eits. 
vol. XIV. p. 49 (1913) ; K. Fajans, Pki/s. Zeits, vol. xiv. pp. 131, 136 (1913); Verh. 
d. JDeutseh. Phys. Ges. vol. xv. p. 240 (1913). 

t Ohem. News, vol. cvn. p. 49 (L913). 

X Russell andEossi, Rcy. Soc, Proc. A, vol. Lxxxvn, p. 478 (1912). 
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contrast to their cliemical properties, the radioactive properties of 
two such elements are quite different. These phenomena receive 
a plausible explanation on the view, advocated by Rutherford, 
that the atoms are built up of electrons revolving* round a massive 
central nucleus of small dimensions, if we adopt the hypothesis 
that both the a and /S particles are ejected from the nucleus itself. 
Tor the chemical and spectroscopic properties of such «an atom will 
be determined almost entirely by the charge of the nucleus and 
hardly at all by its mass. The ejection of an a particle, which 
is a positively charged helium atom with twice the electronic 
charge, will diminish the total positive valency of the nucleus by 
two, and the ejection of an electron will increase it by one. The 
resulting nuclei will be those appropriate to atoms whose positions 
in the periodic table are those actually found. 

This position is strengthened by a number of other lines of 
evidence. Thus J. J. Thomson* has discovered that neon consists 
of two gaseous elements having the same spectrum and chemical 
properties but differing in atomic weight. We have seen also that 
the X-ray spectra of the elements are not accurately functions of 
the atomic weight but’are accurately determined by successive 
whole numbers. The sequence of these numbers is that of the 
atoms in order of ascending atomic weight except for the elements 
whose positions in the periodic table are anomalous.' It seems 
natural to interpret the “atomic numbers’" as measures of the 
charge carried by the positively charged nucleus. These facts do 
not receive any obvious explanation on the Kelvin-Thomson theory 
of the atom. 

Bohrs Theory of the Behaviour of Electrons in Atoms. 

This theoryf which has been referred to briefly in Chapter xvr 
depends upon principles entirely different from those underlying 
the theories so far considered. It assumes that atoms are made 
up of electrons revolving in orbits around a central positive charge 
of minute dimensions which carries practically the whole mass of 
the atom. So far the structure of the atom is that suggested by 
Rutherford to account for the observed scattering of a particles by 

* Roy, Sac. Proc, A, vol. lxxxix. p. 1 (1913). 

t N.Balir,PWZ, Mag. toI. xxyi. pp. 1, 476, 857 (1913); vol. xxvn. p. 506 (1914); 
vol, XXX. p. 394 (1915). 
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matter. The difficulty as to the indefiaifceness of such an atom 
on the basis of the ordinary electrodynamics which was mentioned 
at the beginning of this Chapter is o\^ercome hy Bohr by the intro¬ 
duction of certain hypotheses which are closely related to those 
underlying Planck’s theory of Eadiation. Thus the theory denies 
the ade(iuacy of the classical electrodynamics as a basis'^ for the 
explanation of atomic behawioiir. This can hardly now be con¬ 
sidered a serious objection bo the theoij since the inadeqiiaer of 
electrodjmamies to account for the phenomena of heat radiation 
has been established. 

The simplest type of atom on this theory consists of an 
electron describing an orbit about a nucleus with an equal 
positive charge. Let us consider an equally simple but slightlT 
more general case, that of an electron of charge e and mass m 
revolving about a positively charged nucleus of charge E and 
mass M Let us treat the problem first of all from the standpoint 
of the ordinary dynamics. If we fix our attention on the state 
of the two particles at a given instant then we know that, pro¬ 
vided their instantaneous kinetic energy is less than the potential 
energy lost in coming to the given configuration from an infinite 
distance, a condition which we shall suppose to be satisfied, the 
relative orbit of the particles is an ellipse with one of them in 
a focus. If a is the semi-major axis of the relative orbit and r is 
the distance between the centres of the particles at any point of 
the path, their kinetic energy* is 

. 


and the potential energy referred to the infinitely distant con¬ 
figuration is — Ee/r. Thus the difference between the energv' in 
the infinitely distant configuration and the instantaneous total 
energy, or what may be termed the lost energy, is 

W=Eel2a ...(SO). 

Both If and the instantaneous total energy are independent 
of the instantaneous position in the orbit. The orbital frequency* 
CO and the relative semi-major axis a are given by the equations: 


+ m 21f^ 
Mm 


(31), 


a^Eel2W, ...(32). 

Cf. Eoutil’s Dynamics of a FartieUy eiap. vi. Cambiidge (1898), 
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Throughout the theory the forces between the particles are 
assumed to be the usual electrostatic forces varying inversely as 
the square of the distance. This is an important feature of 
Bohr’s theory. 

Equations (31) and (32) exhibit very clearly the difficulty 
already referred to in accounting for the observed definiteness in 
the size of atoms and in the frequencies of their spectral lines 
on this type of theory, if we keep to the ordinary dynamics and 
electrodynamics. For the ordinary electrodynamics requires that 
such a system will continually radiate energy; so that W will 
continually increase. - Thus a> will increase continuously and 
a diminish continuously until the electron coalesces with the 
nucleus. Bohr denies the existence in fact of these continuous 
variations and replaces them by the following non-mechanistic 
hypotheses: 

A. That only certain of the states of motion included in 
(31) and (32) are possible states. Such stationary states are 
governed by the ordinary mechanics as regards the configuration 
of the orbits, which, however, are executed without radiation. 

B. The stationary states are those which satisfy the follow¬ 
ing relation between the frequency a> and the mean kinetic 
energy T 

Tjco^lTh ...(33), 

where t is any integer and h is Planck’s constant. 

Thus the possible orbits are confined to those for which Tjoy is 
an integral multiple of A./2. This assumption, which is closely 
connected with the quantum hypothesis of Planck, may in 
special cases be interpreted rather differently. If the electrons are 
executing circular orbits then (33) is equivalent to the statement 
that the moment of momentum of the electrons (their so-called 
angular momentum) must be an integral multiple of hj^rr. We 
have seen* already that such an assumption leads to the possibility 
of an atomic magnet or magneton. The mean kinetic energy T 
in (33) is the value of 

\ \jdt .(34). 

where T is the periodic time. In the case of the elliptic orbits of 
two particles referred to above it is not difficult to show that (34) 
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is equal to the lost energy W. [This may be done by substi¬ 
tuting from (29) in (34) and changing dt/r into rdOjAy where 
A is twice the areal velocity, and then making use of the polar 
equation to the ellipse 

Z/r = 1 4" e cos d, 

e being the excentricity and Z the semi-latus rectum.] Thus, for 
the most general case of the motion of two charged particles 
under their mutual attractions, %ve can put 

W=rli^ .( 35 ). 


From (31), (32) and (-35) we now see that for any particular 
integral r the values of co, W and a are completely determined. 
We have in fact by obvious substitutions 


and 


0 ) = 477 ^ 


Mm 
M -e m 


F=27r^ 


Mm 

ilZ-fm 




1 ilf + m T^/i^ 
4i7T^ Mm Ee 


(36), 


{oil 


(38). 


Since all atoms are neutral and the smallest electric charge 
which can be isolated is the charge e of an electron we should 
expect the simplest atom to be formed from an electron and 
a positive nucleus carrying a charge equal to e. The properties 
of this atom should therefore be given by putting E^e in 
(36)—(38). We see at once, however, that we should expect an 
infinite number of atoms to arise in this way corresponding to 
all the integral values of r. It is in fact a defiinite feature of 
Bohr’s theory that we should expect even the simplest atom to 
be capable of existing in an infinite number of distinct states 
characterized by varying amounts of energy. Of these that for 
which T = 1 will possess much less energy than any of the others 
and we should expect this to be the normal atom. If we put 
E = e and t = 1 in (36)—(38) and substitute the numerical values, 
we find 

2a. = IT X 10~®cm., o) = 6‘2 x 10^® sec.~^ and Wje = 13 volts. 

The values of 2a and (o are of the right order of magnitude for 
the diameter and optical frequency of a hydrogen atom and the 

38 


E. B. T. 
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value of W is very close to the experimental value of the work 
necessary to ionize an atom of this element. 

If we now turn to the question of the emission of radiation 
from such a structure we shall find still more convincing reasons 
for identifying it with the atom of hydrogen. We have seen that 
it is necessary to assume that radiation is not emitted in the 
stationary states; so that the frequencies given by (36) need not 
have any direct connection with the frequencies of the spectral 
lines of the element. To account for spectral lines Bohr makes 
the following additional hypothesis, which is again closely con¬ 
nected with that of Planck, viz.: 

0. That emission of energy in the form of radiation takes 
place only when the electron passes from one stationary state to 
another and that as a result of such passage the difference 
of energy corresponding to the two states is emitted in the form “ 
of a single quantum of monochromatic radiation. Thus if 
is the energy in the initial and Wr^ that in the final state, the 
frequency v of the monochromatic radiation emitted is deter¬ 
mined by the relation 

Wr, - .(39). 

Applying this principle to the atom for which E = e "we have 
for the frequencies of its spectral lines, from (37), 


v = 27r^ 


M771 e‘^ 




(40). 


Thus there will be a doubly infinite number of lines corre¬ 
sponding to all the integral numbers Ti and Ts. These can be 
arranged in an infinite number of series, each series containing 
the lines which correspond to a particular value of Tj. Most of 
these lines will, in general, be outside the limits of the visible 
spectrum and many of them will never achieve appreciable in¬ 
tensity owing to factors which prevent the formation of the 
systems.. For instance, we see from (38) that the radii of the 
systems increases rapidly with t; so that the systems corre¬ 
sponding to large values of r will only have a chance to form in 
appreciable numbers in highly attenuated atmospheres. If in (40) 
we put Ti = 2 we get the series 



ir=27r^ 


Mm 


..( 41 ), 


where 


if 4- m 


(42). 
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This agrees Balmer’s series (eqxiatioa ( 1 ), Chap, xx) if 

the constant Jf=4z;o. The experimental value of Rydberg’s 
constant JT = 4ro is S*290 x 10^®, 'whereas the value calculated from 
(42) is 3*26 X 10 ^®. These numbers are identical to the accuracy 

Within which the values of e, — and y are known. Th us Bolus's 

m k 

theorij (lccoiMs quantitative^/ and completely for Baimer s series. 
Again only the lines of this series for values of 'm in (41) less 
than about 12 are observable in vacniiin tubes, hut the lines up 
to 7n = 33 have been observed in stellar spectra. This is accounted 
for by the much larger size of the atomic systems corresponding 
to large values of m which has already been referred to. These 
systems would have a much better chance to form in appreciable 
quantity in the extensive hut highly attenuated atmospheres of 
the stars in question. Tinally it has been found hy Eau^ that 
a minimum potential energy corresponding to about 13 volts is. 
necessary before a colliding election can excite the line spectrum 
of hydrogen, in close agi'eeinent with the lost energy of the normal 
hydrogen atom already calculated. 

The series obtained when Ti = 1 in (40) lies in the extreme 
ultra-violet. Such a series was unknown when Bohr first published 
his theory but lines which appear to belong to it have since 
been discovered by Lymanf. The series obtained by putting 
Ti = 3 in (41) agrees exactly with a series discovered by PaschenJ 
in the infra-red. The series corresponding to Ti=4, 5, 6 etc. 
are too far in the infra-red to he observable under present con¬ 
ditions. There are no known lines which are certainly due to 
hydrogen except those which have been accounted for by the 
theory. 

The next simplest structiire to which we can apply equations 
^ 30 )—(39) is that of a positive charge 2 e with a single electron, 
revolving about it. On the nucleus theory of the atom it is 
to be expected that this system will correspond with a helium 
atom which has lost both its two electrons and recombined with 
one of them. Since the mass of the helium atom is very nearly 
4 times that of the hydrogen we shall have M = 41fi where Jfi is 

* Sitz. Ber. d. Phijs. Med. Ges. Wtirzbuxg (1914). 

\ t Nature^ vol. soni. p. 24L (1914). 

:|: dnii. der Phys, vol. xoii. p. 5G5 (1908). 
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the mass of the hydrogen atom. Mahing these substitutions we 
get for the spectra of the singly charged helium ions, the frequencies 


K = 27r2 


(_ 




...(43). 


(4ifi + m) |ti^ \Ti^ T2^ 

The series Ti = 1 and Tg = 2 are in the extreme ultra-yiolet and 
have not yet "been observed. The series Ti= 3 has been discovered 
Tby Towler^ m a Yacutim tube discharge in a mixture of helium 
and hydrogen. The series = 4 was first observed hy' Pickering 
in 1896 in the spectrum of the star ^-Puppis. This series was 
also obtained by Fowler in the laboratory. Lines of both the 
series Tp = 3 and Xp = 4 have been obtained by Stark-f" and Evans :j: 
in a helium discharge which contained no trace of the hydrogen 
lines; so that there is little doiiht that these lines are due to 
helium and not to hydrogen. The lines were originally attributed 
to hydrogen on account of the similarity of the spectra and this 
position seemed strengthened by the fact that they were first 
observed in a mixture of hydrogen and helium. In fact the 
alternate lines in Pickering s series are almost coincident with the 
lines of Balmef s series. According to Bohr’s theory the lines in 
question would he exactly coincident if we could neglect the mass 
of the electron compared with the masses of the hydrogen and 
helium nuclei. 


These considerations hawe led to another interesting verifi¬ 
cation of the theory. Fowler § and Evans 1| have made careful 
determinations of the constant N' for the two series of helium 
lines which, as we have seen, are in agreement with (43) and fnd 
that this quantity is rather larger than the constant N for Balmer’s 
series as the theory requires. The ratio N'jN should be given by 

16 (ilfp -f m) 

4ifp -h m 


N'IN = 


.(44). 


From the observed value of N'jN the datio Mjjm of the mass of 
hydrogen atom to the mass of an electron can be determined fiom 
spectroscopic data alone. In this way Fowler fl finds 
ilfp/m=:1855 ±12, 


* Monthly Notices Royal Ast, Soc, December 1912, 
i* Ver. d, Deutseh, Rhys, Ges. toI. xvi. p. 468 (1914), 

5 Rhil. May, vol. sxix. p. 284 (1915). 

« 'Phil. Tram. A., vol. cosiv. p. 254 (1914). 

^ture, vol. xoir. p. 5 (1913); RhiL Mag. vol. xxix. p. 284 (1915). 
cit. 
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in excsllent agreement with tlie value deduced from the best 
measurements of e/m and ejM^. 

In general, it will be seen from (37) aud (39) that if we 
neglect the ratio ■m/ilfi compared with unity the spectral lines of 
a system consisting of a single electron rotating round a nucleus 
of charge ne will have fr-equencies given by 

. 

Some lines which fit tins formula when ?i=3 (corresponding to 
a positive centre with a triple charge) and = 6 have been found 
by Nicholson* in the spectra of the Volf-Rayet stars and by 
Mertonf in a condensed vacuum tube discharge between carbon 
electrodes. These are the only instances in which series of lines 
with 71 > 2 in (45) have been detected. 

In contemplating systems containing more than one electron it 
is not possible to follow out the results of the theory in detail 
with the logical certainty of the deductions above on account of 
the known difficulties of the orbits on the ordinary mechanics and 
of the uncertainty as to the interpretation of assumption B or its 
equivalent in the more complex cases. It is, however, possible 
to deduce the known general properties of spectral series without 
reference to assumption B except in its relation to single electron 
systems. Thus regarding assumptions A and G alone it follows 
from the theory that any given atom which has lost a definite 
number, including zero, of electrons, can exist in an infinite 
number of stationary non-radiating states characterized by dif¬ 
ferent amounts of energy IT*, W^ ... TFp, TTV-.. and that the 
frequencies of the spectral lines which are emitted in the passage 
between the stationary states will be given by the totality of the 
equations 

= .(46) 

for all the possible combinations of states. This result is only 
another way of stating Hitz and Paschen’s principle of the combi¬ 
nation of spectral series (see p, 520). Again these authors have 


* MontUy Notices Moy, Ast. Soc. p. 382 (1913). 
•f- Roy. Soc. Proc* A, vol, xci. p. 4081(1915). 
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shown that the frequencies of the lines in the ordinary line spec bra 
of the elements can be put into the form 

. 

where JT is the constant in Balmer’s series (see below, however), 
ill and 72-2 are integers and cj>s are functions of integers 

which approach unity for large values of n. Thus for large values 
of both rii and n, the lines in the ordinary series of all the 
elements tend to coincide with lines of the hydrogen spectrum. 
This result is at once accounted for by the theory. Tor we have 
seen that large values of and correspond to states of the atom 
in which the radii of the orbits of the electron in the stationary 
states between which the interchange tabes place are large com¬ 
pared with the radius of the orbit in the normal atom. Thus 
when n becomes large the orbits will be executed at distances 
which are large compared with the linear dimensions of the atom 
and their properties will be determined solely by the total charge 
on the rest of the atom and will not depend on the number and 
configuration of the electrons contained in it. In fact the whole 
of the rest of the atom can be regarded as equivalent to the 
nucleus in the simpler cases already discussed. If we suppose 
that the lines of the ordinary spectral series are emitted when 
the normal atom is being formed by the recombination of an 
electron with a singly charged positive ion, then for large values 
of n the theory becomes identical with that already given for the 
hydrogen atom. There is, however, one small difference. The 

M 

value of iV in (47) should involve the factor -where M is 

^ ^ if 4 m 

the mass of the rest of the atom and m that of an electron. Thus 

if in (47) should be a little larger for heavy atoms than for the 

atom of hydrogen. If the value for hydrogen is taben to be 

109675 the value for an atom of infinite mass becomes 109735. 

Most of this change occurs with the atoms of small atomic weight. 

considemtions have been strengthened by some recent 
discoveries of Towler* who has found a number of series in the 
** enhanced line spectra of certain elements for which the value 
of the oonstaat corresponding to if in (47) has four times the 


Ikil, Tram. A, vol. ccxiv. p* 225 (lOli). 
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normal Talne. These series are to be expected on the present 
theory if they are emitted during the recomhination of a single 
electron with a doubly charged positive ion. They therefore cor¬ 
respond with the series already discussed which result from the 
combination of a single electron vritl the helium nucleus. 

The application of Bohr’s* theory to the structure of the more 
complicated atoms which have a highly charged nucleus and a 
large number of electrons is of a more tentative character than 
most of the considerations so far discussed. Asa working hypo¬ 
thesis it is assumed that the electrons arrange themselves in a 
number of circular rings which revolve round the nucleus. For 
this case assumption B is equivalent to the statement that the 
moment of momentum shall be an integral multiple of Kj^ir and 
this is accordingly assumed to be the case. The question of 
stability for displacements perpendicular to the orbits is, in ac¬ 
cordance with the general theory, determined by the rule of the 
ordinary mechanics that for a virtual displacement the energy- 
should be greater for the displaced than for the undisplaced 
position. The same criterion can be applied in regard to stability 
for displacements in the plane of the orbit, but Bohrf has pointed 
out that it is implicitly satisfied by the assumption of the uni¬ 
versal constancy of the moment of momentum. In considering 
the forces, the other electrons in the same ring can be allowed 
for in much the same way as in Thomson’s theory. The degree 
of stability of the systems is taken to be measured by the lost 
energy in the state finally arrived at. But the amount of lost 
energy is not the only condition which determines the final state. 
It is necessary to consider the way in which the atom can be 
formed by the approach of successive electrons to the nucleus. 
This involves the question of the tendency of separate rings 
of electrons to coalesce into a single ring. It is shown that 
coalescence of two rings will only take place when they contain 
the same numbers of electrons. Thus it is to be expected that in 
the structure of atoms, rings of 2, 4, 8 etc. electrons will pre¬ 
dominate. From considerations of this kind Bohr arrives at the 
arrangement shown in the following table for the structure of the 
first twenty-four elements. The large figure gives the atomic 

* JPhil. Mar;. -voL xxvi. p. 474 (1913). 

i* loc. cit. p. 480. 
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aiinil)er (or the charge on the nucleus) and the figures in brachets 
give the numbers of electrons in the successive rings starting from 
the innermost. 


H 1 (1) 

He 2 (2) 

Li 3 (2, 1) 

Be 4 (2, 2) 

B 5 (2, 3) 

C 6 (2,4) 

N 7 (4, 3) 

0 8 (4,2,2) 


F 9 (4, 4, 1) 
Ne 10 (8, 2) 

Na, 11 (8, 2, 1) 
Mg 12 (8, 2, 2) 

A1 13 (8,2,3) 

Si 14 (8, % 4) 

P 15 (8, 4, 3) 

S 16 (8, 4, 2, 2) 


Cl 17 (8, 4, 4,1) 

Ar 18 (8, 8, 2) 

K 19 (8, 8, 2,1) 

Ca 20 (8, 8, 2, 2) 

Sc 21 (8, 8, 2, 3) 

Ti 22 (8, 8, 2, 4) 

V 23 (8, 8, 4, 3) 

Cr 24 (8, 8, 4, % 2) 


This table certainly exhibits a very close correspondence with 
the properties of these elements as exemplified by the periodic 
law bub it is to he remembered that a certain, amount of attention 
has been paid to the chemical properties of the elements in 
arriving at the assumed structure. The theory does, however, 
quite definitely require that helium should be difficult to ionize 
and should be incapable of combining with an additional electron. 
It also requires that lithium should be electropositive to hydrogen. 

The structure of the hydrogen molecule is quite definitely 
indicated by the theory, as the process of its formation by the 
gradual approach of two atoms can be followed step by step**®. 
The two electrons keep their original angular momentum and 
flow into a single ring with the nuclei situated on the axis of the 
ring one at each side of the plane containing it. If a is the 
radius of the ring and b the distance of one of the nuclei from 
its plane _ 

b — a/^S. 


The calculated frequencies are in general agreement with the 
optical data but the calculated heat of dissociation of into H 
is only about half the value found by Langmuirf. Langmuir s 
method is, however, a very indirect one and the result may perhaps 
be subject to a considerable error. 


Bohr s theory when applied to the consideration of the absorp¬ 
tion of radiation also points to interesting results which seem to 
be in agreement with fact. In order to account for Kirchhoffs 
law, since the passage from the stationary state A to the stationary 

* Botr, loc. dt, p. 868. 

t Journ. Amer, Chem, Soc, vol. xsiov. p. 860 (1912). 
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state B is accoinpaiiied by tlie emission of a quantum of radiation 
of frequency 

^ ^ ^ a } .(-iS), 

it seems necessary to suppose tliat the absorption of a quantum 
of radiation of frequency v will result in the transference of an 
electron from the state B to the state A, If it is assumed that 
the absorption of radiation by the atom takes place hy quanta, 
the condition that absorption of radiation of giren frequency v 
may occur is that in the atom there should exist an actual 
stationary state D and also there should be capable of existing 
a possible stationary state C such that 

hv = Wj)- Wq .(49). 

If hv is less than Wj) will only be possible to satisfy equation 
(49) for certain values of v corresponding to the various stationary 
states of the atom outside the state D. Thus we should expect 
a series of absorption lines corresponding to the emission lines 
of the atom. If now hv exceeds Wjy the energy from the radia¬ 
tion ■will he sufficient to carry the electron outside the atom 
and every state of the electron outside the atom is a passible 
stationary state no matter what the value of the energy may he. 
Thus for values of hv greater than we should expect con¬ 
tinuous absorption. Experiments hy Wood* have shown that the 
absorption spectrum of sodium vapour satisfies these conditions. 
It consists of a number of fine absorption lines which agree in 
position with the lines of the principal series in the emission 
spectrum of sodium terminated at the ultra-violet end hy a con¬ 
tinuous absorption spectrum. Again if we consider the kinetic 
energy of the electron which has been liberated from the 

atom hy the absorption of radiation, we see from (49) that this 
will he given by 

= Wd .( 50 ). 

This result is evidently the law of photo-electric action which 
has previously been, obtained in other ways. 

The considerations on pp. 530—531 regarded in light of 
the present theory show that the amount of dispersion in a 
luminous gas cannot be regarded as a measure of the number of 


* Physical Optics, p. 513 (1911). 
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systems capable of absorbing light of the frequency in question, 
as the older theory required; since we saw that Ladenburg and 
Loria's experiments indicated very different dispersions for the 
different lines of Baliner s series, i^ccording to Bohr s theory all 
these lines correspond to the same end state, namely that for 
which Ti is equal to 2. Thus a hydrogen atom which is in a 
position to absorb light of frequency corresponding to any line 
of Balmer’s series should be in a position equally to absorb light 
of the frequency of any of them. If dispersion were determined 
simply by the number of systems capable of absorbing light of 
the frequency affected, we should expect equal dispersion for all 
the frequencies in Balmeffs series. Of course such a result cannot 
he considered to be a consequence of Bohr s theory, which may 
require a revision of the whole question. A simple explanation 
of the known facts, however, would be to attribute the dispersion 
(in an analogous way to Bohr’s treatment of the Zeeman effect) 
to'an actual effect of the instantaneously luminous systems. On 
such a view the dispersion would not arise from the systems 
capable of absorbing the given radiation, although the ahsoxbahle 
frequencies would coincide with the dispersed frequencies. Simi¬ 
larly the amount of dispersion would not measure the number of 
systems capable of absorbing the dispersed radiation but would 
measure the number of systems actually emitting radiation of 
neighbouring frequency. On this view we should expect a close 
connection between the brightness of the lines and the amount of 
dispersion of light of neighbouring frequency. As the condition 
is not one of temperature equilibrium there is no reason to expect 
a similar connection on the view that dispersion is closely related 
to absorption in such cases. 

According to the present theory the emission spectra of atoms 
are caused by the change of an atom from a condition in which 
one of the electrons is in a stationary state with more energy to 
one with less energy. In the extreme case the transference is 
from complete dissociation of the electron to the normal state of 
the atom. But there are an infinite number of intermediate 
possibilitiei^ corresponding to all the lines of the possible spectral 
series. When the emission is stimulated by the electric dis¬ 
charge, in most cases the immediate cause of the abnormal state 
of the atom is the impact of an electron on it We should there- 
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fore not expect the lines to he excited unless the energy of the 
impinging electrons were equal to or gi'eater than the amount 
given hy (40). For the lines of higher frequency to he excited 
in the series which correspond to a return to the normal atom or 
to a state near the normal (i.e. for small values of and large 
values of Ts in equation (45)) this amount of energy would have to 
he nearly equal to the energy required to remove an electron from 
the normal atom. In agreement with these suppositions Rau’^ 
has found that a potential difference of about 13 volts is required 
to excite the lines of Balmer s series in hydrogen, about 30 volts 
to excite the ordinary series of helium and about 80 volts to 
excite the double charged helium series. The values calculated 
by Bohr for the energy necessary to remove an electron from the 
normal hydrogen atom is 18*6 volts, from the normal helium 
atom 29'3 volts and to remove two electrons from the normal 
helium atom 81*3 volts. In addition Eau noticed that in the 
ordinary series of helium slightly higher voltages were necessary 
to excite the lines with higher values of n as compared with the 
lines with smaller values of n» 

There is now quite definite evidence that in a number of 
cases*f electrons only lose energy by collisions with atoms in 
amounts which correspond to a transference between two stationary 
states. It appears, for example, that electrons can undergo a large 
number of collisions with mercury atoms without loss of energ}*, so 
long as the energy of the electrons is less than that acquired hy 
falling through a potential difference of 4’9 volts. If the electrons 
are moving in an accelerating electric field they lose no energy hy 
collisions with the atoms of mercury vapour until this critical 
value is reached, when they lose all their energy at the next 
collision. This process is accompanied, or more probably followed, 
by the emission of the mercury line X, = 2536 whose frequencj^ v 
satisfies the relation hv = 4i'9e volts. Thus there seems to be 
a close correspondence between the transference of energy to 
atoms by collisions with electrons and by absorption of radiation. 
Phenomena similar to those described have been noticed by 
McLennan and Henderson J in the vapours of cadmium and zinc. 

* Sitz, Ber. d. Phys^ Med, Ges, Wiixzburg (1914). 

t Eranck and Hertz, Verli. d, Beutsch. Physik. Ges. xvi. pp. 457, 512 (1914) j 
Akesson, Sitz. Ber. Heidelheiger Akad. d. Wiss. A, no. 21 (1914). 

It JRoij. Soc, Proa. A, vol. xci. p. 485 (1915). 
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It is evident that the high frequency X ray spectra of the 
elements of higher atomic weight must originate from electrons 
which are much more strongly bound than the I'clatively super¬ 
ficial electrons whose rearrangements give rise to the vacuum 
tube spectra. On the present view it is natural to attribute the 
most penetrating K series of lines to the innermost ring, the 
L series to the second ring and so on. According to the prin¬ 
ciples laid down by Bohr in dealing with complex atoms the work 
necessary to displace an electron from a ring to a state of I’cst at 
an infinite distance from the rest of the atom is equal to the 
kinetic energy of an electron revolving in the ring. The velocity 
of the electron in its circular orbit will thus be equal to the 
velocity necessary for a colliding electron to excite the radiation 

which arises when an electron falls back into the ring. If — F is 

the radial force on an electron revolving in a ring of radius a this 
will be equal to the centrifugal acceleration; so that 


mv^ __ n 


,( 61 ). 


From the principle of the universal constancy of the moment 
of momentum of the electron we have also 


^?^m=A/27^ .(52). 

Thus V — ^Tre^Flh .(53). 


To obtain an approximate value of v we may neglect the effect 
on F of the electrons in the rings. It is clear that their effect 
on the innermost ring cannot be large and in any event the 
exact calculation cannot he made. Subject to this limitation F 
becomes equal to N, where -h Fe is the charge of the nucleus. 
Thus 

v = 27reW/A = 2-lxlO®J\r .(54). 

Since F, the atomic number, is nearly equal to half the atomic 
weight we should expect that the velocity of a cathode ray 
necessary to excite the K radiation characteristic of an element 
of atomic weight A would be given approximately by the relation 

..(55). 

This is the relation found by Whiddington (p. 506). If the 
radius of the second ring is large compared with that of the 
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first aEd if there are n electrons ia the latter we should expect 
the fundamental frequencies of the 1 radiations to be given 
approximately by 

Ap= = 2*2 x .(56). 

Something of this kind is suggested by Moseley’s empirical 
equation (p. 514). For the heaviest atoms the diameter of the 
innermost ring as deduced from (51) and (52) is about 
It is thus large compared with the estimated diameter of the 
nucleus and small compared with that of the atom. 

Moseley found that the K. and JL radiations consisted of a 
number of lines which he indicated by the suffixes a, jQ, y etc. 
In each case the a line has' the lowest frequency, the frequency 
increasing from a to /3, /? to y and so on. It has been suggested 
by Kossel'*' that the iC line is caused by the transference of an 
electron from the second ring to the innermost ring, the line 
from the third ring to the innermost ring and so on. In a simi¬ 
lar way the line is attributed to a transference from the third 
to the second ring, the line to a transference from the fourth 
to the second and so on. On these suppositions it follows ftoni 
assumption G that relations of the following type, analogous to 
the combination principle in the ordinary series of lines, will hold 
for the different X ray lines : 

'^K =''L . 

|3 a a 

=’'i ~^L = . 

y /3 a a 

So far there are only data available for testing (57). The follow¬ 
ing table gives values of vj^ — found by Malmerf and Moseley’s 

jS a 

values of Vj^ , for the elements for ¥hich iV*, the atomic number, 

a. 

has the value shown: 


N . 

40 

42 

44 

46 

47 

50 

51 

57 

(I'A-, - 

4-0 

5-5 

61 

6*6 

6'9 

84 

9*0 

11*6 

. 

4*93 

6'53 

6*17 

6*84 

7-19 

8*29 

8*67 

11*21 


The agreement is probably within the limits of accuracy of 
measurement of the difference ' Another point which 


Verh. d. Deutsck. JPhysik. Ges.xvi. p. 95S (1914). 
t Phil. Mag. vol. xkvui. p. 787 (1914). 
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fayonrs this view of the origin of the different X ray lines has been 
brought out by W. H. Bragg* who has shown that to excite any of 
the K lines of an element it is necessary that the frequency of 
the exciting radiation should be higher than that of any of them. 
From the considerations mentioned on p. 601 it will be clear that 
no frequency less than this will be able to remove an electron 
from the innermost ring and so provide a vacant place for the 
electron, whose displacement causes the emission of the excited 
radiation, to return to. 

The explanation of the Stark effect offered by Bohr’s theory 
has been considered on p. 537. Since a magnetic field will not 
change the energy in the stationary states the Zeeman effect 
cannot be explained along analogous lines but may be attributed 
to a modification of the radiation during emission in accordance 
with the general theorem of Larmor (p. 525). The connection of 
Bohr’s theory with the isotopic elements and the radio-active 
phenomena discussed in the preceding section is of an obvious 
character and does not seem to call for further elaboration. 

It will be seen that Bohr’s theory now embraces a considerable 
amount of reasoned knowledge and coherent fact. It has already 
received unexpected experimental support in several directions. 
In dealing with the simpler structures the conclusions follow with 
logical certainty from the assumed premises and in this domain, 
so far as the writer is able to judge, there are no facts which 
contravene its requirements. The position in regard to the more 
complicated atoms is more speculative, but the problems here are so 
complex that it would be too much to expect finality in this region 
of any theory. Although the theory is non-mechanistic it is to 
be remembered that it preserves continuity with the ordinary 
dynamics in the region of slow vibrations. For Bohrf has shown 
that when r is large and the frequencies correspondingly small, 
the assumptions used lead to the conclusion that the frequency 
of the energy emitted in passing between the stationary states 
approaches asymptotically to the orbital frequency, as is required 
by the ordinary dynamics. 

* Phil. Mag. vol. xxix. p. 407 (1915). 

t Phil. Mag. vol. xxvii. p. 608 (1914). • * 
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GRAV^ITATION 


Oeiierdl Characteristics. 


The positioa of physical theories of gravitation to-day is 
almost as speculative as it has been ever since the days of 
Newton. Nevertheless we cannot afford entirely to overlook the 
bearing of the electron, theory on gravitational action, particular 1} 
as we have found the theory to be capable of giving a fair aecoiint 
of the other known physical phenomena. Paradoxical thoiigh it 
may seem, it is quite likely that one of the chief diSicnlties in the 
way of a physical theory of gravitation lies in the extreme sim¬ 
plicity of the known laws of gravitational action. The prospect of 
addition to our knowledge of gravitation hy experiment is not 
very hopeful on account of the smallness of the forces conccme 
These are large enough, of course, when we are dealing with the 
enormous aggregations of matter familiar to astronomy, but they 
are exceedingly small with masses which can be controlled m the 
laboratory. 

The fundamental law of gravitation, which was emmi. fated 
by Newton, may be expressed by means of the equation 

„ , dm dm,' 

Jc -;—, 


^here F is the attr-aotive force between Wo 
.vhose masses are dm and dnd at a 

gravitational constant which IS foundation of the 

This inverse square law of attraction kdieb. 

astronomical calculations of the or i o ■ of r is 2 
As these are very saust it foUo« that tie of r » - 


great precision. 
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The valuf‘ of k in also viay aopjimioly indrjHiolii'ifc 
natitre ofilu*. ati-ract.-iii^i^ inak^rialH. Tins is |>rovi''il liy rxjai'iiia'fifs 
laadti with jxaifluluins const rnotfd from (lillVTfaii- 
Tln'SC‘ show that the weight of a Ixaiy, at any ptani of tie* f-aiiliV 
Hurfac(‘, (lividad by its mass is a craistant iii<!epeia!**nt «»f tla- 
nature of the body. This law of proportionality laiavef-n \v*'i:pr’ 
ami inasH is mie <Tihe most accurat«*Iy known of the e.\p»‘riiiM’t'ital 
laws of physics. 

The inverse scpuiro law at once suggests a ri;'lafi*»ii ^vilh 
elc?ctroHtatic forces. If neutral matter coiiHists of opponjf.rly 
chargisl elerncuits it is clear that two urichargisl ji.arlielog wil! 
attract one another if the attraction lattwemi unlike eleineiif.H 
slightly exceeds the repulsion between likf^ elemi nis. Tlinv i . 
however, a well-known difference. l}etwf‘'*u gravil.'ili‘»ii:iJ aiid 
electrical effects which calls for considi'ratiuiL The hp.'C’e iirude’ 
a closed ctlectrical conductor is fouiicl to be coniplrlriy slii^Thd 
from thcj cfTocts of an c‘xt(*rnal fie.ld of eleef.rical force, wiierm-M an 
ehs^trical conductor (*x(*rts ra^ such shiid<liug I'lfeci from tJm arfieti 
of go'avitational forces Neverf.helesH this is not a valid obji'e! eui 
to tlui view that the two fbn’f'S are of the same nature. Ir i‘4 
quulitativcdy obvious tliat tluj ebjetrostatic shielding ari^«‘f4 
the opposite displacement of the* two kinds of eicctrieity iilong tji*' 
conductor in such a way as to ttmd to annul the fndd iii^id*’. A 
pna’i.sij (uilculaiion shovv.s that the coinjjenHalion is exaet if f!ir‘ 
law of electrostatic force is the inversi? s<]Uiire. Iii ihe tv,te»e' of 
gravitational action the effect of a Cfuuluef ing sen'eu wi!! in 

increase the attraction between two niateriiii laalies A aiai ii 

9 -— . 



fig. m, 

rather than to diminish it. For, let the Hcrerui 0 II im 

in the figure. The fundainentiil propel iy of a cuiidiictnf itr-fi in 
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the mobility of some of its ultimate electrified parts. Let some of 
these (P) be attracted by neutral matter and others (Q) repelled* 
The effect of A on the screen will be to make the parts P move 
towards D and the parts Q towards E, Thus the force urging B 
towards D is increased by the presence of the screen C, owing to 
the formation of an attractive layer at P and a repulsive layer at 
E. It is evident that this additional force will be exceedingly 
minute. In a similar way gravitating matter might give rise to a 
field of electric force inside a hollow conductor, but with any 
probable hypothesis about the action of gravity on electrons the 
resulting electric forces are too small to detect. 

Comparison with Electrostatic Forces, 

Before proceeding further it is desirable to emphasize the 
smallness of gravitational attraction compared with the forces 
between the electrons composing the attracting matter. We may 
illustrate this by comparing the gravitational attraction between 
two material particles of masses mi and mg with the electrical 
attraction between two particles of like masses, of which the first 
(mi) consists solely of positive electrons and the second (ma) 
consists solely of negative electrons. The magnitude of the 
gravitational attraction is 6*6 x 10""® mi ^ 2 /^® djmes. Let JS^i be 
the number of positive electrons in mi and Wg the number of 
negative electrons in Then if E and e are the respective 
charges on the electrons, we have 

— = — for the negative electrons = 5*4 x 10^’ E.s. units. 
m 2 m ^ 

Let us take, as a lower limit for EJM for the positive electron, the 
value of this quantity for the hydrogen atom in electrolysis. We 
then have 

^2^ = -^=3x10^^ electrostatic units, 
mi M 

So that the gravitational attmction 

6*6x10"”® NiExu^e -v 

5*4 X 3 X 10®^ ..^ ^ 

= 4*1 X 10”"^® times the electrostatic attraction. 

Looked at from this point of view it is rather surprising that the 
electrostatic forces do come so near to balancing one another and 

39 


R. E. T. 





f*HAvrrA'rf^*x 


ife is qinte clf‘ar ilsai it will nuly he nw-s«.aiy to inakt* a iitiiinl** 
eliimgi* ill the, law of fore*** Ix^twiMai e!iK*ironH in onlor to inofiify it 
silflif'ioiiily to l:ikf* iM‘eouni of gravitat-ioiiiil atlraf^tiou, lln> rfiaiigo 
uiiirli wo nhall havi^ in make will he ijiiiio beyond iinytliiiig witieli 
eoidd be d(‘ic*ctefl by dirt*ct experiments on the forces exoriod 
hetwei‘ii elt*c!lri(^ (‘liaim‘‘8. 


Luw of Force between Eleciron^- 

Perhaps llm Bimph*Hi aHHUiriptiori that we can make in 
ill ficeoiint. for gravitational attraction i« that the rfqiii!-.ive 
between two cli.jctronH, %vhoHe chargeH are rcs}«*t'iire!y, 

not acenratidy cajiial to ^ * Hiipptmed in (,.1iajif-*'r I. 

It limy Ih* that th<^ foroe in not. (letiTiiiiiiod entirely lyy t h** 
of f ile electruiiH but dcpenfln to a Hlight exf**!it an the gt-eiii*t 4 ir.;y 
Configuration and the Blale of iinniMii of tin* chargirs mi well. In 
order tf.i take this into account we muy write thi* force 

E\ and F. in tlic form J FiA]/F}, wlnu'c F deiiMii-^i 

47r r® 

fiiriction of the cmifiguraf ion and Hfaf e* ct’ mot ion f.»f A\ iiiifl /g. 
The magnitude of Fean only didbr vt-ry Hligiiily from iiii.|tv 
Let ti« {‘oiiHirler two rnateria! particles ,P and Q lii a flist:iiic** r 
from each other nml such tliat. /* consiHlM of N\ po«iti%""e iT-'r'irniiM 
of charge A’j ami Wj negafivc tdeciroiiH »4' charge anfi ilif:-' 
sponding niMgiiiliuhm for Q are in*lira.fef| by ifte Hiif!i:i 2, If. r*- 
evident that tin* total nqniLion boUvi'en and Q m 

If till! twfi pHrti'cIcH are uncharged, NJii - - inc* and X- h\ e 
I.et iiH ftl«o siipiioHc that the electrons of like hign are ifieniieal m 
hofii bodies and that all the elf?ctromi of w}i«t.fw'ii' aign liavf; 
chargea Then 

M - A*, M ^ e 

find the repulsion lHf.c(iinn« 

M* M & 

' irW ^ ■» FiR^,}l .<2|. 

Tin* Kimj>l(3«t ai«sHiii|)tion fch;it. w«j car* nmke is fchiit. ihc wkwrirofw 
of liko uiga ans in tha ajuae (x^iuiition in whalavttr 8ul»taniw tb^y 
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“Stic TS'^ "" 

/’(/■■-■ t /r'ift' follows by symmetry that 

-. 1 ) - {L,e,). Since all the functions are very nearly equal 

111 ninty, we may write ^ 

F(A\K)=l+a, if’(e,e,)=l+J., F = F (i;,e,) = 1 + 0 , 

whi-re «, b ami c are very small constant quantities. The repulsion 

lii'tw-mm^vo rmutral particles is therefore equal,on thi^ 

47 rr''‘ ^ 2c). Ihis will he negative if 2c is greater than 

a + h, .so that in order to account for gravitational attraction it is 

III ■sMuy t<) suppose that the attraction between two unlike charges 
i.s slightly greater than the repulsion between two like charges. 

On the further hypothesis that all the mass of the substances is 
eh'i-troiuagnetic it will be proportional to the numbers iV) and N.^ 
of the, electron.s which the particles contain, except in so far as 
thf! electromagnetic mass of an electron may vary somewhat in 
flitieieiit atoiu.s. It Jlfj and ilfi, are the masses of the particles 
at / and Q respectively and if JIf is the mass of a positive and 

w that of a negative electron, then Ni = and F,= 

M + m M+m’ 

80 that the repulsion hecouio.s 


M,MA , 1 r..} 

47n'» |(ilf+^ - 2c)| .(3). 

Kiriee the f|nantiiy in brackets is a universal constant, subject to 
IIk! hypolhc*HC‘8 which we have made, the attraction accords with 
till! Ncwtonijin law. 


1'hr? preceding n*Hnlt is based on the hypothesis that the mass 
nf’ tlie. (ilectrons is not appreciably different in different substances. 
Wo Hhall 8(83 in the next paragraph that we cannot be sure that 

thin is tlie case. 


The Atomic Weights of the Elements. 

It IS now fairly certain that the number of negative electrons 
III any atom is equal to about half the atomic weight or, at all 
events, is eomparable with the atomic weight. As the value of 
ejm for the negative electrons is very large it follows that only 
a very siniill proportion of the mass of an atom can arise from the 
electromagnetic mass of the negative electrons. If the mass of 

39-^2 
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tlic atoms is of cl(‘ctn)rnagrHitic origin, it must l>i‘assoriafofl ahior-i 
entirely’witli th(,i positive <jlcctrieity. As we have hooii, tlo'rc is 
a consi(teral)le b(>dy of evidence in favour of the view that tin* 
positive electricity is confined to a very minute region of the 
so that practically the whole of the atomic mass will resid** in f lu - 
nncleus. The (istiinated linear dimensions of tlic nucleus are k i v 
small (about the same as the linear dimensions of the, ingafive 
electron) so tliat considerable overlapping of tlie fietls of 
constituent positive electrons may bo expected. We shtuild f fu'ir- 
fore expect the electromagnetic mass of such a nucleus not to lie 
equal to the sum of the masses of the constituent positive elecrt ouis 
on account of the mutual interference of their electric fields. If m 
impossible to say precisely what difTerence would be expecff*d In 
arise in this way, but it is likely to be only a small iraefion of fJe* 
total mass. 

The expulsion of a rays from the atoms of tin* ra<lioaeli\r 
elements shows that the nucleus is mad(; up of separatde partf**. 
However, the a particles are atoms oi' helitim and Imve noar! v 
four times the mass of the lighU^st known positively cliargi d 
particle, the positive hydrogen ion. Thus unless we aceopt llio 
hypothesis that there is more than one kind of positive oIooiiMii 
we cannot regard the a particle as such an uliimaio unit. If we 
take the hydrogen ion to be the positive eh^ctron, the viiluo of 
ejm which it possesses shows that its linear dimenBions are iilioiit 
of that of the nuclei. If such jK)sitivc electrons wum dis¬ 
tributed fairly uniformly throughout the volume of the iiiicboiH 
the overlapping of the fields would have little influenee nii t!io 
electromagnetic mass. The electromagnetic masB of an atuiii 
would then be very close to the sum of the n,iaBsea of tlie {.iiiMitivii. 
electrons, and the trutli of the statement at the end of tlic |ir€- 
ceding paragraph would follow. We cannot, however, be siiri* of 
this deduction as we are completely ignorant of the conHiilmtioii 
of the hypotlietical nucleus. 

It might be thought that further information might be obtain¬ 
able from a consideration of the atomic weights of the elmiiofita. 
If the mass of an atom can be treated with sufficient acciirncy iw 
the sum of the masses of the constituent positive and iiegnlivci 
electrons and if each kind of atom can be regarded iiriiply 
a neutral combination of a given number of such unite then, to 
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the .same dogree of accuracy, the atomic weights of the different 
Heiacnts will be proportional to whole numbers. This is on the 
tiupjit.sition that there is only one kind of positive and one kind of 
negatives doctron. If there are w different kinds of electrons of 
iitasses 7/^,, m.,, etc., then the masses of the atoms will be of the form 
, ^vhere a,, a^, etc. are integral numbers startino- 
him zero. It^ is well known that the atomic weights of the 
< h ifu riI k (exhibit an approximation to whole numbers which cannot 
1h' fortuitous*; Imt the deviations from integrals, or from the 
liiH^ar law just referred to, cannot now be regarded as likely to 
from modifications of the electromagnetic mass of the indi¬ 
vidual (*lc!Ctr()nB. The work of Soddy and others (see p. 589) on 
tlie cluunieal properties of the radioactive elements has shown 
tlmf. (douKJutary bodies having identical chemical properties and 
<liftcront utAunic weights frequently coexist. It is therefore likely 
that a great many so-called chemical elements are mixtures of 
ut oiMS having the same chemical properties but differing in mass. 
TIh.; vox periiTKmtally determined atomic weight is, on such a view, 
ilii: awrage of the weights of the constituent atoms and depends 
on fiji* ndative proportion in which they are present. 

I’liorc* is anotlier point which deserves consideration in this 
C(ain<‘otion. The two lightest positively charged particles with 
whicdi we are familiar are the hydrogen ion and the a particle. 
According to the views of Eutherford and Bohr both of these 
p?Mlicl(bs consist only of positive electricity. The a particle has 
U\ li’it ilie actual charge and approximately half the specific charge 
f/', yt) of tlu^ hydrog(in ion. It is qxiite possible that the a particle 
is up of four hydrogen ions cemented into a nucleus by 

liiffaiiH of two lu‘gative electrons, but it has not, so far, been shown 
tiiiit tiie a particle can be broken up into anything smaller; so 
that we shall examine tentatively the consequences of supposing 
that it is a fundamental element of positive electricity independent 
of* the hydrogen ion. In that case we have to deal with two posi- 
livt! idcctrons, one of which has associated with a given charge 
uii|iroximately twice as much mass as the other. On p. (il 0 we 
corisiclcred gravitational attraction from the point of view that it 
arose from a minute lack of compensation between the attractions 
and repulsions of the ultimate electric charges. By supposing the 

♦ Strutt, Mil. Mag. [6] vol. i. p. 311 (1901). 
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additional forces to be determincMl by the elretric eli.*i,rgi*H wi* 
arrived at equation (3) in agrecnuuit with the N^wtoiiiait law nf 
gravitational attraction. This was on flic liypoilirhiH that lln' 
value of e/m for all the eloctnuis of given sign was the saiiie. If 
some of the positive electrons, let us say tint a particles, Imve 
a different value of ejm from the others, hydrogiai ioiw, tin* same 
argument will load to the conclusimi that tlie weights of 
elements will not be proportional to their masses if fcheur reHjw'^'t ivi* 
atoms contain hydrogen ions and a particles in rliflerent ia*i>pnr- 
tions. Thus if we are to retain the law of proportionalify laq wf««»n 
mass and weight, which has always been fourul to h<»ld %vith lugli 
accuracy, it is necessary to suppose that; the iin»fiifieation of ilie 
law offeree does not depend simply on the charge* of tin* i*i^*etrMns. 
It must depend quite din^etly on the, mass which is usHu(*i;it»'d 
with a given ultimate element of electric cliargr*. The nec'csHary 
change in the law of force will be considered in tin* next sectiMii. 
It is to be remembered that the neci'Hsity for ccumidering thin 
question depends entirely on the hypotln^siH t lint tlimv are different 
positive electrons having specific values of elm, is iic 

logical necessity for any such hyp()thr*.sis since, as we havi* set*ig it 
is quite possible that the nucleus of the helium utmii may jiiov*! 
to consist of four hydrogen ions h<d<l tog(?tin;r by two iiegativi! 
electrons. 


Forces between Charges Modified hj Mt.m* 

We shall now consider the consequences of the hypothc^sis that 
the force between two ultimate elements of electric charge is not 
determined solely by the quantity of electricity pres«*rit in the 
elements but depends to a slight extent on the mails mmmiiUd 
therewith as well. The results of this hypothesis are frm from 
contradiction so far as the facts which have been revicnvcicl are 
concerned. Such a hypothesis seems a natural one froiii aiicitfier 
standpoint. We might regard the oidinary form of the electro¬ 
static law of force, which makes the force between neutral aystcriis 
vanish, as an ideal which is attained when the liltimat© eliirrieiit» of 
charge are devoid of relative motion and have im iiifinittisiiiinl 
volume density. According to the electron theory thoM? con* 
ditions are not realized in any actual material systeiii. Another 
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way of (Iracril)iug v<;ry much the same positioa is to say that the 
fli ctro.si.utic law of force represents what would occur if the 
iiifiuit,(!.HUfial (dements of charge were at rest in the undisturbed 
iiellicr, that is to sjxy in aether devoid of energy. The classic 
cloct ro.sUitic^ law of force would then represent exactly what would 
occur if the aether were homogeneous. But in the immediate 
neighbourhood of an actual element of electric charge there 
is an immnnso disturbance going on and, as we have seen, the 
ma.HS of the element is a measure of the energy of this dis¬ 
turbance. We might therefore expect that the field of force 
otiiaiiating from such a region would be modified to an extent 
fli-|)(tn(ling on the kxjal disturbance; and also that the reaction, to 
jm cxUirnal field, of an element of charge thus situated would be 
similarly affected. Under these circumstances the force between 
two positivtj (ilcctronB at a given distance apart will not necessarily 
bo ('(ijUal to the force between two negative electrons of equal 
chargt; separattid by the same distance, on account of the difference 
of th(! miusses; neither will the attraction between unlike electrons 
m-ccKsarily bo (‘(pial to the repulsion between like electrons carrying 
i'ljual (diarges. 


Untbrtumibdy t.heni is an apparently fatal objection to any 
view which makes the modified law of force depend on what is 
practically nothing more than an alteration in the effective charge 
pnHiiiced by the local energy or mass. For the law of force will 
then involve tlie product of two factors each of which depends on 
the state of only one of the two separate elements. If dvi denotes 
thet mim which is as.sociated with the element of charge de, we can 


t.nke aa a na^asure of the intensity of the local disturbance. 


m 


UhitiK Taylor’s Theorem we see that the force between two 

1 .. dEde' , 

(d.-ments dE iuid Se' instetid of being equal to will be 

. 0 ), 




dE 


where A and a are fundamental constants which must be equal, by 
symmetiy, when the charges axe of like si^; otherwise thus is 
necessarily the case. Keeping the capital letters for positively 
charged elements and the small letters for negative charges it 
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follows that, to the accuracy covtu'od by ih.e. foriiis abovt*, 
force l)etw(‘on mixed elements (3/^ + de) and +re) in 

1 .... .. 

-|- do 4' A dAf -j- C(/d?fi] Hh 06 4* A. ?)Ar 4- tic-oi 1 *. .(o). 

Assuming that the condition for neutrality is 
dE' 4- de' = 3 A’ 4- de = 0, 
the force between neutral systcniB Ixa^onioB 

~(AdM + adm) {A diW + adm) .((*)■ 

dAf, dm, dAV and dm' are positive but otherwise itrliiiniiy 
except that = , so that (0) is essentially positive. Huh 

corresponds to a repulsion and is incompatible with an aitra.f*la*n 
unless either A or a lias an iina.ginary part. 

If we are to got an attraction it is n(‘COHsary that I lie (diafi:.^* 
due to the masses should not enter as a 8«;paraio factor for cjadi f4' 
the elements of charge conccrncfl, providcal wo are limit»'d i»f 
functions whose expansions contain onl}^ real constanlH, Tiie law 
of force may, for instance, be of the ibnn 


dede' ^fdm 0m' 

47r^.2-/ 


dede' (- dm . dvi' fdui 

: —:;a 4-a .--4-fo,:.; 4-c( . ■ ■■ 

47 ^“* ( de de \r*c/ 


d m, d m! 


It , 


using Stirling's Theorem. As Ixdbre, a = h and c^h by Hyrmii*4ry, 
for charges of the same sign, but therci is !k> longor any ary 

relation between a and If the constants have the same valm* 
independently of the sign of the charges eoncerneeb i.m if 

a = = A and c=:C = A = //, 

then the expression above leads to tJie following valuf* for lire 
force between two mixed systenis {dE^m) ami (j}E' 

7—”, 2 "h "h de') 4- a [(3 A 4- de) (dAV 4™ dm') 


4- (^E' 4- de') (dAI 4- 3/rit)] 4- o (3A 4- 9^) 


UiH OX# 

Oiri 4“ # (nit-i 

dA im 


+(5£'+80(|"8JK + ^5».)' 


+ gr(3# + am)(aikf'+0»O 
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II !!i<‘ fnwlifiuii fur nfinirality is 37^ + 06 = 8J?' + 9e' = 0, the force 

iHl.wt'fii iifuirul HyBiftiiiis in 

(?iM -f dm) (dAr 4- dwf)l4<7rr^ .(9). 

f! !iiay l>e nr*giitivc, this agrees with the Newtonian law. 

Ac‘eiircling formula (8) the terms involving a ana c might 
Uiiih* ;iii important diffm’ence to the force exerted on an electron 
hv a gravilHtional but would have no effect on the attraction 
*4 t wo neutral partic'les, which is determined entirely by the term 
oontairiitig r/. The inf.roduction of this term is practically equiva- 
b o! to attriluitiiig the Newtonian law of mass attraction to each 
pair of elements of charge however small. 


Condifdons for Nexitrality, 

The introduction of gravitational forces complicates electrostatic 
pothlMiuH very considerably. The condition for electrical eqnili- 
lu iuni in any conductor is that the stream of positive electricity 
ill any direction at any point should be equal to the stream of 
i VO f*lec4,riei ty in the same direction at that point. In general 
I liiM cendiiifUi may be very complicated. If we may suppose that 
only t!if* negative electrons are free to move, as the positive current 
zeiM tin* negative curnuit must be zero also. If we are also free 

I n iir gli tci effects ari.sing from differences of pressure of the electrons 

nj different points, the condition will be satisfied if at every point 
the force on an ehjctron is exactly balanced by the gravi- 

f iitieiiHl force, ihtt r<*Hultant average force on an electron then 
If iiig zero. There will thuH be a potential gradient in a con- 
rhirtor in er|iii!ibrium in a gravitational field; this potential 

is, however, too small to be detected experimentally. 

Tin; way to define a neutral material particle is not an obvious 
tJioiii:,? circumstancea We might, for example, define a 
ip-iiind iiifiteriiil particle m one which exerted no force on a nega¬ 
tive id«;ctrori; but equally valid reasons could be urged for making 
iho viiiiiftliing of the force on a positive electron the condition for 
ii^‘ii!rality. If both theses condition.s were satisfied there would be 
lifi fiircc between two rieiitral particles, so that they are not com- 
psitililti with the existence of gravitational attraction. In accord- 
mice with the considerations of the last section we might define 

II nruitral particle as one which would give rise to forces exerting 
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equal accelerations on both positive and negative electrons. Taking 
as an illustration the formulation of the forces on p. 611 the 
force on a negative electron at 5, due to a particle consisting of 

positive and negative electrons at A, may be mitten 

^{F,E(l + c)^n,e{l + b)} 

and the acceleration will be obtained on dividing this expression 
by m. In a similar manner the acceleration of a positive electron 
at JS, due to the material particle at -4, is 

2 f 4"”^ 4- a) -f +c)} .(10). 

If these two accelerations are equal and ii‘ —e 

% cM — am .^ ' 

Under these suppositions NJiii must have this ratio for 
the particle at A to he neutral. Previously we supposed Ni and 
111 were equal. If we still suppose this to he the ease we see that 
c — {hMam) I {MTil). Since ilf exceeds m, this is compatible 
with 2c>ar+6 if a exceeds b. 

By attributing gravitational attraction to a slight excess of the 
attraction of the oppositely charged elements over the repulsion of 
the elements with like charges we are led to the paradoxical result 
that the addition of sufficiently small amounts of electrification 
of like sign to each of two neutral particles will increase the 
attraction between them instead of diminishing it. Consider, as 
an example, the specification of the forces which we have just 
been discussing. The repulsive force between two neutral 
particles is 

[N'lJTz (1 + a) + %««(1 + 6) - H- -WaM'i) (1 + c)]. 

If a small negative charge is given to both the particles rii will 
become ^ + 5% and % will become rh-i-Sn 2 , Ni and JVs being 
unaltered. Taking Jfi^ % and as the condition for neu¬ 

trality, the additional repulsion is 

{Sni 8^2 (14 i)+(^1 Srii) (h - o)} E^/ 

ox to the first order of small quantities 

(niSfk 4 (b — c)E^j4i7rr^ ...(12). 
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If equal positive charges were added, instead of negative 
charges, the additional repulsion would be 
(?^l Sn 2 + n^Sni) (a — c) 

Since 2c exceeds a + 6, either a—c or 6 - c must be negative. 
Thus at least one of the cases considered gives rise to an attrac¬ 
tion. This attraction will only be experienced when very small 
quantities of electricity are added, since unity is very large com¬ 
pared with a, h or c. Thus the neglected second order term, which 
corresponds to the usual electrostatic repulsion, will very soon 
overcome the attractive forces under, discussion. 

If the negative electrons are alone capable of motion, the 
interior of a large solid conductor in equilibrium under its own 
gravitational field will contain a slight excess of negative electricity, 
since the gravitational force on an electron has to be supported by 
that arising from the electric intensity. If we neglect the pressure 
of the electrons, this condition will hold right up to the surface 
whatever the total charge on the conductor may be. Any electric 
or magnetic effects arising from this excess of negative charge 
would be very minute, even with conductors of the magnitude of 
the earth. 


General Considerations, 

A review of the preceding discussion shows that the electron 
theory is not in a position to make very definite assertions about 
the nature of gravitational attraction. It seems likely that the 
Newtonian law of attraction between elements of matter is one 
between elements of mass or confined energy and that it is of a 
very fundamental character. It is doubtful if it can be replaced 
by a modified law of electrostatic force between electrons or 
'dements of electric charge, unless the modified law includes 
the associated mass explicitly. Even so, the case does not appear 
very simple. A number of alternative possibilities could be 
eliminated if the acceleration of a negative electron in the earth’s 
field of gravitational force could be determined experimentally. 

If gravitational attraction is, as it were, an uncompensated 
residue of the electrical forces, we should expect it, like all electrical 
actions, to be propagated with the velocity of light. Lorentz^, 


* Proceedings Akad, van Wet, te Avist, vol. ii. p. 559 (1900). 
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who has considered this question very fully, finds that if gravita¬ 
tion is propagated in the same manner as electrical actions it v\^ill 
give rise to effects practically identical with those which follow 
from the -asnal Newtonian law. The differences which arise are 
too small to be detected fi:om astronomical data and they are also 
incapable of accounting for the recognized irregularities in the 
motions of the heavenly bodies. 

The view that gravitational attraction is an electrical effect at 
bottom is quite old The definite form of it, that particles of 
uncharged matter contained equal and opposite charges and that 
the attraction between the unlike charges slightly exceeded the 
repulsion between the like charges, seems to have been first put 
forward hy Mossotti*. The application to electrons in atoms has 
been considered h}^ J. J. Thomson f. 


The Relative Theory of Oravitational Effects. 

The following speculations, due to Einstein J, about the relation 
between gravitation and some other phenomena, are of considerable 
interest. The discussion sets out from the empirical law that in 
a uniform field of gravitation all material bodies ruove with equal 
accelerations. We have seen that this law is likely to be of a very 
fundamental character. Bather similar results have been obtained 
hy Abraham § by a somewhat different argument 

Let us consider two separate regions of space. In the first is 
a uniform field ,of gravitational force. This space is provided with 
a set of axes /c, at rest, and the lines of gravitational force run in 
the negative direction parallel to the ^ axis. The magnitude of the 
gravitational acceleration is 7. The second region of space is free 
from gravitational attraction and is provided with a set of axes k' 
which move with uniform acceleration 7 in the positive direction 
along the / axis. The equations of motion of any particle in 
either system (provided the action of other material particles on it 
may be disregarded) are then the same, if the equations for each 

* 0. F. Mossotti, Sur les forces qui Hgissent la constitution intime des corps. 
Turin, 1836. 

+ Gamb. Phdl. Prac. vol. xv. p. 65 (1908). 

t Ann, der Physik, vol. xxxv. p. 898 (1911). 

• § PhysiTt. Zeits. 13 Jabrg. p. 1 (1912). 
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a rays, scatteriti" of 490 
Aberration of light 2(59, 306 
Absorbing media 163 
Absorption, feeble 166; of characteristic 
X rays 497 ff., 503 
Absorption of light 144; coefficient of 
165; near critical frequencies 178 
Absorption spectra of gases 529, 551, 
601 

Acceleration and force 260 
Aether 268; and the principle of rela¬ 
tivity 323 

Aether pulse theory of the Eoentgen 
rays 483 

Airy’s experiment 271 
Alloys, conductivity of 465 
Arago’s experiment 271 
Atom, definiteness of 554; of Kelvin 
and Thomson 555 

Atomic, numbers 510, 588; structure 
491, 494, 549, 559, 569; theory, ap¬ 
plication to the 6; weights of ele¬ 
ments, and gravitational attraction 
611; weights of radioactive elements 
588 

Atoms, Bohr’s theory of 395, 590; 
number of electrons in 488, 494, 495, 
569 

Atoms, ionization energy of 593, 603 
Attraction, gravitational, compared with 
electrostatic 609 
Avogadro’s number 6 
Axes, moving 286, 297 

^ rays, deflexion by electric field 236; 
deflexion by magnetic field 237, 240; 
scattering of 490 
secondary X rays 496 
Balmer’s series 595 
. Band spectra 520 
Black body radiation 330, 433 
Bohr’s theory of atoms 395, 533, 537, 
551, 555, 590 fE.; theory of spectra 
590 

Bucherer’s experiment 239 

Characteristic X rays, absorption of 
499 ff. 

Charge, accelerated, field due to 247, 
249; accelerated, radiation from 257; 


central, of atom 494, 510, 588, 500; 
electric, with variable velocity 243; 
on electron, determination of 3, 356 
Charged system,, in uniform motion 
217 

Charges, fictitious 57 
Chemical combination 575; and trans¬ 
ference of electrons 57(J, 579, 585 
Collisions between particles under cen¬ 
tral forces 417 
Combination, chemical 575 
Combined series 520, 597 
Conditions at boundary between two 
dielectric media 45 
Conducting electrons 463 
Conducting media, propagation of elec¬ 
tromagnetic waves in 135; reflexion 
at boundary of 137 
Conduction in metals, electron theory 
of 408, 413, 463; simple theory of 
409 

Conductivity, electric, of alloys 465; 
electric, of bad conductors 467 ; elec¬ 
trical 410, 420, 422; electrical, for 
periodic forces 430; of metals for 
heat 411, 421 

Constant, Boltzmann’s 406; Planck's 
356, 469, 506, 509, 591 
Contact difference of potential 454 
Contractile electron 232 
Contraction, Bitzgerald’s 280, 291 
Correlation, principle of 28(5, 290 
Corresponding states, of magnetization 
382 

Coulomb’s Law 28 
Critical temperature, magnetic 389 
Crystals and X rays 509 
Curie’s Law 378 

Current, convection 08; displacement 
97; electric 96; force on an element 
of, in magnetic field 114; magnetic 
force due to element of electric 113; 
polarization 98 
Currents, induction of 100 

Diamagnetism 361, 368 

Dielectric constant, electron theory of 

Dielectric media 39; Poisson’s theory 
of 47; electron theory of 58 
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Ditoential equations satisfied by vec¬ 
tors when charges are present 186 
Difiraction of X rays by crystals 498, 
509 

Dispersion, theory of 142, 152; ano¬ 
malous 154; of rock-salt 161; gene¬ 
ralized theory of 169; of luminous 
gases 529 

Displaced electrons, potential due to 
67 

Displacement Law, Wien’s 343 
Distribution of energy, molecular 403 
Distribution of potential energy 404 
Doppler effect 284, 304 
Double refraction, magnetic 542, 547 
Doublet, potential due to 58, 69 

Electricity, different elements of 9; 

specific heat of 429, 448, 451, 452 
Electrified particles, force between 10 
Electrodynamics, first law of 95second 
law of 101 

Electromagnetic, equations 307; inertia 
7, 228 ff., 234 

Electromagnetism 86; dynamical theory 
of 102 

Electron, accelerated 199; at rest 197; 
contractile 232; determination of 
charge on 3, 35G ; expanding 557; 
field due to rigid 222; in uniform 
motion 197, 218; positive 8, 482, 
585, 612; relativity theory of me¬ 
chanics of 310; revolving, magnetic 
force due to 362, 367; theory, origin 
of 1 

Electronic, conduction, kinetic theory of 
398; conductors, equilibrium theory 
of 441, 444 

Electrons, asymmetric emission of, 478 
Electrons, conducting 463; emission 
of, from hot bodies 441; in equi¬ 
librium with conductors, temperature 
relation 444, 447, 450, 454; law of 
force between 610; number of, in 
atoms 488, 494, 495, 569; reflexion 
of, by conductors 468 
Electro-optics 534, 550 
Energy, electric, of charge in uniform 
motion 220, 252; in electric field 34, 
44; inertia of 316; in field of ac¬ 
celerated point charge 251, 255 ; 
magnetic, of charge in uniform motion 
221, 252; of a system of charges 33; 
of moving particle 312; of oscillator 
349; rate of loss of, by aether 203 
Entropy 399; and probability 400; of 
resonators 253 

Equations, electromagnetic, for moving 
systems 286, 290, 307; Laplace’s 18, 
42; Lorentz’s 183; Poisson’s 26, 
42 ; of line of force 16 ; of propaga¬ 
tion 115; universal 182 
Excitation of spectral lines, 505, 603 


Eerromngoetic substances, specific heats 
of 397 

Ferromagnetism 361, 380, 393, 397 
Field due to uniformly moving charges 
218 

Fitzgerald’s contraction 280, 291 
Fizeau’s experiment 273, 306 
Fluorescence 533 

Force, exerted on electric charges 205; 

thermoelectromotive 459 
Forces, activity of the 201; between 
material particles 614, 618; con¬ 
tinuously operative, on principles of 
relativity 320 

Galvanomagnetic effects 434 
Gas, paramagnetic 379 
Gases, absorption spectra of, 529, 551, 
601 

Gases, luminous, dispersion of 529 
Gauss’s theorem 20 ff., 41 
Gravitation 607, 619; effect of, on 

light 620, 623; relative theory of 
620 

Green’s theorem 23 

Hall effect 434, 437 

Induction, electric 40, 51; magnetic 
82 

Inertia of energy 316 
Intensity, electric 14, 20; of reflected 
light, minimum value of 181 
Inverse Zeeman effect 538 
Ionization, by X rays 504; energy of 
atoms 593, 603 

Iron, magnetic properties of 391 
Isotropic radiation, pressure exerted by 
211 

Jeans and Eayleigh’s radiation formula 
343 

Kaufmann’s experiment 235 
Kerr’s elcctro-opticai effect 550; mag¬ 
neto-optical effect 548 
Kinetic theory and thermodynamics 
399 

Kirchhoff’s Law 330; solution 189 

Laplace’s equation 18, 42; operator, 
transformation of 26 
Law, Curie’s 378; of Stewart and 
Kirchhoff 330; of Wiedemann-Pranz- 
Lorenz 411 

Least time, principle of 271 . 

Light, aberration of 269, 306; velocity 
of, in the gravitational field 623 
Line of force, equation of 16 

Magnetic, double refraction 542, 547 ; 
field, effect of, on electric currents 
434, 437, 439; force due to moving 
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electron 362; properties, abrupt 
changes in 300; rotation of plane 
of polarization 538, 545 
Magnetism 77; application of thermo¬ 
dynamics to 377; on electron theory 
361 

Magnetization, mechanical reaction 
caused by 395; permanent 381, 387 
Magneto-optics 373, 521, 526, 538, 542, 
548 

Magneton 394 

Mass, electromagnetic, of rigid electron 
228; electromagnetic, variation with 
velocity 234 ; longitudinal and trans¬ 
verse 229 if.; variation with velocity 
on the principle of relativity 312 
Material particles, conditions for neu¬ 
trality 617; forces between 614, 618 
Maxwell’s stresses 35, 81 
Mechanics of electron 310 
Michelson and Morley’s experiment 277 
Molecular rotation and spectral fre¬ 
quency 552, 556 

Moment, magnetic, of revolving electron 
367 

Momentum, and radiation pressure 
212; effect of inertia of energy on 
320; electromagnetic 208, of charge 
in uniform motion 221, of isolated 
system 215, of rigid electron 227; 
of moving particle 314, 319 
Moving axes 286, 297 

Natural rotation of plane of polarization 
548 

Negative electron 7 
Neutral material particle 617 
Newton’s law of gravitation 607 
Number of electrons in atoms 488, 494, 
495, 569 

Numbers, atomic 510, 588 

Optical, convection, Stokes’s theory of 
275; effects due to motion of re¬ 
fracting medium 273 
Oscillator, energy of 349 

Paramagnetic gas 379 
Paramagnetism 361, 376, 379 
Peltier effect 429, 455, 457 
Periodic law, and radioactive elements 
588; and structure of atoms 570 
Permeability, diamagnetic 371 
Phosphorescence 533 
Photoelectric action 469 ff., 498, 504, 
601, 604 

Planck’s radiation formula 347,354, 355 
Point charge in uniform motion, field 
due to 248 

Poisson’s equation 26, 42; solution of 
equations of propagation 118; theory 
of dielectric media 47 
Polarization, electric 51; electron theory 


of 64, 70; magnetic rotation of plane 
of 538, 545; natural rotation of plane 
of 548; of X rays 488; potential due 
to 60; variable 54 

Positive electricity, structure of 585 
Positive electron 8, 482, 585, 612 
Potential, at internal points 19; con¬ 
tact difference of 454; electric 15; 
magnetic, due to electric current 86; 
propagated 193 ; scalar 194; vector 
194, 197 

Poynting’s theorem 203 
Pressure of radiation 209 
Pressure shift of spectral lines 536 
Principle of correlation 286, 290 
Principle of least time 271 
Principle of relativity 296, 322 
Probability and entropy 400 
Probability, of distribution of energy 
among oscillators 352, 357; of statis¬ 
tical distribution of a gas 401 
Propagation, equations of 115 
Pulse theory of Koentgen rays 483 
Pyrrhotite, magnetic properties of 384 

Quasi-stationary motion 262 

Badiant energy, gravitational mass of 
622 

Badiation, and temperature 326, 433 ; 
complete 328, 433; energy density of 
complete, in refracting medium 332 ; 
formula of Planck 347, 855 ; formula 
of Bayleigh and Jeans 343; formula 
of Wien 354; from accelerated electric 
charge 257; isotropic 211; pressure 
and momentum 212; pressure of 209; 
reaction of, on accelerated charge 263; 
reflexion of, at a moving mirror 277, 
335; secondary, asymmetrical emis¬ 
sion of 477 ff.; types of 476; from 
atoms 594 

Badioactive elements and periodic law 
588 

Eatio of electromagnetic to electrostatic 
unit 122 

Eayleigh and Jeans’s radiation formula 
343 

Bays, residual 157 

Eeaction of radiation on moving charge 
263 

Betecting power, of metals 140; of 
quartz 159 

Bed exion, change of phase on 138,168; 
of electromagnetic waves 129; of 
electrons by conductors 468; of light 
by moving mirror 277, 335; of light 
near critical frequencies 178 
Befracting medium, optical effects due 
to motion of 273; theory of propaga¬ 
tion of light in moving 284 
Befraction, of compounds and mixtures 
150; of electromagnetic waves 129 
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